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ABSTRACT

In this paper, we study the fractional p(-,-)-Laplacian, and we introduce the corresponding nonlocal conormal derivative for this operator.
We prove the basic properties of the corresponding function space, and we establish a nonlocal version of the divergence theorem for such
operators. In the second part of this paper, see Sec. IV, we prove the existence of weak solutions of corresponding p(:,-)-Robin boundary
problems with sign-changing potentials by applying variational tools.
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I. INTRODUCTION

In recent years, equations with nonstandard growth and related nonlocal equations have been studied by several authors. Such equations
are very powerful and have lots of applications to different nonlinear problems including phase transitions, thin obstacle problem, stratified
materials, anomalous diffusion, crystal dislocation, soft thin films, semipermeable membranes and flame propagation, ultra-relativistic limits
of quantum mechanics, multiple scattering, minimal surfaces, material science, water waves, and so on. For a comprehensive introduction to
the study of nonlocal problems and the use of variational methods in the treatment of these problems, we refer to the monograph by Molica
Bisci, Rddulescu, and Servadei.”* The starting point in the study of nonlocal problems is due to the pioneering papers of Caffarelli, Roquejoffre,
and Sire,” Caffarelli, Salsa, and Silvestre,® and Caffarelli and Silvestre’ about the fractional diffusion operator (—A)* for s € (0, 1). Based on this,
several other works have been published in the nonlocal framework. We refer to, for example, the works of Autuori and Pucci,' Bahrouni,”
Molica Bisci and Radulescu,” Pucci, Xiang, and Zhang,’® Ridulescu, Xiang, and Zhang,”*>* and the references therein.

In this paper, we study the fractional p(, -)-Laplace operator, and we introduce the corresponding nonlocal conormal derivative for this
operator. Kaufmann, Rossi, and Vidal'” were the first who established some results on fractional Sobolev spaces with variable exponent of the
form W*IO?C)(Q)) as well as properties of the fractional p(-, -)-Laplacian. In particular, it is shown that these spaces are compactly embedded
into variable exponent Lebesgue spaces. They also give an existence result for nonlocal problems involving the fractional p(:,-)-Laplacian.
Bahrouni and Rédulescu’ obtained some further qualitative properties of the fractional Sobolev spaces and the fractional p(-,-)-Laplacian.
Further developments have been made by Bahrouni” and Bahrouni and Ho;* see also the work of Ho and Kim.!°

In this work, we continue the study of this new class of problems. Our main aim is to investigate for the first time fractional p(,-)-
Laplacian equation with the nonlocal Robin boundary condition. Precisely, we consider the problem

(=) + P20 = f(x, u) inQ,

5 _ (1.1)
Npyt+ ﬁ(x)\u|p(x)72u =g(x) inRM\Q,
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where Q c R, N > 1, is a bounded domain with the Lipschitz boundary, s € (0,1), p : RN - (1,+00) is a symmetric, continuous function
bounded away from 1, 5(-) = p(~,-), g € L'(RN\Q), B € L= (RN\Q) with § > 0 in RN\, and (=A)j.., stands for the fractional p(-, -)-Laplacian,
which is given by

() = ()P (u(x) - u(y)
RN |x _ y‘N+SP(X,y)

(—A);(,’,)u(x) =p.v. dy forxeQ. (1.2)

Furthermore, N (.. is defined by

|u(x) — u()P 2 (u(x) - u(y))
|x — y|N+SP(X>;V)

N pyth(x) = dy forxe RM\Q (1.3)

and denotes the nonlocal normal p(.,-)-derivative [or p(-,-)-Neumann boundary condition] and describes the natural Neumann boundary
condition in the presence of the fractional p(-,-)-Laplacian. This work extends the notion of the nonlocal normal derivative introduced by
Dipierro, Ros-Oton, and Valdinoci'” for the fractional Laplacian (see also Ref. 15) and Mugnai and Proietti Lippi*® for the fractional p-
Laplacian (see also Ref. 29). In the context of the fractional p(:, -)-Laplacian, we also refer to the recent works of Mezzomo Bonaldo, Miyagaki,
and Hurtado” and Zhang and Zhang.*

This paper is organized as follows. In Sec. II, we recall some definitions and fundamental properties of the spaces L” (), w(Q),
and WH12)(Q). In Sec. 111, we introduce the corresponding function space for weak solutions of (1.1), prove some properties, and state
the corresponding Green formula for problems such as (1.1). In Sec. I'V, we prove an existence result for problem (1.1) with sign-changing
potential based on the new results obtained in Sec. Il and by applying variational tools.

Il. PRELIMINARIES

In this section, we recall some necessary properties of variable exponent spaces and fractional Sobolev spaces with the variable exponent.
Suppose that Q) is a bounded domain in R with the Lipschitz boundary dQ and let p € C,(Q), where

Ci(Q) = {p € C(Q) : p(x) > 1forallx e 5}.

Wesetp™ := min_gp(x) and p* := max 5p(x); then, p~ > L and p* < o0. By L? (), we identify the variable exponent Lebesgue space, which
is defined by

Q) = {u

u: Q - Rismeasurable and / |ufP® dx < oo}
Q

p(x)
dx < 1}.

equipped with the Luxemburg norm

u(x)

T

5 = inf T>O:/
Il <ot >0 [

The variable exponent Sobolev space W Q) is defined by

W) = {ue Q) : [vul e PV (@)}
with the norm
Il pey = V2l + 1l pe-

For more information and basic properties of variable exponent spaces, we refer the reader to the papers of Fan and Zhao and"’ Kovacik and

Rakosnik'® and the monographs of Diening et al.'' and Ridulescu and Repovs.”
Let L19(Q) be the conjugate space of I7V(Q), that s, 1/p(x) +1/q(x) = 1 forallx e Q. Tfu € PO(Q) and v € L1Y(Q), then the Holder-type

inequality
1 1
wvdx| < | — + — |ul,0[vlq0
|/n (p‘ q‘) o

is satisfied. More general, if p; € C:(Q) (G=1,2,...,k)and
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1 1
@ @

then for all u; € 9(Q) (G=1,...,k), we have

|/u1u2 ~uy dx| <

In order to work with variable Lebesgue and Sobolev spaces, we need to consider the corresponding modular function. To this end, let
p: I’Y(Q) - R be defined by
— p(x) d
p(u) /Q |ul X

1
1.1, — [l lzllp - - - 1wl pecs-
(pl P Pk) P "

Proposition 2.1. The following hold:
) Julpo <1 (=1,>1) <= pu) <1(=1,>1);
W) [ulpr>1 = Jully, <pl) < Julf s
i) Julpo <1 = Jul?, <pG) < Jul?,

Proposition 2.2. If u,u, € L’ (Q) with n € N, then the following statements are equivalent:

(1) limyroo |un — ufp) = 0;
(i) limpsioop(un — u) = 0;
(iil)  un(x) - u(x) a.e. in Q and limy 100 p(un) = p(u).

Let us now introduce the fractional Sobolev space with variable exponents following the work of Kaufmann, Rossi, and Vidal."” To this
end, let s e (0,1),and let g: Q — (1,00) and p : Q x Q — (1, o) be two continuous functions. Furthermore, we suppose that p is symmetric
and that both functions, q and p, are bounded away from 1, that is,

p(x,y) = p(y,x) forallx,yeQ,

1 < g- :=ming(x) < q(x) < g+ := maxq(x),
xeQ xeQ (2.1)

1<p = min_p(xy) <plxy) <p = max_p(x,y).
(x,)eQx Q) (x,y)eQxQ

Now, we introduce the fractional variable Sobolev space W := w026 (€2), which is given by

p(x.y)
W=qu: QeR\ueLq()Q) [f 1) = u(y) dx dy < oo forsome > 0
,\,u(xy)|x y‘N‘*SP %)

equipped with the variable exponent seminorm

: |u(x) = u(y)™
[u]s,p(.,.),() = lnf{/l >0 : LXQW dx d)/ <1;.

If we endow W with the norm
lulw = [#]spene + 4l o)
then W becomes a Banach space. The following lemma can be found in Ref. 5, Lemma 3.1.
Lemma 2.3. Suppose that Q. c R is a bounded open domain and assume (2.1). Then, W is a separable, reflexive space.

The following theorem states the compactness of the embedding W into a suitable variable Lebesgue space L”)(Q)). For the proof, we
refer to Ref. 17, Theorem 1.1.

Theorem 2.4. Let O c RY bea Lipschitz bounded domain and s € (0,1). Let q(-) and p(,-) be continuous variable exponents satisfying
(2.1) with sp(x, y) < N for (x,y) € Q x Q. Moreover, q(x) > p(x, x) for x € Q. Assume that r: Q — (1,00) isa continuous function such that
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Np(x,x) o B
N - sp(x, x) >r(x) 2= Tilﬁn r(x)>1 forallxe Q.

pi(x) =

Then, there exists a constant C = C(N, s, p, q, 1, Q) such that for every f € W, it holds
If

Thus, the space W is continuously embedded in L' (Q) for any r € (1, p}). Moreover, this embedding is compact.

o < Clflw.

We also refer to a similar result for traces for fractional Sobolev spaces with variable exponents; see Ref. 10, Theorem 1.1.
Under assumption (2.1), let £ : W — W™ be the nonlinear map defined by

- flu(x) ()P (u(x) - 4G ~ 9l 4
Q

|x y‘N+sp X)) (22)

It can be seen as the generalization of the fractional p-Laplacian in the constant exponent case, and it is called fractional p(-,-)-Laplacian,
denoted by L := (—A);(‘>,). Reference 5, Lemma 4.2 proved several properties of £, which are stated in the next lemma.

Lemma 2.5.

(i) L isabounded and strictly monotone operator;

(i) L fulfills the (Si)-property, that is, u, W uin W and lim Sup,,_, oo (L(un), un — u) <0 imply uy — u in W;
(iii) L:W —> W¥ is a homeomorphism.

The operator (2.2) is related to the energy functional ] : W — R defined by
— u(y) [P
ff ) = u(y) dxdy forallueW.
ap(oy)x- yIN“P )
It is clear that J is well-defined on W and J € C'(W;R) with the derivative given by
(' (w), @) = (L(u), ) forallu,pe W,

see Ref. 5, Lemma 4.1.

Remark 2.6. Note that Theorem 2.4 remains true when q(x) > p(x,x) for all x € Q (see the work of Zhang and Zhang)*’. In existing articles
working on W, see Ref. 5, Theorem 5.1 or Ref. 17, Theorem 1.4, the function q is actually assumed to satisfy q(x) > p(x,x) for all x € Q due to
some technical reason. Such spaces are actually not a generalization of the fractional Sobolev space W*F(Q).

. FUNCTIONAL SETTING

The aim of this section is to give the basic properties of the fractional p(-,-)-Laplacian with the associated p(:,-)-Neumann boundary
condition. After this, we are able to introduce the definition of a weak solution for the new Robin problem with p(:,-)-Neumann boundary
condition stated in (1.1). In order to do this, we use some ideas developed by Bahrouni, Riddulescu, and Winkert® and Dipierro, Ros-Oton,
and Valdinoci."?

We suppose the following assumptions:

(S) seRwithse(0,1);
®) p: RN - (1,+00) is a symmetric, continuous function bounded away from 1, that is,

p(x,y) =p(y,x) forallx,ye R

with
L<p = min ploy) <pley)<p’i= max p(x,y).
and sp* < N;
(G) geL'(RM\Q)
(B) BeL™RN\Q)and B> 0in RN\
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Let u: RY — R be a measurable function and let px) = p(x,x) forall x € RN, We set

L

. ,
lulx = [ulsperovvcar + 14l 0@y + 11179 ull gocay + 187 ul o cay

where CQ = RM\Q and
X:={u: RY - R measurable : |ux < oo},

Proposition 3.1. Let hypotheses (S), (P), (G), and () be satisfied. Then, (X, | - |x) is a reflexive Banach space.
Proof. Step 1: (X, | - ||x) is a Banach space.

It is easy to check that | - |x is a norm on X. We only show that if |u]x = 0, then u = 0 a.e. in RY. Indeed, from |[u]|x = 0, we get | ul oo
= 0, which implies that

u=0 a.e.inQ, (3.1)
and o)
— 14E52
i ) =) 4 gy~ (32)
R\Cayp i = y[N+spCe)

By (3.2), we deduce that u(x) = u(y) for almost all (a.a.) (x,y) € RZN\(CQ)Z, thatis, u = c € Ra.e. in RV, By (3.1), it easily follows that ¢ = 0, so
u=0ae. inR".

~ Now, we prove that X is complete. To this end, let (u)iery be a Cauchy sequence in X. In particular, (#)ken is @ Cauchy sequence in
LP(')(Q) and so, up to a subsequence, there exists u € LP(‘)(Q) such that

U —>u in LE(‘)(Q) anda.e.in Q.

Precisely, we find Z; c RYN such that
Zi|=0 and ui(x) > u(x) foreveryxe Q\Z,. (3.3)
ry

Forany U : RY - R and for any (x,y) € R?Y, we set

(U(x) = UyDxrv\cay (%, 9)
lx—y

Eu(x,y) ==

L
poep TS

which implies
(e (x) — up () — ur(y) + un(M)xwavy oy (6 ¥)

Ey(x,y) — Ey,(x,p) = ~
=yl

Using the fact that (1) is a Cauchy sequence in X and Proposition 2.1, for every & > 0, there exists N € N such that for h, k > Ne, we have

s e
e > [Bu ~Eu ][y ) povcap

|t = 14) () = (e = ) )" a
: (fﬂwvm)z dx dy

|x _ y|N+sp(x,y)
2 HEuk - Euh

LpC) (RZN) .

Thus, (Ey,)ken is a Cauchy sequence in L") (R*M) and so, up to a subsequence, we are able to assume that E,, converges to some E, in
) (R*M) and a.e. in R*N. This means we can find Z, ¢ R? such that

|Z,| =0 and E, (x,y) - Eu(x,y) forevery (x,y) € R*N\Z,. (34)

For any x € Q, we set
Sy i= {y eRY: (x, ) € RZN\Zz},
W= {(x,y) € R*™: xeQandye RN\Sx},

Vi={xeQ: [RM\S|=0}.
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Proceeding exactly as in Ref. 12, Proposition 3.1 and Ref. 25, Proposition 2.2 we get
IO\(V\Z1)| = [(@Q\V) U Z))| < [Q\V]+|Z1| = 0

In particular, V\Z; # @, so we can fix xg € V\Z;.
Because of xg € Q\Z, from (3.3), it follows

klim uy(x0) = u(xo).

scitation.org/journal/jmp

In addition, since xo € V, we obtain [RN\Sy, | = 0. Then, for a.a. y € RV, this yields (xo, y) € R*N\Z,, and hence, by (3.4),

klim Eu (x0,y) = Eu(x0,).

Since Q x (CQ) ¢ RzN\(CQ)z, we have

Ey, (x0,y) := M fora.a.y € CQ.

|x0 — y|s+p(w)

However, this implies

lim w(y) = kl_l)l’cl;lo (uk(xo) = |xo _y|m+$Euk(x0>y))

— 00

= u(x0) — |xo —y|F(‘TV-y>+SEu(xo,y) fora.a.y € CQ.

Combining this with (3.3), we see that u; converges a.e. in RY to some u in RY. Since uy is a Cauchy sequence in X, for any ¢ > 0, there exists

N¢ > 0 such that for any h > N,, we have by applying Fatou’s lemma

€ > lim inf ||uy — w|x
k—+o00

1

> lim inf L) R2N 2 - P% lim inf / _ [7(X)d )PT
m n (Pspe v\ (un = )7~ + im in ( Q|uh u P dx
+11m 1nf(/ lgllun — uk|P( )dx) +hm 1nf(/ 1Bl — uk|p( )dx)
— % — E(X)d "~
2 (Popiorv\Cap (= )7 |uh ulP* dx

([, sl - 0 as) ([ pla - )

il i

[uh ]S PR\ (CQ) + ”uh u”u()(ﬂ) + ng|P() (uh u)HLp()(CQ)

_ ﬁ(x)d)F
([ Bl

»

l
> I —ulx -
4P

1

v
'v‘ =

Therefore, u;, converges to u in X, and so, X is complete.
Step 2: X is a reflexive space.
Consider the space

Y = P9(Q) x PP () x 1PV (cq) x " (R™M\(cQ)?)

endowed with the norm

L

L L
lvlly = vl o) + 187 vl socay + 11817 vl poeay + [V]spe0ma\con-
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We notice that (Y, | - |y) is a reflexive Banach space. We consider the map T : X — Y defined as

) - (ﬁ _ |<><y>|)

|x y|p<xy>
By construction, we have that
I @y = fulx-
Hence, T is an isometry from X to the reflexive space Y. This shows that X is reflexive. O

Proposition 3.2. Let hypotheses (S), (P), (G), and () be satisfied. Then, for any r € C:(Q) with 1 < r(x) < pi(x) forallx e Q, there exists a
constant o > 0 such that
lu

o) S alulx  forallueX.

Moreover, this embedding is compact.

Proof. By the assumptions, it is clear that
|ule < ||lulx forallueX.

Therefore, using Theorem 2.4 and Remark 2.6, we get our desired result. O

Note that the norm | - | x is equivalent on X to

1

oo

N ) (3.5)
:inf{,MZO fR [0 — uw)] ™

dy + —
where the modular p : X — R is defined by

d.
2\(Coy2 PN p(x, y) (o = y NP
+/ 8k P d + px) | P gy < 1
Ca uPOp(x) co pP@p(x

- [u(x) — u(u)|"("’y) |u|ﬁ(x)
plu) = /chf»z Do) ey Y Jo Ty

g(x)| P Px )‘ P gy
cap(x) ca p(x)
The following lemma will be helpful in later considerations:
Lemma 3.3. Let hypotheses (S), (P), (G), and () be satisfied, and let u € X. Then, the following hold:
(i) For u # 0, we have: |u|x = a ifand only if p(%) =
(it) |ulx < 1implies . ”u”" < p(u) < 4||u ”x ;
(iii) |u|x > 1 implies |u Hx < p(u).

Proof. (i) It is clear that the mapping A — p(Au) is a continuous, convex, even function, which is strictly increasing on [0, +c0). Thus, by
the deﬁnltlon of p and the equivalent norm given in (3.5), we have
lulx=a (E) -1
x = Ply)=L
(ii) Let u € X be such that |u||x < 1, then

[u]sperrvvear <L [ulpo@) <1
1714) u /5:71) u <1.
LPOCQ)

<1, ‘

PO(CQ)

By the convexity of p along with Proposition 2.1, we obtain the assertion.
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(iii) Let u € X be such that ||u] x > 1. From (i), it follows

p( u )_ i juC) —w@)? I e
lulx ] Jr\Ca? pex, y) ful 5 (1 - ylyspen 9 p(x) ul 5

+/ %|ulﬁx)dx+f %‘”Iﬂwdﬁczl-
Cap(x)|ulf COp(x)|ulk

Then, by the mean value theorem, there exist (x1, 1) € R™ \(CQ)Z, X2 € Q, and x3, x4 € CQ such that

) 1 / |u(x) - u(u)|z>(x,y) / |u\”("
[l o\ oy plx, ) x— )" IIMP“”
1 ot 1
N I B0 .
Julf=) Jeap) Julf Jeap(x)

Since |u|x > 1, it follows that

— p(x) p(x)
< : = |:f 1) u(u)}\v dxdy+/|ﬁ| dx:|
Jullf LR \Coy plx, y)(Jx = yNpeen) o p(x)

1 [ ﬁ(x)‘ P 4 g(x)| |"‘x>d]
Julf L/capt) cap(x)

This finishes the proof.

Lemma 3.4. Let hypotheses (S), (P), (G), and () be satisfied. Then, p : X - R and p’ : X — X have the following properties:
yp P P g prop

(i) The function p is of class C*(X,R) and p’ : X — X* is coercive, that is,

{p (), u)x
llullx

— +oo as|ulx - +oo.
(ii) p’ is the strictly monotone operator.
(iii) p’is a mapping of type (Ss), that is, if uy — uin X and lim sup,_, . (p"(un), un — u)x <0, then u, — uin X.

Proof. (i) Evidently, from the definition of p, we conclude that p € C'(X,R). By Lemma 3.3, for |u|x > 1, we obtain

(0w ux > plu) > [ull .

Then,
{p'(w), u)x -
S > uff
[[usllx

— 400

as |u|x — +oo since p” > 1.
(ii) The strict monotonicity of p’ is a direct consequence of the well-known Simon inequalities

|x -y < cp(|x|""zx - |y|"_2y) “(x-y) ifp=2

and
P
b=y < Co[ (I *x = 9P %y) - (= )]
2-p
x (It + [yf)

forallx,y e RY, where ¢p and C, are positive constants depending only on p, see Ref. 19, p. 71 or Ref. 14, p. 713.

ifp € (1,2),

(iii) By applying (i) and (ii), the proof of assertion (iii) is identical to the Proof of Theorem 3.1 in Bahrouni and Réidulescu.”
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Now, we are interested in a nonlocal analog of the divergence theorem also known as the integration by parts formula. We have the
following result:

Proposition 3.5. Let hypotheses (S), (P), (G), and (B) be satisfied, and let u be any bounded C*~function in RY. Then,
fn(—A);(‘),)u(x) dx = _fRN\QNS’P("')u(x) dx.

Proof. From (P), we know that p is symmetric. We obtain

//|u(x) u(y)|p(xy 2|(u(x)7u(y))dxdy

|N+sp(xy)
xy)—2 (W(y) — u(x))
//|M(X) u(}’)|p( (e me dxdy: 0.
It follows that
pley)—2 (w(x) = u(y))
Jeontade= [im [ ) -t LS dy s

limI:/RN\QW(x)_ u(y)‘p(x,y)—zﬁzliﬁc)%uw dy

0e—0 y|N+xp(x,y)

+fn\3 () — ()P —p (u(x) — u(y)) dy | dx

| y‘Nﬂp X,)

_ ()2 (u(x) — u(y))
= L/RN\QW(X)—MO’)V’ g Wdydx

xy)—2 (W(x) = u(y))
/Rn\ f Ju(x) - u(y)P*" 2Ix Y|l dxdy

- oy U(y) dy.
fRN\QN P U(Y) dy

|
Proposition 3.6. Let hypotheses (S), (P), (G), and (B) be satisfied. Let u and v be bounded C*-functions in RY. Then,
p yp
1 () — u(y) o2 (u(x) = u(y)(v(x) - v(y))
2 JRN\(CQ)? |x }/|N+5P(xJ’)
= /Qv(fA);(,!.)u dx + /C‘OU sp() A%.
Proof. By symmetry, we have
1 —o (u(x) — u(y))(v(x) - v(y))
z _ p(xy)—2
3 S0 = 00 e dsdy
. e () — ()
= fofRNv(xNu(x) u(y)| I — y [T dy dx
(oy)—2 (U(x) — u(y))
+/CQ/(;v(x)|u(x)—u(y)|p g Wdydx'
Thus, using (1.2) and (1.3), the identity follows. O

Based on the integration by parts formula, we are now in the position to state the natural definition of a weak solution for problem (1.1).
First, to simplify the notation, for arbitrary functions u, v : RY = R, we set
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1 ey () — u() (v(x) - v(y))
Asp(u,v) = 5 Rm\(m)Ju(x) u(y)| =y dx dy

+f|u|‘5(x)72uvdx+f /3(x)|u|ﬁ(x)72uvdx.
Q ca

We say that ueXisa Weak Solution Of(ll) ].f
Q f(&l
./4 P(Ll ’U) /f(x M)'U X v ax

is satisfied for every v € X. As a consequence of this definition, we have the following result:

Proposition 3.7. Let hypotheses (S), (P), (G), and (f3) be satisfied, and let u be a weak solution of (1.1). Then,

Nopeot + B@ufP?u=g ae.inRN\Q.

Proof. First, we take v € X such that v = 0 in Q as a test function in (3.6). Then,

d.
fCng X

= Asp(u,v)

1 |u(x) — u()P" 2 (u(x) — u(y)v(y)
- 75[0/]1@\5 dy dx

‘x - y|N+SP(X:,V)

_ p(xy)—2 _ _
1 - / ulx) — u(y)| (u(x) — u(y))v(x) dydx+ / B 2w d
2 JrmaJa |x — y|N+sp(e) ca

_ |u(x) = u@)P™ 2 (ulx) — u(y))v(y) —_
N /(;fRN\ﬁ dy dx + /CQﬁ(X)M uv dx

‘x — y|N+5P(Xa}’)

A PEN=2( () i
:/RN\av(x)fQW(x) u()P" % (u(x) — u(y)) dxdy+fCQ/3(x)|u|P(X)72uvdx

|x — y|N+5P(x,Y)

= /RN\EU()/)NS,P(.,.)u(y) dy + /C.Qﬁ(x)|u|§(x)_2uv dx.

Therefore,

AN\E(NS’P("')M(X) + ﬂ(x)|u|’7(x)72u —g(x))v(x) dx=0
for every v € X, which is 0 in Q. In particular, this is true for every v € CZ°(RN\Q), and so

Nopioyx) + Bl P u = g(x)  ae.inRV\Q.

Proposition 3.8. Let hypotheses (S), (P), (G), and (f3) be satisfied. Let I : X — R be the functional defined by

_ p(x.y) p(x)
I(u) = [ [u) ~ u(y) dxdy + Bi(x),‘w Y dx
R2V\(Ca)2 2p (2%, y)|x — y|N*+p(ey) co  px)

- [ frwuds- [ qud X,
fnf(x u)udx R foreveryu e

Then, any critical point of I is a weak solution of problem (1.1).

Proof. We only show that I is well defined on X. The rest follows by standard argument.

(3.6)
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Applying Holder’s inequality and condition (F), we have

q(x)-1 q(x)
/Qf(x,u)udxg fﬂb(x)\u| udx < be(x)|u| dx

(3.7)
< clbloo |l <o
()
Again, by Proposition 2.1 and condition (G), we infer that
I R T L
[ gudx< [ 16175 Il ul dx < 2lglucor|lgfu| < Clul. (3.8)
(&9) CQ LPOCQ)

Combining (3.7) and (3.8), we conclude that I is well-defined. O

IV. EXISTENCE RESULTS FOR FRACTIONAL ROBIN PROBLEMS WITH VARIABLE EXPONENT
In this section, we suppose conditions (S), (P), (8) and (F).

(F) Letg=0,andlet f:Q xR — R bea Carathéodory function given by
flou) = AV(x)|u\q(X)_2u forallx € Q,
where g € C,(Q) such that 1 < g(x) < p(x) in Q and with
Ve L'V such that r € C,(Q) and 1 < ' (x)q(x) < p; (x) forall x € Q.
Moreover, we suppose that there exists a nonempty subset Qo c Q such that
V(x) >0 forallxe Q.
The aim of this section is to prove the existence of at least one weak solution of (1.1) when the parameter A > 0 is small enough. The
proof is based on the results of Sec. I1I in combination with variational methods.

First, we introduce the variational setting for problem (1.1). To this end, we denote by I : X — R the energy function of problem (1.1),
which is given by

()P 70
I(u) = f [ux) — uQ) dxdy + f ™ g
RN\(CO)? 2p(x, ) [x = y[NTsPLsy) a p(x)

p(x)
pIul"v dx—/lf V(x)|u|q(x) dx.
Q

ca  p(x) W

Note that under the assumptions (S), (P), (8), and (F) along with Proposition 3.8, it is easy to see that the functional I is well-defined, of
class C' on X, and any critical point of I is a weak solution of problem (1.1).
We start with two auxiliary results.

Lemma 4.1. Let hypotheses (S), (P), (F), and (B) be satisfied. Then, there is A" > 0 such that for any A € (0,1%), there exist p > 0 and a > 0
such that

Iw)>a>0 foranyue Xwith|u| =p.

Proof. From Proposition 3.2, we have
lulrrge) < aflufx  forallu e X. (4.1)
Fixp € (0, min( 1, i)) Then, inequality (4.1) implies that

||u||,/(x)q(x) <1 forallu e Xwith |u|x = p-

Thus, by applying Holder’s inequality and Proposition 2.1, we get
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) :
Vel dx < 21V Ll

<200 |Vl Jul  forallu e Xwith Julx = p.

Hence, using (4.2) and Lemma 3.3, we obtain for any u € X with |ul|x = p that

|.5(x)
dx

_ p(x.) p(x)
u) = / —\u(x) uy)| dxdy + /3(x)7|u\ v dx + |Z
RN\(C2 P, p)|x — y|N+sp0) ca  p(x) a p(x)

/1 q(x)d
/q()‘|

- pxy)
Zl%(AV\C % xdy+f Blx |u|Px)dx+[|u|P(X)dx)
N\(CQ)2  |X y

L 4
Aq_ /QV(X)M dx

1 o200 [V
2p+3p+,1 lulff —A=——"u]§
_ 42 Vo o
- +3p+ - p—
1 e 20T |V
= pf ¢ 2 o)
g (P*3"+‘1PP q
We set
- q

Apr I et |V

Then, combining this with the inequality above gives

I(u) > =a>0 forallue Xwith|ulx =p,

1
2p*3P!
where A € (0,17). This completes the proof.

Lemma 4.2. Let hypotheses (S), (P), (F), and () be satisfied. Then, there exists ¢ € X such that
I(tp) <0 fort > 0small enough.

Proof. We denote by
po = inf p(x) and gqg = inf g(x).

x€Q x€Q
Then, from condition (F), there exist & > 0 and an open set Q; c Qg such that

Qo +eo<py and |q(x)—qg|<e forallxe Q.

Thus,
q(x) < qo +e <py forallxe Q.

(4.2)

(4.3)

Let ¢ € C5°(Qo) such that Q; c supp(¢), ¢ = 1, for all x € Q1 and 0 < ¢ < 1 in Q. Then, it follows, for ¢ € (0, 1) small enough by applying

(4.3), that
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_ p(x.y) _ p(x)
I(tg) = f e 1909 = 90| dxdy + / oo Bolel™
R2V\(CQ)? ) ca

= dx
2p(x, y)|x — y[NrspCoy p(x)

1o
+ f 2 4 f 119 YO 10 g
o  plx) o qlx)

. lp(x) — ()™ B[l v ol
< ([l‘w\(cmz 2p(x, y)|x — y|N+spte) dudy+ [CQ p(x) dx+ a p(x) dx

o +E V(x) (x)
- aere [ 22 dx <o,
e lo|™ dx <

This shows the assertion. O

Now, we are ready to state our main existence result.

Theorem 4.3. Let hypotheses (S), (P), (F), and (B) be satisfied. Then, there exists A* > 0 such that for any A € (0,17), there exists at least
one weak solution uy € X of problem (1.1).

Proof. Let A" be defined as in Lemma 4.1 and choose A € (0,1%). Again, invoking Lemma 4.1, we can deduce that

inf Ij(u)>0.
ue€dB(0,p) A( )

On the other hand, by Lemma 4.2, there exists ¢ € X such that I(t¢) < 0 for all £ > 0 small enough. Moreover, by Lemma 3.3, for |u|x < p, we
have

1
pr3 !

o200 Vi, g
Julf —A=——">]ul,

I(u) >

see the Proof of Lemma 4.1. It follows that
—oo<m= inf I(u)<D0.
u€B(0,p)
Applying Ekeland’s variational principle to the functional I : B(0,p) — R, we can find a (PS)-sequence (ux),cn S B(0, p), that is,
I(up) > m and I'(u,) - 0.

It is clear that (#4),cy is bounded in X. Thus, there exists u, € X such that, up to a subsequence, u, — u, in X. Using Proposition 3.2, we see
that () ey strongly converges to u in L1(Q). So, by Holder’s inequality and Proposition 3.2, we obtain that

lim /V(x)|u,,|q<x)_2un(un —uy)dx=0.
Q

n—»+oo

On the other hand, since (#),cn is @ (PS)-sequence, we infer that
”ETm(I'(un) —I'(w), up — uA) =0.
Combining this with Lemma 3.4(iii), we can now conclude that u,, — u, in X. Hence,
Iw)=m<0 and I'(w)=0.
We have thus shown that u, is a nontrivial weak solution for problem (1.1) whenever A € (0,A¥). This completes the proof. O

A. Final remarks

() In our hypothesis (P), we have assumed that infi, ,)egavp(x, y) > 1. This condition is essential for reflexivity reasons (Proposition 3.1),
which are used in the Proof of Theorem 4.3, which is the main existence result of the present paper. The “borderline” case
inf(y))eravp(x, y) = 1 [as well as sup,,  gvp(x, ) = +o00] attracts the non-reflexivity of the associated Sobolev-type space with vari-
able exponent; hence, different tools should be employed. Efficient arguments can be developed in the framework of Orlicz-Sobolev
spaces and using truncation methods in order to approximate the variable exponent.
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(ii) The mathematical analysis developed in this paper is valid for variable exponents p(-,-), which are symmetric, continuous, and fulfill
hypothesis (P). However, the function space X can be constructed even if p(:, -) is only a bounded function (not necessarily continuous).
The method used in our proof requires continuity properties of the variable exponent; hence, we can extend the main result to larger
classes of variable exponents but by using an approximating procedure by continuous functions.
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