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Preface

The present work focuses on recent results of smooth and nonsmooth problems in terms of
quasilinear elliptic equations and inequalities as well as certain a priori bounds for different
classes of nonlinear problems. This thesis is divided into three chapters presenting the results
of a series of research papers written in collaboration with G. Bonanno (Messina, ltaly), S. El
Manouni (Riyadh, Saudi Arabia), D.Motreanu (Perpignan, France), N.S.Papageorgiou
(Athens, Greece), and R.Zacher (Halle and Ulm, Germany) during a period of about five
years. In the specific chapters we will give a detailed description of the main results, the
ideas, the techniques, the differences and the novelties to related works. The original papers
are also attached to this work.

Chapter 1 concerns global a priori bounds for general classes of elliptic equations and
inequalities by using different methods in the form of the so-called Moser and De Giorgi
iteration. We apply these techniques to weak solutions of elliptic equations with a conormal
derivative in both WP(Q) and W1P()(Q) and give new L*-bounds for such solutions. In
case of variational inequalities we present conditions on the sets of constraints guaranteeing
the boundedness of their solutions.

Chapter 2 deals with quasilinear elliptic equations driven by nonlinear homogeneous and
nonhomogeneous differential operators and with Dirichlet or Neumann boundary conditions.
Based on critical point theory, comparison principles, truncation and perturbation techniques
as well as Morse theory in the form of critical groups we establish new multiplicity results of
such problems under various conditions of the right-hand perturbations being nonlinearities.
Prototypes of our operators are the p-Laplacian ((p — 1)-homogeneous) and the (p, q)-
differential operator (nonhomogeneous).

Chapter 3 considers the question of how to deal with and transform methods from
the smooth case to nonsmooth problems represented by variational inequalities involving
generalized directional derivatives. Such inequalities are related to differential inclusions of
Clarke's gradient type being the generalization of the classical derivative for locally Lipschitz
continuous functions. The results presented in this chapter are mainly based on abstract
critical point theorems partly developed in our papers.

The author wishes to express his gratitude to the co-authors stated above for their fruitful
collaboration and many stimulating conversations. Of course, the author is greatly indebted
to Professors Siegfried Carl (Halle, Germany) and Harry Yserentant (Berlin, Germany) for
several helpful comments and for their support in general during the past years. Finally,
the author gratefully acknowledges the DFG Research Center Matheon for their financial
support.

Berlin Patrick Winkert
December 2014
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Chapter 1

Global a priori bounds

The main objective of this chapter is to present the results of the papers Winkert [Win10C1],
Winkert [Win14C1], and Winkert-Zacher [WZ12C1] about global a priori bounds for classes
of elliptic problems involving second-order differential operators that have a nonlinear bound-
ary condition. Such estimates are important results in the theory of differential equations
and often guarantee further knowledge about the smoothness of solutions. In this direction
we mention the famous works of Lieberman [Lie88], [Lie91] stating the C *-regularity up
to the boundary of solutions to partial differential equations of second order both with non-
homogeneous Dirichlet- and nonlinear Neumann boundary condition. A crucial condition for
the application of such results is the boundedness of the solutions.

In order to obtain such results, we make use of the so-called De Giorgi-Nash-Moser theory
which provides iterative methods based on truncation techniques to get L°°-bounds for certain
equations. To be more precise, De Giorgi [DeG57] could show the Holder continuity of weak
solutions to elliptic equations of divergence form that have discontinuous coefficients while
Nash [Nas58] derived the same results independently for both the elliptic and parabolic case.
Afterwards, a new proof of De Giorgi's, resp. Nash's, theorem had been published by Moser
[Mos60] by applying the Harnack inequality. He also gave a different proof of Nash's regularity
result in the parabolic case by developing a parabolic version of the Harnack inequality, see
[Mos64], [Mos67], and [Mos71]. More references with more historic exposition can be found
in the habilitation thesis of Zacher [Zac11].

All'in all, the techniques developed in the above-mentioned papers provided powerful tools
to prove local and global boundedness, the Harnack and the weak Harnack inequality and
the Holder continuity of weak solutions. We refer to the monographs of Gilbarg-Trudinger
[GT83], LadyZenskaja-Solonnikov-Ural'ceva [LSU68], and Lieberman [Lie96].

In our setting we distinguish between the Moser iteration and De Giorgi's iteration tech-
nique and apply these tools to different problems that have weak solutions in the usual
Sobolev space W1 P() and in the variable exponent Sobolev space W1P()(Q) with p being
a continuous function, respectively. Both techniques are modified versions of the original
ones as can be found in the monographs of DiBenedetto [DiB93], Drdbek-Kufner-Nicolosi
[DKN97], and LadyZenskaja-Ural’tseva [LU68].

Note that the importance of our L*°-estimates is twofold: First, we could show that the
solutions (in the weak sense) of the considered equations are essentially bounded and thus
belong to the space L°°(£2). Such results for nonlinear equations with nonlinear boundary



condition are new and of independent interest. Indeed, only the boundedness of the solutions
implies more regularity of the solutions, that is, they directly belong to C1'*(Q) thanks to
the regularity results of Lieberman [Lie88] provided the boundary function of the equation
and the domain are sufficiently smooth. Second, as a direct consequence, the regularity is
very important in the study of multiplicity results to such equations. In fact, several results
that will be presented in Chapter 2 would not exist without the knowledge of the regularity
of the solutions and so the content of this chapter plays an important role for further results,
not only for those presented in this work.

Another novelty is the fact that it was possible to present similar L*°-results for equa-
tions involving nonlinearities having nonstandard growth, that is, we are interested in the
boundedness of weak solutions lying in the space W1P()(Q) with p € C(Q) satisfying p > 1
for x € Q. The difference to the constant exponent case is enormous and needs another
approach. As the regularity results of Lieberman have been extended to the so-called variable
exponent case (see Fan [Fan07]) we also obtain the C1'®-regularity in that case.

Finally, we combined the approaches mentioned above to suitable classes of variational
inequalities with sets of constraints defined in both W1P(Q) and WP()(Q), respectively.
We derived certain a priori estimates which are mainly dependent on the structure of the set
of constraints. We will see that these sets need to be closed among others under specific
operations like the pointwise maximum and minimum of Sobolev functions.

1.1  Elliptic equations with nonlinear boundary condition?

Given a bounded domain  C RN with Lipschitz boundary 82 we consider the quasilinear,
elliptic equation
ou

Au=f(x,u,Vu) inQ, W g(x,u) onoQ, (1.1.1)

where % denotes the conormal derivative of u on 92 and the mapping A is supposed to be

a second-order quasilinear differential operator in divergence form of Leray-Lions type (see,
for example, Carl-Le-Motreanu [CLMO07]), that is

N o
Au(x) = — Z aai(X, u(x), Vu(x)),
=1 !

with a;: © x R x RN — R being Carathéodory functions that fulfill suitable p-structure
assumptions for 1 < p < co. In particular, the negative p-Laplacian defined by

—Apu = —div (|VulP~2Vu), 1<p<oo (1.1.2)

fits in our setting. If p = 2, then A, = A becomes the well-known Laplace operator and
we have A € £ (H3(2), H71(Q2)) as the vector space of all bounded linear operators from
HE(Q) into H1(2). Moreover, the nonlinearities f: @ x R x RV — R and g: 9Q x R — R
are some Carathéodory functions satisfying appropriate growth conditions with respect to
(s,€) e Rx RN, resp. s € R. The precise assumptions on the given data are stated on p. 49.

'Summary of the paper [Win10C1].



By means of the nonlinear Green's identity we say that u € W1P(Q) is a weak solution
of equation (1.1.1) if it satisfies

N
/Za,(x,u,Vu)&pdx:/ f(x,u,Vu)(pdx+/ g(x, u)pdao, (1.1.3)
0= Ox; Q Elo!

for all test functions ¢ € W'P(Q2). The main objective in [Win10C1] was the question of
whether a weak solution of (1.1.1) is essentially bounded in Q. We could give a positive
answer.

Theorem 1.1.1 (Theorem 4.1 on p. 52) Let the conditions (A1)—(A3),(F1)—(F3) and (G1)-
(G3) stated on p. 49 be satisfied and let u € WP(Q) be a solution of (1.1.1). Then
ue L*(Q).

The idea in our proof was to use the Moser iteration in its version presented in the mono-
graph of Drabek-Kufner-Nicolosi [DKN97] who studied several quasilinear elliptic equations
(weighted p-Laplacian problems) that have a homogeneous Dirichlet boundary condition to
show existence and boundedness of weak solutions via Moser iteration. In the semilinear
case we also mention the monograph of LadyZenskaja-Solonnikov-Ural’ceva [LSU68] adapt-
ing the method of De Giorgi and the work of Zhu [Zhu00]. Concerning a priori bounds
for equations with homogeneous Neumann boundary conditions, we refer in the semilinear
case to Zhu [Zhu99] (Q is a bounded convex domain in R3), Wei-Xu [WXO05] and in the
quasilinear case to Motreanu-Motreanu-Papageorgiou [MMPQ9] as well as Hu-Papageorgiou
[HP11] that both apply Moser's iteration. Note that the paper [HP11], which is a special
case of [Win10C1], was submitted after acceptance of the paper [Win10C1]. The only paper
considering problems with nonhomogeneous Neumann boundary condition is published by L&
[L&06] about the eigenvalue problems of the p-Laplacian. Therein, the nonlinear boundary
condition takes the form |u|P~2u which has an easy structure to deal with it meaning that
Moser's iteration can be applied without difficulties. To the best of our knowledge the results
in [Win10C1] were the first to provide the boundedness of weak solutions of problems like
(1.1.1) involving a nonlinear boundary condition with a general growth condition and with a
general operator possibly nonhomogeneous. In addition, the nonlinearity on the right-hand
side of equation (1.1.1) may also depend on the gradient of the solution. The appearance of
the nonlinear boundary term in (1.1.1), resp.in (1.1.3), was the main difficulty to overcome
in our treatment. In fact we needed an inequality to estimate the boundary term by suitable
integrals defined in the domain 2 (see (1.1.5) and the step from (1.1.4) to (1.1.6) below)
which can in addition be controlled through scaling. Finally, we also refer to an interesting
work of Pucci®-Servadei [PS08] about the regularity of weak solutions of homogeneous and
inhomogeneous quasilinear elliptic equations. Although the nonlinearity on the right-hand
side in [PS08] depends on the gradient, no growth condition to this variable is needed. The
proof of the locally essentially boundedness of weak solutions works via Moser iteration.

Let us say something about the steps in the proof of Theorem 1.1.1. Since the space
W1P(Q) has a lattice structure, that is, the pointwise maximum and minimum of two func-
tions of W1P(Q) belongs again to the space, we can write every function u € W1P(Q)
as u = uy — u— where uy = max(v,0) and u— = max(—u,0) (at some places in this

2Patrizia Pucci (University of Perugia) sent me the paper after publishing the manuscript [Win10C1].
Since | did not know it before, it is not in the reference list of [Win10C1].



thesis we write v and v~ instead). Therefore, we may assume, without loss of gener-
ality, that a weak solution of (1.1.1) is nonnegative. For M > 0 and Kk > 0 we take
© = (min(uy, M) e WLP(Q) N L=(Q) as a test function in the weak formulation.
Taking into account the structure conditions stated in (A1), (A3), (F3) as well as(G3) com-
bined with an appropriate choice of Holder's and Young's inequality we derive an estimate
like

(k+1)p

(k+1)p (k+1)p

oy T Cs (1.1.4)

ylet1p

H (k+1)p
Jr

+C2HU+

Wie(Q) =G Hu(fﬂ)p

LP(Q)

with positive constants Cq, Co, C3 depending on the parameter k. In order to estimate the
boundary norm on the right-hand side of (1.1.4) through norms of WP(Q) and LP(Q) we
make use of suitable embeddings and interpolation results concerning Besov, Lizorkin-Triebel,
and Sobolev Slobodeckij spaces. Indeed, we have the continuous embedding

1, =
B, (Q) — LP(B%),

where € > 0 is chosen such that %—i— € < 1 guaranteeing that a Lipschitz boundary 02

is sufficient while B} ,,s € (0,1), denotes the Besov space coinciding with the Sobolev

. : 14 :
Slobodeckij space W*P. Since B,;’,pg(Q) lies between the spaces LP(Q2) and WP(Q) we
may apply real interpolation to obtain

5+E 1-,—¢ 1p
IVlleee) < IVIGo)llvilia@gy — forallv.e WHP(R), (1.1.5)
(see the monographs of Runst-Sickel [RS96] and Triebel [Tri78], [Tri83], [Tri92]). By means
of (1.1.4) and (1.1.5) along with Young's inequality as well as the Sobolev embedding the-
orem it can be shown that

=
} (1.1.6)

1 1 1
+ k+1 ~VK+1l ~ (k+1)p (K,+1)p
HU HL("Jrl)P*(Q) < C3 C4 C5 [/Q uy dx+1

with some C3,C4,Cs > 0. Now, we can start the typical bootstrap arguments to prove
first that uy € L7(Q2) for any r € (1, 00) through a suitable choice of the parameter k and
afterwards we prove the uniform estimate with respect to k. In the end this yields the L™ (2)-
norm of uy on the left-hand side and a finite norm of u; on the right-hand side independent
of r, while ry, is a sequence converging to +oo. Therefore, uy is essentially bounded in 2 by
a constant depending on us. The same can be done for u_ which yields the boundedness
of u by a constant depending on the structure conditions and the solution itself3. We point
out that the monotonicity condition (A2) is not needed in the proof of Theorem 1.1.1, but
in general it is necessary to ensure the existence of solutions to equation (1.1.1).

As mentioned in the beginning of this section, a direct consequence of Theorem 1.1.1
is the Ch®-regularity of weak solutions to equation (1.1.1) for A = —Ap being the negative
p-Laplacian (see (1.1.2)). Indeed, supposing that the boundary function g: 90Q x R — Q
is Holder continuous on 02 x [—Mp, Mp], My > 0, (see p.58), we may apply Theorem 2 of
Lieberman [Lie88] to obtain that every solution u € W'P(Q) of (1.1.1) belongs to C1%*(Q)
with o € (0, 1].

3Note that in the final published version of [Win10C1] (see p.290, line 11 from the top) the phrase
“independent of” has to be replaced by “depending on”. The journal forgot to correct the misprint during
the process of the galley proof. It is clear that the constant cannot be independent of all possible solutions.



The L*°-bounds obtained in [Win10C1] are in general very useful and of independent
interest. In fact, the existence of multiple solutions including sign-changing solutions is
mainly based on regularity results which follows from Theorem 1.1.1 (see, for example,
Papageorgiou-Radulescu [PR14], [PR14b], Winkert [Win10a], [Win10b], and the results in
Chapter 2).

1.2 Equations with nonlinearities having nonstandard

growth*

In Sect. 1.1 we have seen that a weak solution u € WP(Q) of (1.1.1) is essentially bounded
in Q and thus belongs to L*°(£2). Now, we may generalize these results to weak solutions
u e WLPO(Q) where p is a given continuous function acting on €. In contrast to Sect. 1.1
we will see that Moser’s iteration is less suitable for equations defined in so-called variable
exponent spaces. To be more precise, it is not clear for the author how to derive similar global
a priori bounds as in Sect. 1.1 to problems with nonstandard growth via Moser’s iteration
since the gradient of the special test function would be very complicated as p occurs in the
exponent of the test function. Here, the idea is to use a modified version of De Giorgi's
iteration technique.

As before, let Q be a bounded domain in RN, N > 1, with Lipschitz boundary I := 89
and let p € C(Q) be a function that satisfies 1 < p~ := inf,__q p(x). We deal with elliptic
equations of the form

—divA(x, u,Vu) = B(x,u,Vu) inQ, A(x,u,Vu)-v=C(x,u) onl, (1.2.1)

where v(x) denotes the outer unit normal of Q at x € [ and the Carathéodory functions
A, B and C satisfy suitable p(x)-structure conditions, see hypotheses (H) on p.62. These
conditions are very general and incorporate a large number of differential operators. Of
course, the so-called p(x)-Laplacian defined by

Apyu = div(|Vul[PX=2vy),

fits in our setting which reduces to the standard p-Laplacian if p(x) = p.

In recent years there has been a growing interest in the study of elliptic problems with a
p(x)-structure, which are also termed problems with nonstandard growth conditions. Equa-
tions of this type appear in the study of non-Newtonian fluids with thermo-convective effects
(see Antontsev-Rodrigues [AR06], Zhikov [Zhi97]), electro-rheological fluids (see Diening
[Die02], Rajagopal-Ridzitka [RRO1], Rdzicka [R(z00]), the thermistor problem (see Zhikov
[Zhi97b]), or the problem of image recovery (see Chen-Levine-Rao [CLR06]).

Since p is a continuous function on Q being strictly greater than one, we easily verify
that p~ > 1 and p* < oo where p~ 1= min, g p(x) and p* := max, g p(x). The variable
exponent Lebesgue space LP()(Q) is defined by

LPO(Q) = {u ’ u: 2 — R is measurable and / lulPX dx < —1—00}
Q

*Summary of the paper [WZ12C1].



equipped with the Luxemburg norm

p(x)
[ull ooy = Inf T>02/ dx<1;.
Q

The variable exponent Sobolev space W1P()(Q) is defined by W1P()(Q) = {u € LPO(Q) :
IVul € LPO(Q)} with the norm [[ullyieoa) = IVUll oy + Ul o). Both spaces
are reflexive Banach spaces. For more information and basic properties of variable expo-
nent spaces we refer to the papers of Fan-Zhao [FZ01], Kova&ik-Rakosnik [KR91] and the
monograph of Diening-Harjulehto-Hasto-Rizicka [DHHR11].

A function u € WP()(Q) is said to be a weak solution (subsolution, supersolution) of
equation (1.2.1) if

u(x)

T

/A(X, u,Vu)-Vedx = (<, 2)/ B(x, u,Vu)<pdx+/C(x, u)pdao, (1.2.2)
Q Q r

holds for all nonnegative test functions ¢ € W1P()(Q), where do denotes the usual (N —1)-
dimensional surface measure.

Recall y4 = max(y, 0) the main result reads as follows.
Theorem 1.2.1 (Theorem 1.1 on p.62) Let the assumptions (H) stated on p. 62 be satisfied.
Then there exist positive constants C = C(p, qo, g1, a3, a4, as, bo, b1, bo, co, c1, N, 2) and
a = a(p, qo, g1) such that the following assertions hold.
(i) If u e WPO)(Q) is a weak subsolution of (1.2.1), then

(e
ess sup u < 2 max <1, C [/ uf’f(x)dx + / uil(x)da] > .
Q Q r

(ii) If u € WPO)(Q) is a weak supersolution of (1.2.1), then

o
essQinfu > —2max <1, C [/ (—u)f’f(X)dX+ /(—U)T(X)do':| > :
Q r

Note that the exponents go € C(Q2) and g1 € C(I") are chosen such that p(x) < go(x) <
p*(x) for x € Q and p(x) < q1(x) < p«(x) for x € I with the critical exponents p*(x) and
p«(x). Therefore, due to the compact embeddings W1 P()(Q) — L%0)(Q) and W1PO)(Q) —
L%C)(T), the right-hand sides in Theorem 1.2.1 (i),(ii) are finite. The coefficients a;, b and
¢k came directly from the structure conditions.

Since a weak solution of (1.2.1) is both a weak subsolution and a weak supersolution
of (1.2.1) we directly obtain that every weak solution of (1.2.1) is essentially bounded in
Q and the estimates in (i) and (ii) of Theorem 1.2.1 are valid. In contrast to Sect. 1.1 we
could not only generalize the results to problems with nonstandard growth but could also
give precise lower and upper bounds describing the dependence on the given data. In addition
to De Giorgi's iteration method, as mentioned in the beginning of this chapter, we also used
the localization method combined with an appropriate partition of unity. In other words,
the idea in the proof is to handle problems involving variable exponents as problems with
constant exponents which is possible due to the continuity of the exponents p, gg, and g1. In
our approach we do not need a log-Holder continuity condition as it is normally used. Such



condition is a main ingredient in the theory of variable exponent spaces because it guarantees
among others the density of smooth functions. In this direction we refer to the overview
article of Harjulehto-Hasto-Lé-Nuortio [HHLN10] which contains the most famous results
and corresponding references in the theory of variable exponent spaces from its beginning in
1931 until 2010. The complete results including their proofs can be found in the monograph
of Diening-Harjulehto-Hasto-Rizicka [DHHR11].

The motivation of the paper [WZ12C1] came not only from the urge to generalize the
results in [Win10C1] (see Sect.1.1), but also from the results of Fan-Zhao [FZ99] who
considered regularity of weak solutions to the equation

—divA(x,u, Vu) = B(x,u,Vu), xe€, (1.2.3)

where A, B satisfy the same structure conditions as in [WZ12C1, p.866]. In Theorem 4.1
of [FZ99] it is shown that every weak solution of (1.2.3) belongs to L{¥ (£2) and additionally,
if the weak solution is bounded on the boundary, then it belongs to L*°(2). Of course, such
result can be applied to problems like (1.2.3), which has a homogeneous Dirichlet boundary
condition, but it fails if we have a conormal derivative boundary condition as in (1.2.1).
Unfortunately, some authors applied the results of Fan-Zhao to nonlinear Neumann problems
which is in fact not allowed, see, for example, Dai [Dail3]. We could fill, however, this gap
in the literature.

Boundedness of weak solutions to problem (1.2.1) in the case of the negative p(x)-
Laplacian, that is —div.A(x, u, Vu) = —div (|[Vu[P®)~2Vu) and with a homogeneous Neu-
mann boundary condition has also been obtained by Gasiriski-Papageorgiou [GP11] by apply-
ing a modified version of Moser's iteration under the very strong condition that the exponent
p is continuously differentiable on Q. Concerning boundedness and reqularity results for
problems of type (1.2.3), in particular for the special case

— div(|Vu|P®=2vy) =0,

we further refer to Acerbi-Mingione [AMO01], [AMO02], Antontsev-Consiglieri [AC09] , Chiado
Piat-Coscia [CPC97], Diening-Ettwein-RiZi¢ka [DEROQ7], Eleuteri-Habermann [EHO08], Fan
[Fan07], [Fan10], Fan-Zhao [FZ00], Habermann-Zatorska-Goldstein [HZGO08], Harjulehto-
Kinnunen-Lukkari [HKLO7], Liskevich-Skrypnik [LS10], Lukkari [Luk10], [Luk09] and the ref-
erences given therein.

The proof of Theorem 1.2.1 can be summarized as follows. First we derive truncated
energy estimates for weak subsolutions and weak supersolutions by applying the structure
conditions stated in hypotheses (H) on p.62. To be more precise, taking a weak subsolution
u e WHPO(Q) of (1.2.1) and choosing ¢ = (u — k). € WEPO(Q) with a free parameter
k > 1 as test function, we obtain

/ IV ulPX) dx < dl/ u) gx + d2/ unNdo, (1.2.4)
{xeQ:u(x)>k} {xeQ:u(x)>k} {xelu(x)>k}

with positive constants d;, d» depending on the given structure conditions (see Lemma 3.1
on p.65). Note that the choice of the test function is typically in the usage of De Giorgi's
iteration (see, for example, DiBenedetto [DiB93]) and in contrast to Moser's iteration pre-
sented in Sect. 1.1 we easily verify that the test function is now more simple — because p is
a function depending on x, we have no problems with complicated gradients as it would be
the case by applying Moser’s iteration. We also mention that we utilized the fact that the



variable exponent Sobolev space WP()(Q) has lattice structure, see Le [Le09]. A similar
result as (1.2.4) for weak supersolutions of (1.2.1) is shown in Lemma 3.2 on p. 66.

In the next step we used the localization method combined with a suitable choice of a
partition of unity. Since Q is compact, there exists, for any R > 0, a finite open cover
{Bi(R)}i=1,..m of balls B; := B;(R) with radius R such that Q c J", B;(R). Moreover,
since p € C(Q), qo € C(Q), and g1 € C(I), these functions are uniformly continuous on Q
and I, respectively. Recalling that

p(x) < qo(x) <p(x). x€Q, and p(x) < qu(x) <ps(x), x€T,

we may take R > 0 small enough such that

pr<ag, <) P <a <) i=1....m,
where
pi= max_p(x), qg;= max_qo(x), p; = min_p(x), ¢; = max qi(x)
XxEB;NQ ' XxEB;NQ XxEB;NQ ' xeB;nr

and (p;")*, (p; )« denote the corresponding critical exponents. Next, we choose a partition
of unity {&}™, C C3°(RN) associated to the open cover {B;(R)}i=1...m, that is, we have

m
suppé; C B, 0<¢,<1, i=1,...,m and 25,21 on Q.
i=1

Based on these observations using Hoélders inequality, suitable embedding results, and
(1.2.4) we obtain an iterative inequality which allows us to apply a lemma concerning the
geometric convergences of sequences of numbers developed by Vergara-Zacher [VZ10], based
on the original version published in LadyZenskaja-Solonnikov-Ural’ceva [LSU68, Chapter II,
Lemma 5.6] (see also DiBenedetto [DiB93, Chapter |,Lemma 4.1]). These steps have only
been taken for weak subsolutions. The case for weak supersolutions works similarly and so
Theorem 1.2.1 is proved.

An interesting open problem is the question of whether the results in [WZ12C1] remain
valid in the case that p is no longer continuous but essentially bounded. The continuity of p
was a significant hypothesis by applying the localization method and it is not clear how to deal
with problems involving nonlinearities that have nonstandard growth concerning boundedness
of solutions in this case. In general we cannot suppose that p™ < (p~)* and so it is not
possible to use embedding results for constant exponent Sobolev spaces.

The parabolic counterpart to [WZ12C1] is currently in process [WZ], that is, we are
interested in a priori bounds to weak solutions of the equation

ur —div A(t, x, u, Vu) = B(t, x, u, Vu) in (0, 7) x €,
A(t,x,u, Vu)-v=C(~t x, u) on (0, T)xT,
u(0, x) = up(x) in Q,

with ug € L2(Q), T > 0, and with an exponent p now depending on t and x. It becomes
apparent that the continuity of p will not be sufficient and we require a log-Holder condition
on p. One of the main difficulties is to find a suitable equivalent weak formulation — analog
to the constant exponent case via Steklov average (see DiBenedetto [DiB93]).

Finally, we mention that the truncation methods of Moser and De Giorgi presented in this



chapter cannot be applied to equations of a higher order because the corresponding Sobolev
spaces do not satisfy a lattice structure. In this case we have to break fresh ground.

1.3 Boundedness of solutions to variational inequalities®

In Sections 1.1 and 1.2 we have seen which methods can be used to prove a priori bounds
for quasilinear elliptic equations with standard and nonstandard growth. This section is now
concerned with the question of whether these methods can be transferred to variational
inequalities and if so which further conditions are needed. First, it is not surprising that a
priori bounds or regularity results of variational inequalities in general are mainly dependent
on the structure of the set of constraints. Therefore, our aim is to find suitable assumptions
on the sets of constraints in order to apply the iterative techniques presented in this chapter
so far.

Let us first describe the problem under consideration. Recall that Q@ ¢ RN, N > 1, is
again a bounded domain with Lipschitz boundary 02, we consider the following inequality:
Find u € K such that

/ A(x,u,Vu)-V(v—u)dx +/ F(x,u,Vu)(v—u)dx

« « (1.3.1)

—|—/jf(x, u;v—u)dx —|—/ Js(x,u;v—u)do >0, forallvekK,
Q o)

where K is a subset of a Banach space V' (will be specified below) and jg(x,s;r) (k=1,2)
denotes the generalized directional derivative of a locally Lipschitz function s — ji(x,s) at
s in the direction r. Moreover, the maps A: Q x Rx RV - RN and F: Q x R xRN - R
are supposed to be Carathéodory functions satisfying suitable structure conditions stated in
(H1) on p.80 and in (H2) on p.87. The aim of the treatment in [Win14C1] was to present
conditions on the set of constraints, namely K, such that every solution u € K of (1.3.1)
is essentially bounded in €. In order to specify the space V, we discussed two different
cases: In the first case we chose V. = WP(Q) with 1 < p < oo and in the second one
we set V = WHPO)(Q) with p € C(Q) and 1 < infgp. These cases will be handled by
different methods, the first one via Moser iteration and the second via De Giorgi's iteration
technique similar to Sects. 1.1 and 1.2. Note that we do not suppose that the set K is closed
and convex in V. But in general, this is the typical assumption in the existence theory of
inequalities like (1.3.1).

Inequalities of type (1.3.1) are called variational-hemivariational inequalities due to the
presence of generalized directional derivatives jZ(x,s;r) of the locally Lipschitz functions
s — jk(x,s) at s in the direction r given by

. . (X, y +tr) — ji(x,
_j;(X;S;I’) — I|msup Jk( y ) Jk( )/),

y—s,t—07t t

which occurs in the associated definition of generalized gradients defined by

Ojk(x,s) ={£ eR:jl(x,s;r) >&r,VreR}, k=12

SSummary of the paper [Win14C1].



A first mathematical treatment of generalized directional derivatives and generalized gradi-
ents has been developed by Clarke [Cla75] which was extended by himself in the monographs
Clarke [Cla83], [Cla90]. This is the reason why a generalized gradient is often called Clarke's
gradient. We also refer to the work of Chang [Cha81] who gave new aspects to the theory
of Clarke's gradient in both an abstract and a concrete setting. Note that this gradient is
indeed a generalization because it coincides with the usual derivative (ji(x, ))/ if jx(x,+) is
smooth, and if jx(x,-) is convex and nonsmooth, then it represents the well-known subdif-
ferential of jx(x, -) in the sense of convex analysis. In the eighties, Panagiotopoulos [Pan85]
was one of the first who recognized the large field of applications of such inequalities, which
describe, for example, problems in mechanics and engineering governed by nonconvex, pos-
sibly nonsmooth energy functionals called superpotentials. Theses kinds of energy function-
als appear if nonmonotone, possibly multivalued constitutive laws are taken into account.
We refer to the monographs of Carl-Le-Motreanu [CLMO07], Motreanu-Radulescu [MR03],
Naniewicz-Panagiotopoulos [NP95], and Panagiotopoulos [Pan93] to complete the picture
of (variational-)hemivariational inequalities.

Since it is often asked what the difference between a hemivariational and a variational-
hemivariational inequality is, we will give a short classification of these classes.

(i) If jy =0 (k =1,2), then inequality (1.3.1) reduces to a classical variational inequality
whose treatment is (more or less) well known. We refer to the monograph of Kinderlehrer-
Stampacchia [KS80] finding the basic existence results to inequalities of this kind.

(i) If K =V is the whole space and jx (k = 1,2) nonsmooth (as it is given), then inequality
(1.3.1) is called a hemivariational inequality. Note that generalized directional derivatives
are only positively homogeneous with respect to the direction and so it continues as a
inequality even if we test it on the whole space. We also point out that hemivariational
inequalities contain as a special case differential inclusions of the form

—divA(x,u,Vu)+ F(x,u,Vu) +9a(x,u) >0 in €,
Alx,u,Vu)-v+0ja(x,u)>0 on 0Q2.

(ii) If K=V and jx (k =1,2) are smooth, then inequality (1.3.1) becomes

/ A(x,u,Vu)-Vvdx +/ F(x,u, Vu)vdx + / J1(x, u)vdx +/ J5(x, u)vdo =0,
Q Q Q o0
for all v € V which means that u € V' is a weak solution to the problem

—divA(x, u, Vu) + F(x,u, Vu) + j1(x,u) = 0in Q, A(x, u, Vu) - v+ j5(x, u) = 0 on 8%2.

What this all amounts to is that if a term of a generalized directional derivative appears, then
we have a hemivariational inequality and if in addition the set of constraints is a strict subset
of the whole space not being a subspace, then we speak of a variational-hemivariational
inequality. We also note that there is a close relationship between variational-hemivariational
inequalities and so-called multi-valued variational inequalities. Under certain assumptions (for
example, monotonicity conditions) both problems are equivalent, see Carl [Carl1].

Let us turn back to the results presented in [Win14C1]. In the first part we are interested
in how to obtain [*-estimates for inequality (1.3.1) if V = WP(Q) is the usual Sobolev
space for 1 < p < oo. The idea in our approach is to use Moser's iteration in its form
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presented in Sect.1.1. To do this, we establish conditions on the sets of constraints which
allow test functions in (1.3.1) as required. To be more precise we suppose the following.

(K1) For ue K, a >0, and k > 0 there exists t > 0 such that ¢ = v — tv5 v € K.

(K2) For ue K, B> 0, and kK > 0 there exists h > 0 such that ¥ = u — h(—vg)"*Pu € K.
Here, v (x) := min(us(x), &) and vg(x) := max(u—(x), —B) which both belong to W1P(Q).
Of course, our hypotheses on K are applicable to a number of sets of interest. We mention
the following ones

K={ueW(Q) :u<9 aeinQ} K={ueW'P(Q):u>-9 aeinQ},
K={ueW(Q) :w<u<vy aeinQ},K={uecW'P(Q): |Vu<?® ae.inQ}

with given functions ¢, w,9¥: Q — R such that 9 > 0,w <0 < a.e.in Q.
The main result in the first part reads as follows.

Theorem 1.3.1 (Theorem 3.1 on p.81) Let hypothesis (H1) stated on p.80 be satisfied
and let u € K be a solution of (1.3.1). Then there exists a constant C; > 0 such that the
following assertions hold.

(1) If condition (K1) is satisfied, then ess supycq u(x) < Cj.

(2) If condition (K2) is satisfied, then ess infycq u(x) > —Cj.

The proof of Theorem 1.3.1 is mainly based on the conditions (K1), (K2) in combination
with the properties of generalized directional derivatives in order to estimate these terms in
a suitable way and finally, since our conditions are more general than those in [Win10C1], we
develop a multiplicative inequality to estimate the boundary integrals by appropriate integrals
defined in the domain. Indeed, we prove the following proposition.

Proposition 1.3.2 (Proposition 2.1 on p.79) Let Q € RN, N > 1, be a bounded domain

with Lipschitz boundary 052, let 1 < p < oo, and let q be such that p < g < p. with the

critical exponent p, = % if p <N and p. = oo if p > N. Then, for every € > 0, there

exist constants a; > 0 and a, > 0 such that

H“”[L)a(aﬂ) < 5”“”5\/113(9) + als_"ZHUH’ZP(Q) for all u € WHP(Q). (1.3.2)

Although the statement in Proposition 1.3.2 is intuitive and not new, we did not find
a reference for it in the form presented here. Indeed, if we replace a;€792 by a constant
C(g), then one can prove inequality (1.3.2) indirectly via contradiction® (see, for example,
Khademloo [Khall, Lemma 1]) but generally without knowledge of the concrete structure
of the constant C(g). Since in our proof we choose € dependent on the parameter which
will later be sent to oo we have to control the term C(g) and so the statement in (1.3.2)
is absolutely necessary in our case. The only similar result we found to Proposition 1.3.2 is
stated in the monograph of Maz'ja [Maz85, Chapter 1, Sect. 1.4.7, Corollary 2].

The results of Theorem 1.3.1 were mainly motivated by a paper of Kovalevsky-Nicolosi
[KN99] who gave a priori bounds for classical variational inequalities by applying a modified
version of Moser's iteration. It should be mentioned that we could improve their work in

SRiidiger Landes (University of Oklahoma) first told me at the 8th AIMS Conference in Dresden in 2010
about the proof. Later, he sent me a very elegant simple proof for this inequality via e-mail.
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several ways. On one hand we extend their results to variational-hemivariational inequalities
including nonlinear boundary terms and on the other hand we have weaker assumptions on the
set of constraints. Indeed, hypothesis 2.6(i) in [KN99] is not needed in our treatment. For the
sake of convenience we do not use Sobolev spaces with weights, but this case can be done in
the same way. Another novelty of [Win14C1] is the treatment of variational-hemivariational
inequalities restricted to sets K belonging to variable exponent spaces Wl'p(')(Q) with p
continuous on € (see below). A priori estimates for inequalities of this kind have not been
published before.

As already mentioned, the second part of [Win14C1] is concerned with the case V =
WPO(Q) for p(x) > 1 for all x € Q. Here, we will apply the results of [WZ12C1] (see
Sect. 1.2) based on De Giorgi's iteration technique to inequalities like (1.3.1). In contrast to
the case of constant exponent Sobolev spaces, our assumptions on the sets of constraints
seem now more restrictive. We suppose the following.

(K3) For u e K and k > 0 there exists t > 0 such that ¢ = v — t(u — K)+ € K.

(K4) For ue K and k > 0 there exists h > 0 such that Y = u— h(u+Kk)_ € K.

These conditions are deduced in a natural way from the choice of the test functions
presented in Sect. 1.2. For instance, if 9: 2 — R is a given nonnegative function, the set

K= {v e WHPO(Q): [Vv| <¥ ae.in Q}

satisfies the assumptions stated in (K3) and (K4). The main result in this part is similar to
Theorem 1.3.1. In fact, we have the following theorem.

Theorem 1.3.3 (Theorem 4.2 on p.90) Assume hypothesis (H2) stated on p.87 and let
u € K be a solution of (1.3.1). Then there exists a constant C, > 0 such that the following
assertions hold.

(1) If condition (K3) is satisfied, then ess supycq U(x) < Ca.

(2) If condition (K4) is satisfied, then ess infycq u(x) > —Co.

In order to prove Theorem 1.3.3 we can mainly use the results of Sect.1.2. Indeed, it
is enough to prove truncation energy estimates as in (1.2.4) via the structure conditions
and hypotheses on the set of constraints. Such inequalities are also known as (global)
Caccioppoli inequalities. Then, [WZ12C1, Theorem 1.1] could be used in the same way to
obtain the results above. We also give a lemma including necessary conditions on the sets
of constraints in order to satisfy the conditions in (K3), (K4). An interesting example is the
cone of nonnegative elements of W1P()(Q), that is

Kso={veW'PO(Q):v>0 aeinQ}.

Since K>q has lattice structure and contains the positive constant functions we see, for
u€ K and k > 0, that

min(u, k) = u— (u—K)4 € K>o.

Therefore (K3) is fulfilled and Theorem 1.3.3(1) can be applied to obtain that every solution
u € K>g of (1.3.1) is essentially bounded by above in 2. Of course, the assertion in Theorem
1.3.3(2) is clearly satisfied through the definition of Kx>g.

12



Chapter 2

Multiplicity results for quasilinear elliptic
boundary value problems

This second chapter is devoted to the existence of multiple solutions! to quasilinear ellip-
tic equations involving homogeneous or nonhomogeneous operators. We will present the
main results and ideas of the papers Motreanu-Winkert [MW11C2], Winkert [Win13C2],
Papageorgiou-Winkert [PW14bC2], [PW14aC2], and El Manouni-Papageorgiou-Winkert
[EMPW14C2].

In the past two decades multiplicity results of semilinear and quasilinear elliptic equations
have been extensively studied by various authors under different assumptions. A large interest
in the study of such problems is not only the existence of multiple solutions but also their
qualitative properties, such as regularity properties and sign information. In particular, the
question of the sign information has been taking center in the last years. While in the
beginning the existence of positive solutions (in general solutions of constant sign) took a
relevant part of the investigation, it is nowadays common to prove (if possible) the existence
of sign-changing solutions (also known as nodal solutions) as well.

Our results make use of variational methods based on critical point theory combined with
suitable truncation and perturbation techniques along with Morse theory in terms of critical
groups. In recent years equations involving nonhomogeneous operators have been of growing
interest and their treatment exhibits some difficulties in contrast to homogeneous operator
equations. A prototype of such an operator is the (p, g)-differential operator being the sum
of the negative p-Laplacian and the negative g-Laplacian with 1 < g < p. Of course, the
negative p-Laplacian is a (p — 1)-homogeneous operator which can be easily seen from its
representation, see (1.1.2).

Finally, we mention some recent works of the author concerning nonhomogeneous op-
erators being related to the topic of this chapter but that are not part of this thesis. A
complete study of equations involving superlinear nonlinearities can be found in [PWa], new
existence results to Robin problems are obtained in [PWb], and finally, a bifurcation-type
result for Dirichlet problems has been recently finished in [PWc]. An overview about some
recent results can be found in the book chapter [MW14].

YUnder “multiple solutions” we understand the existence of at least two nontrivial solutions to a given
equation.
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2.1 The Robin Fuik spectrum of the p-Laplacian?

The first notation of the Futik spectrum being a generalization of the usual spectrum was
done by Futik [Fu¢76] and Dancer [Dan76/77] in the seventies. Precisely, given a bounded
domain Q@ C RV and considering a self-adjoint linear operator T on L2(2) with compact
resolvent and eigenvalues 0 < A1 < Ao < ... < A( < ... ., the so-called Futik spectrum® ¥
of T is defined as the set of all pairs (a, b) € R? such that the equation

Tu=au™ —bu~

has a nontrivial solution where u™ = max(v,0) and u~ = max(—u, 0) stand for the positive
and negative part of u. Fu&ik [Fu¢76] and Dancer [Dan76/77] were one of the first authors
who recognized that the set X plays an important part in the study of semilinear equations
of type

Tu=g(x,u),
involving a Carathéodory function g: Q x R — R being a jumping nonlinearity, that is, the
limits

a= tim L%y 99

s5—-+o00 S 5——00 S

exist and a # b. If a = b = oo, the function g is called a rapid nonlinearity (see the
monograph of Fu&ik [Fucg0, p.9]).

In [Fut76], Futik considered the case of a semilinear ordinary differential equation, that
is, in the case of the negative Laplacian in one-dimension. He proved that the Fu&ik spectrum
Y5 is composed of two families of curves in R? emanating from the points (A, \¢) deter-
mined by the eigenvalues A, of the negative Laplacian in one-dimension. Dancer [Dan76/77]
was able to prove that the lines R x {A\1} and {A\1} X R are isolated in ¥5. Afterwards,
many authors studied the Fucik spectrum > for the negative Laplacian —A with Dirich-
let boundary condition on a bounded domain Q C RN (see Arias-Campos [AC95], Cac
[C4c89], Dancer [Dan93], Margulies-Margulies [MM97], Marino-Micheletti-Pistoia [MMP94],
Micheletti [Mic94], Micheletti-Pistoia [MP95], Pistoia [Pis97], Schechter [Sch94], and the
references therein). We also mention the work of De Figueiredo-Gossez* [DFG94] who con-
structed a first nontrivial curve in X5 through (A2, A2) and characterized it variationally. For
p # 2 and in one dimension, Drabek [Drd92] has shown that ¥, has similar properties to the
linear case, that is p = 2.

Let us comment on some relevant works concerning the Fucik spectrum of the p-Laplacian
in the general case 1 < p < oo and for an arbitrary bounded domain Q c RV, N > 1. A
starting point was the work done by Cuesta-de Figueiredo-Gossez [CDFG99] who treated
the Fulik spectrum %, of the negative p-Laplacian with homogeneous Dirichlet boundary
conditions. They constructed a first nontrivial curve through the point (X2, A2) asymptotic

2Summary of the paper [MW11C2].

3The name is due to the Czech mathematician Svatopluk Fu&ik (21th October 1944 — 18th May 1979).
In some references the Fu&ik spectrum is also called Dancer-Fu&ik spectrum, see, for example, the monograph
of Zhang [Zha13, Chapter 7].

*In 2010 Jean-Pierre Gossez (University of Brussels) sent me some relevant references concerning the
Fu&ik spectrum which were very helpful in deriving the results in [MW11C2].
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to Rx A7 and A1 xR at infinity and characterized it variationally by a mountain-pass approach.
Shortly afterwards Arias-Campos-Gossez [ACGO00] considered the Fucik spectrum ©, of the
negative p-Laplacian with a homogeneous Neumann boundary condition (see also Alif [Ali02]
and Massa [Mas04]) proving similar results as in the Dirichlet case. One important difference
is the fact that the asymptotic behavior of the first nontrivial curve needs a different approach
for the cases p < N and p > N. The existence of an unbounded sequence of curves in >,
has been obtained by Micheletti-Pistoia [MPO1] in case p > 2 and shortly after by Perera
[Per04] in the general case p > 1. Finally, we emphasize the paper [MR04] of Martinez-Rossi
who considered the FuCik spectrum X, of the p-Laplacian according to a Steklov boundary
condition. Similar to [CDFG99] and [ACGO00] it was constructed a first nontrivial curve in
fp through the point (X2, A2) where now As stands for the second eigenvalue of the Steklov
eigenvalue problem of the p-Laplacian.

Based on these works mentioned above, the motivation in the paper [MW11C2] was to
study the Fucik spectrum of the p-Laplacian with a Robin boundary condition, that is, we
were looking for the set ip of those points (a, b) € R? such that

Ou
ov
has a nontrivial (weak) solution with a parameter B belonging to [0, +0c). Note that the

Fucik spectrum ©,, is incorporated in problem (2.1.1) by taking 3 = 0. If a= b = X, problem
(2.1.1) is reduced to the Robin eigenvalue problem for the p-Laplacian, that is

)
Apu=NulP 20 in Q, |VU|P*28—Z — BlulP2u on 8% (2.1.2)

~Apu=a(uT)P~t —b(u")P" inQ, VulP™?— = —BJlulP?u ondQ, (2.1.1)

The treatment of problem (2.1.2) is known and was discussed in the work of Lé [L&06] about
the eigenvalue problems of the p-Laplacian. More precisely we know that the first eigenvalue
A1 of problem (2.1.2) is simple, isolated and can be characterized as

M= int {16y +Blulony : lullfoey = 1}
Denoting 1 as the first eigenfunction associated with the first eigenvalue \; of (2.1.2),
we further know that ¢; has constant sign and due to the regularity theory of Lieberman
[Lie88] and the strong maximum principle of Vazquez [V4z84] it belongs to C**(Q) for some
0 < a < 1 and satisfies @1 > 0 in Q. It should be noted that every eigenfunction of (2.1.2)
corresponding to an eigenvalue A > A1 must change sign in 2.

The results in [MW11C2] are mainly based on a variational approach relying on the
corresponding energy functional J: W1P(Q) — R to problem (2.1.1) which is given by

J(u):/Q\wpdxw/mwypda—/ﬂ(a(u+)P+b(u—)P) dx.

Obviously, J € C*(WP(Q2)) and the critical points of J are exactly the weak solutions of
problem (2.1.1). Note that in comparison with the associated functionals related to the
Fucik spectrum for the Dirichlet and Steklov problems, the functional J does not incorporate
the usual norm of the space W'P(Q2) and in contrast to the Neumann problem it has an
additional boundary term.

Based on a mountain-pass procedure and by applying various ideas and techniques on the
basis of [CDFG99], [ACG00], and [MR04] we could show in Theorem 3.3 on p. 101 that the
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Fucik spectrum fp contains a first nontrivial curve denoted by C which can be given by
C={(s+c(s),c(s)),(c(s),s+c(s)) :s >0},
where

c(s)=inf max Js(u), T={yeC([-1,1],5):v(=1) = —¢1 and y(1) = ¢1}.
yel uey[—1,+1]

Here, Js denotes the restriction of the C1-functional Js: WP(Q) — R defined by

Js(u) :/ |Vu|pdx—|—5/ |u|pda—s/(u+)pdx
Q o9 Q

to the Cl-submanifold S = {u € W'P(Q): [, |ulPdx =1} of W!P(Q). A direct conse-
quence of the representation of C is a variational characterization of the second eigenvalue
> of the Robin eigenvalue problem stated in (2.1.2). Indeed, setting s = 0 yields c(0) = X\»
and so we have

A2 = inf  max [/ Vu|pdx+6/ |u|pda],
yeluey[-1.1] | Jo a0

(see Corollary 3.4 on p.102). Furthermore, it was possible to prove that the curve C is
Lipschitz continuous and decreasing (see Proposition 4.2 on p.102) while the asymptotic
behavior needs again, similar to the Neumann and Steklov cases, a different approach for
p < Nandp>N. Infact, if p <N, one has sﬂToo c(s) = A1 (see Theorem 4.3 on p. 103).

More difficult is the case p > N. First, we can assume that G > 0 because the case 3 =10
is included in [ACGO00]. Then, the main idea was to work with the norm

lulls = IVull o) + BllullLeany). (2.1.3)

which is an equivalent norm on WP(Q) (see, for example, Deng [Den09, Theorem 2.1]).
Based on this, one obtains that the limit of ¢(s) as s — 4+ is

X = inf max JoIV(ror + 1)Pdx + B foq |rer + ulPdo
uel reR fQ ‘r(Pl + U|de y

where L = {u € WP(Q) : u vanishes somewhere in Q, u # 0}. Moreover, there holds
X > X1. This result is stated in Theorem 4.4 on p. 103.

In order to have a detailed picture of the Fucik spectrum of the p-Laplacian with the dif-
ferent boundary conditions mentioned above, we refer to the overview chapter of Motreanu-
Winkert [MW12] which gives the main results of all spectra, pointing out their differences
and difficulties in order to proof these facts. Figure 2.1 visualizes how the first nontrivial
curve C looks.

16



(A2, x2)

(M. A1)

Figure 2.1: The first nontrivial curve C of the Fucik spectrum fp.

2.2 Equations involving the p-Laplace differential operator®

In this section we want to present the applicability of the results of Sect. 2.1 in order to obtain
multiple solutions for p-Laplace equations with a nonlinear Neumann boundary condition.
Consider the perturbed Robin Fucik spectrum

~Apu=a(uT)P~t — b(u™ )P+ f(x, v) in Q,

(2.2.1)
'WH% = h(x, u) — 0lulP~2u on 89,

with Carathéodory nonlinearities f: Q xR — R, h: 9Q x R — R and parameters a, b, 8 to be
specified. The question is how to derive multiple solutions to problem (2.2.1) dependent on
the parameters. By multiple solutions we mean here the existence of at least three nontrivial
solutions including complete sign information for these solutions. Precisely, one solution is
positive, one is negative, and finally, one solution has a changing sign. To show this we
suppose that both f and h are bounded on bounded sets, (p — 1)-sublinear near zero, and f
fulfills a (p — 1)-superlinearity condition near infinity while h satisfies a much weaker form of
this. In addition, the boundary function h has to satisfy a locally Holder condition near zero
in order to apply the regularity results of Lieberman [Lie88]. The parameters in (2.2.1) are
chosen such that 0 < 6 < 8 and the point (a, b) € R?2 is above the first nontrivial curve C
of the Robin Fudik spectrum fp presented in Sect. 2.1 with fixed 8 > 0 (see Figure 2.2).
Of course, if a = b = X, then the last condition reduces to A > X> where X5 is the second
eigenvalue of the Robin eigenvalue problem given in (2.1.2) (see Figure 2.3). In this case,
problem (2.2.1) becomes a perturbed Robin eigenvalue problem with 6 > 0.

SSummary of the paper [Win13C2].
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* (a,b)

(X2, 22)
C
(A1, 1) (A1, A1)
a a
Figure 2.2: The point (a, b) is above Figure 2.3: The number A = a=b
the curve C. is greater than ..

In our setting we do not need differentiability, polynomial growth or some integral condi-
tions on the mappings f and h. To the best of our knowledge this is the first work where the
solutions obtained depend directly on the Robin Fucik spectrum of the negative p-Laplacian
(see Sect. 2.1). In addition, our assumptions are very natural and no sign changing condition
on f near the origin is needed as is required in some other works of the author for problems
of this kind, see, for example, Winkert [Win10a], [Win11], [Win10c]. The proofs of the main
results rely mainly on variational and topological tools, for instance, critical point theory,
the mountain-pass theorem, the second deformation lemma and the properties of the Robin
Fucik spectrum of the negative p-Laplacian (see Sect.2.1).

Problems involving the p-Laplacian with a nonhomogeneous, nonlinear boundary condition
have been studied by various authors concerning multiple solutions in recent years. We refer,
without guarantee of completeness, to the reference list of the paper [Win13C2] stating the
main works in this direction. The first paper which gives not only multiple solutions but also
a sign changing solution dependent on a Fu&ik spectrum is that of Carl-Perera [CP02] who
studied a perturbed Dirichlet Fucik spectrum on a bounded domain.

First, we proved the existence of constant sign solutions to problem (2.2.1).

Theorem 2.2.1 (Theorem 4.1 on p. 115) Let the conditions (H1)—(H7) stated on pp. 107—
108 be satisfied and let 0 < 8 < 3. Then, for every a > A1 and b € R, there exists a
smallest positive weak solution uy = uy(a) € int (C}(Q)4) of (2.2.1) in the order interval
[0, 9,€e] while for every b > A1 and a € R, there exists a greatest negative weak solution
u- = u_(b) € —int (C*(Q)4) within [-9pe, 0].

Note that Theorem 2.2.1 implies even the existence of extremal constant sign solutions
to problem (2.2.1) which means that we have a smallest positive and a greatest negative
solution to equation (2.2.1). The idea in the proof of Theorem 2.2.1 is to show the existence
of two ordered pairs of sub- and supersolutions given by the scaled first eigenfunction ¢ of

the Robin eigenvalue problem stated in (2.1.2) and by a scaled function e which arises as the
unique solution of a suitable chosen auxiliary problem. Taking into account the method of
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sub- and supersolution (see, for example, Carl [Car06]) to these pairs we directly conclude
the existence of two constant sign solutions — one with positive and one with negative sign.
A difficult part is to prove that we indeed have extremal constant sign solutions. Here,
we used, among others, the fact that every eigenfunction corresponding to an eigenvalue
A > A1 of the Robin eigenvalue problem must change sign in . In order to have the
regularity of the solutions obtained we first used the results of Sect.1.1 (or Sect.1.2) to
have the boundedness which allows us to use the C1*-regularity of Lieberman [Lie88] and
Vazquez's strong maximum principle [Vaz84].

The idea to find a sign changing solution is simple but the implementation is absolutely
nontrivial. If we find a solution between the extremal constant sign solutions obtained in
Theorem 2.2.1 which is unequal to these extremal solutions and unequal to the zero func-
tion, then it must be a sign changing solution. To realize this we first consider suitable
energy functionals concerning problem (2.2.1) involving appropriate truncation functions to
make sure that the coercivity and the Palais-Smale condition is satisfied. Here, we used
again the equivalent norm on WP(Q) given in (2.1.3) (with 6 instead of 3). Furthermore,
in [Win13C2, Lemma 5.1 and Lemma 5.2] we proved a relationship between their critical
points and weak solutions to (2.2.1) and it is shown that our extremal constant sign so-
lutions obtained in Theorem 2.2.1 are local minimizers of the truncated energy functional
Jo: WEP(Q) — R given by

1 u(x) B B
6) =3 (196l + 800lEniony) = [ [ (ams(x, 1771 = bir-(x,5)P) dso

— /Q /OU(X) f(x, To(x,s))dsdx — /E)Q /OU(X) h(x, 78%(x, s)) dsdu,

where 75: Q x R — R and 7§?: 8Q x R — R cut-off from above by u; and below by u_.
Next we may apply the mountain-pass theorem to Jy and the elements v, u_ which gives a
critical point ug € WP(Q) of Jp lying between w4 and u_ implying that it is indeed a weak
solution of (2.2.1). Since Jo(u4) # Jo(uo) # Jo(u—) (comes directly from the mountain-pass
theorem) we know that ug is a sign-changing solution if it is not identically zero. Showing
this is the main part and needs the properties of the curve C constructed in Sect. 2.1 (recall
the assumptions on the point (a, b)), the hypotheses on f, h, and finally the usage of the
second deformation lemma. To be more precise, we show the existence of ¥ € 'y, where
My arises from I (see Sect.2.1) by replacing S through W1P(Q) and —¢1, 1 by u_, us
(see Theorem 2.2.1) such that

Jo(A(t)) £0, forall t e [-1,1]. (2.2.2)

In other words, ¥ is a continuous path on [—1, 1] with values in W1P(Q) connecting the
smallest positive and the greatest negative solution of (2.2.1). The validity of (2.2.2) is
done in three steps that in the end connect three paths (y_, evc and «y4, € > 0 small) to
have the required path, see Figure 2.4. To construct the paths vy and y— we make use of
the second deformation lemma.
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€Yc

EQ1

Figure 2.4: The union of the curves «v_, eyc and <y, yields «y, (provided € is
sufficiently small) with the required properties.

This finally leads to the following existence theorem about a nodal solution.
Theorem 2.2.2 (Theorem 5.3 on p.120) Under the hypotheses (H) and (H8) stated on
pp. 107,108, and 111 problem (2.2.1) possesses a nontrivial sign-changing weak solution
ug € CHQ).

2.3 Resonant (p, 2)-equations with concave terms®
The main objective of this section is the study of the parametric equation
— DApu—Au=f(x,u) = MNMu|"%u inQ, u=0 on 0%, (2.3.1)

with numbers 1 < ¢ < 2 < p < oo, a Carathéodory nonlinearity f: 2 x R — R, and
a nonhomogeneous operator —A, — A being the sum of the negative p-Laplacian and the
negative Laplacian. Such operators are called (p, 2)-differential operators and arise, for
example, in quantum physics in connection with Derrick's model [Der64] concerning the
existence of solitons which was investigated by Benci-D’Avenia-Fortunato-Pisani [BDFP0O0]
and in plasma physics, see, for example, Cherfils-I'yasov [CI05].

Since g € (1, 2) we see that the right-hand side of equation (2.3.1) contains a parametric
concave term with a negative sign. A starting point in the study of elliptic equations involving
concave nonlinearities was initiated by Ambrosetti-Brezis-Cerami [ABC94] in the semilinear
case with a nonlinearity

f(s)=Ns|92%s+|s|"™%s, 1<qg<2<r<2* (2.3.2)

Therefore, we have in (2.3.2) a competing effect of a concave and a convex term. The
novelty of our work [PW14bC2] is the combination of a nonhomogeneous operator driven by
a (p, 2)-differential operator and the fact that our parametric concave term has a negative
sign. In the reference list of [PW14bC2] one finds several works in this direction but mostly
with a positive sign. It should be mentioned that the negative sign produced a different
geometry of the problem and thus needed a completely different approach.

The main goal of this work was to show the existence of five nontrivial solutions to
equation (2.3.1) for a sufficiently small parameter A > 0. In the first part we could show the

5Summary of the paper [PW14bC2].
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existence of four nontrivial constant sign solutions under the hypotheses H; stated on p. 130.
Note that condition Hi(ii) implies that resonance can occur asymptotically at +oo with
respect to the principal eigenvalue A1(p) > 0 of the negative p-Laplacian with a homogeneous
Dirichlet boundary condition. We also mention that assumption Hi(iv), which says that
f(x,-) is locally lower Lipschitz for a.a.x € Q, is of technical structure, but we need this
condition to apply the tangency principle stated in Pucci-Serrin [PS07]. Our first result reads
as follows.

Theorem 2.3.1 (Proposition 3.5 on p.136) Let hypotheses Hy stated on pp. 130-131 be
satisfied and let X € (0, \*). Then problem (2.3.1) admits at least four nontrivial solutions

of constant sign, namely
uo, 0 € Co()+\ {0} and w, 7€ —(C5()+) \ {0},
such that
up(x), G(x) >0 forallx € Q and w(x),V(x) <0 forall xeQ.

Moreover, uy and vg are local minimizers of .

The number A* > 0 is sufficiently small and occurs for the first time in Proposition
3.3 of this paper. Since our parametric concave term has a negative sign, it was not pos-
sible to prove that the constant sign solutions of Theorem 2.3.1 belong to int (Cé(§)+)
(resp. —int (CS(§)+)). This can be easily verified by viewing the assumptions of the strong
maximum principle in Pucci-Serrin [PS07].

The proceeding of the proof can be summarized as follows. First we consider the cor-
responding energy functional @y : Wol'p(Q) — R and the positive/negative truncated func-
tionals wf: W&'p(Q) — R. It is shown that these functionals are coercive and then fulfill
the Palais-Smale condition”. The first positive and negative solutions came via the direct
method from the corresponding truncated functionals. To prove their nontriviality we had to
keep the parameter X > 0 small and so we find a number A* > 0 as stated in the theorem.
The second constant sign solutions arose from the mountain-pass theorem and the fact that
u = 0 is a local minimizer of our three functionals. In contrast to the application of the
mountain-pass theorem in Sect. 2.2 the obtained critical point can be more easily identified
as a nontrivial one. We do not need to construct a path as complicated as before.

As written in the beginning the aim was a five-solutions-theorem, but how to find a fifth
solution? We need to strengthen the hypotheses on the nonlinearity f: Q x 2 — Q meaning
that f(x,-) must now be a C!-function on R. The precise hypotheses are stated in Hy on
p. 139. The main idea is now to show the applicability of an abstract critical point result due
to Perera [Per97] which says the following.

Theorem 2.3.2 (Theorem 3.1 in [Per97]) Let X = X1 @ Xo be a Banach space with 0 <
k :=dim X1 < co. Suppose that | € C1(X,R) satisfies
(l1) there exists p > 0 such that supsy | <0, where Spi=A{uve Xy |ul = p},

() I >0 on Xy, and

In general, this implication is not true, but in our setting we could give a positive answer.
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(I5) there exists a nonzero vector e € X1 such that | is bounded below on the half-space
{se+u:5>0,u € X5}.
In addition, assume that | satisfies the Palais-Smale condition and has only isolated critical
values with each critical value corresponding to a finite number of critical points. Then, | has
two (different) critical points uq, up with [(u1) < 0 < I(up) and Cx—1(/, u1) # 0, Ck(/, p) #
0.

Here, Cx_1(/, u1) stands for the (k — 1)-th critical group of / at the isolated point u;.
Such critical groups are defined by relative singular homology groups and have a growing
importance in recent years in the study of multiple solutions to quasilinear elliptic equations
like (2.3.1). In our setting we take X = W;?(2) and

m
V=P E(Xi(2)) and W =WaP(Q) NV,
i=1

which implies Wy P(Q) = Vin @ W,» and dp, = dimVy, < 0o. By E (Xi(2)) we denote the
eigenspace of the i-th eigenvalue of the Laplacian with a homogeneous Dirichlet boundary
condition. After proving the assumptions of Theorem 2.3.2 applied to the functional | =
we obtain a critical point yo (u1 in the theorem) which can be shown as unequal to the
constant sign solutions stated in Theorem 2.3.1 and unequal zero. Therefore, we have found
a fifth nontrivial solution to equation (2.3.1). In fact, Theorem 2.3.2 gives us two different
critical points but in the case of u, we do not know if it is possibly the zero function or if it
coincides with the constant sign solutions i, v obtained via the mountain-pass theorem (see
Theorem 2.3.1). Maybe, there is a sixth nontrivial solution of problem (2.3.1).

The complete multiplicity theorem including five nontrivial solutions is stated in Theorem
4.3 on p. 141 whereby two solutions have a positive and two have a negative sign. Unfor-
tunately, it was not possible to prove the sign of the fifth solution obtained from Theorem
2.3.2. This is again due to the negative sign occurring in the parametric concave term on
the right-hand side of (2.3.1). It remains an interesting open problem if yy is a sign changing
solution.

2.4 General nonhomogeneous operators®

In Sect. 2.3 we considered equations involving (p, 2)-differential operators being nonhomo-
geneous where the special structure of the operator was a main feature. Now, we bring
our focus on equations that have general nonhomogeneous operators of divergence form not
necessarily of (p, 2)-structure and with different boundary conditions. Let us consider the
boundary value problem

—diva(Vu) =g(x,u) inQ, Bu=0 ondQ, (2.4.1)

with a right-hand side nonlinearity g: 2 xR — R being of Carathéodory type and a boundary
operator B, for example, the Dirichlet or the Neumann one. Later on we will specify the
concrete structure of g and B. First, we want to introduce our assumptions on a: RV — RV,

8Summary of the papers [PW14aC2] and [EMPW14C2].
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To do so, let ¥ € C1(0, +o0) be a function satisfying

t9'(t)
5t =@

0<e< and ottt <O(t) <o (1+tP7Y), (2.4.2)

for all t > 0 and with some constants ¢, cg, ¢1, ¢ > 0. The hypotheses on a(-) read as
follows.

H(a): a(¢) = ao(||€]])€ for all € € RN with ag(t) > 0 for all t > 0 and

(i) ag € C1(0, ), t +> tag(t) is strictly increasing, lim;_,o+ tag(t) =0, lim tao(t) > —1;
t—0+ ao(t)

(i) [[Va(é&)| < C319|(|!i”) for all ¢ € RV \ {0} and some ¢z > 0;

G IEND 2 N N

(i) (Va(&)y,y)pn > €] lly||© for all £ € RY \ {0} and all y € RV,

Based on these conditions we can easily see that a € C* (RV \ {0}, RV) n C (RM,R") and
that £ — a(&) is maximal monotone and strictly monotone. If Go(t) = fot sap(s)ds for all
t > 0andif G: RN — R is defined by G(€¢) = Go(||€]|) for all € € RN, then G(-) is the
primitive of a(-) and £ — G(&) is convex with G(0) = 0. Therefore we may apply critical
point theory to problems like (2.4.1). For a detailed explanation of all consequences we refer
directly to the paper [PW14aC2]. Note that the assumptions in H(a)(i) are required to apply
the strong maximum principle to such general operators due to Pucci-Serrin [PS07].

Our conditions incorporate several differential operators of interest. Although being (p —
1)-homogeneous, we first mention the p-Laplace differential operator by setting a(§) =
|€]]P~2¢ with 1 < p < oo which gives (1.1.2) and the potential is G(£¢) = %H&Hp for all
¢ € RV. A prototype of a nonhomogeneous differential operator is the (p, q)-differential
operator which arises by a(¢) = ||€]P72€ + [|€]|972¢ with 1 < g < p. Then, —diva(Vu)
becomes

—Apu—Aqu  forall ue X,

with X being a closed subspace such that Wol'p(Q) C X C WYP(Q). In this case the
potential has the form G(§) = %||£||p + %HEHC’ for all ¢ € RV, As already mentioned in
Sect. 2.3, equations driven by a (p, q)-differential operator arise in mathematical physics
such as quantum physics (for existence of soliton solutions, see Benci-D'Avenia-Fortunato-
Pisani [BDFPO0OQ]) and in plasma physics as well as biophysics (see Cherfils-I'yasov [CI05]).

p—2
If a(¢) = (L+[€]I?) € with 1 < p < oo, then this map corresponds to the generalized
p-mean curvature differential operator which is given by

div [(1 + HVU||2)L;2VU] for all u € X. (2.4.3)

Here, the associated potential is given by G(€) = £ [(1 +]1€12)% — 1} for all ¢ € RV, Of
course, for p = 2, (2.4.3) reduces to the well-known Laplace operator. Another example

of a possible operator is given by a(¢) = ||€]|P~2¢ £ ‘ﬁ”ﬁ;ﬁﬁ with 2 < p < oo whereby the

potential here is G(§) = %||£||p + % In(1 + [|€]|P) for all ¢ € RN,
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Even if our operator is possibly nonhomogeneous, it has some nice properties which can
be summarized as follows. Let A: X — X* be the nonlinear map defined by

(A(u),v) = / a(Vu)-Vvdx forall u,ve X, (2.4.4)
Q

then A is bounded (that is, it maps bounded sets to bounded sets), continuous, strictly
monotone (hence maximal monotone), and fulfills the (S)-property, that is, if u, — v in X
and

limsup (A(up), up —u) <0

n—oo

then u, — u in X. Indeed, the (S)i-property is a very powerful tool which under minor
assumptions allows the knowledge of strong convergence of weakly convergent sequences.

The motivation for the papers [PW14aC2] and [EMPW14C2] was the question of if it
is possible to give multiplicity results for equations involving nonhomogeneous operators as
it was done in the semilinear (Laplacian) and quasilinear (p-Laplacian) cases. Indeed, the
lack of homogeneity was the main difficulty and needed some technical refinement in our
approach. We will discuss two cases — one with a homogeneous Dirichlet and the other one
with a nonlinear Neumann boundary condition.

2.4.1 Homogeneous Dirichlet boundary condition
Consider now a special case of equation (2.4.1) given by
—diva(Vu) = Mu|9u— f(x,u) inQ, u=0 on 0%, (2.4.5)

with 1 < g < p, a parameter A > 0, a Carathéodory function f: Q x R — R being bounded
on bounded sets, superlinear at +oo, sublinear near zero, and the operator —diva(:) as
introduced in H(a). In addition it satisfies some minor conditions stated on p. 153 given by

Go(t
t — Go (t%> is convex in (0, +00) and limsup Colt) < +00. (2.4.6)
t—0+ td
The second relation in (2.4.6) implies an estimate like
G(&) < C(lIEN + lI€NP)  for all € € RY, (2.4.7)

with a constant € > 0 playing an important role which can be seen in the next theorem?®.

Theorem 2.4.1 (Proposition 3.4 on p. 154) Suppose that hypotheses H(a)' and H(f), stated
on p. 153 are fulfilled and assume that

A>qChi(q) ifg<p,  A>2qChi(q) ifg=p

with the positive constant C in (2.4.7). Then problem (2.4.5) has at least two nontrivial

constant sign solutions

up € int (C5(Q)4) and vy € —int (C3(Q)4) .

9Note that the constant € is denoted by ¢s in the paper [PW14aC2].
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By A1(q) > 0 we denote the first eigenvalue of the g-Laplacian with a Dirichlet boundary
condition. The proof of Theorem 2.4.1 is different from that in Sect.2.2 concerning the
existence of constant sign solutions. Indeed, in Sect. 2.2 we constructed two pairs of sub-
and supersolutions based on the scaled first eigenfunction of the p-Laplacian. This time, we
used critical point theory to truncated energy functionals. The main challenge was to prove
the nontriviality of the critical points which could be realized through the assumptions on the
parameter A.

The further proceeding was to show that problem (2.4.5) has extremal constant sign
solutions. This is quite difficult and different to problems with homogeneous operators. The
idea was to construct an auxiliary problem based on the assumptions of f. Taking into
account the first condition in (2.4.6) we were able to prove the existence of unique constant
sign solutions of that auxiliary problem (see Proposition 3.5 on p.157). Based on this, in
combination with Zorn's Lemma, the existence of extremal constant sign solutions to our
original problem (2.4.5) could be shown thanks to the directness of the corresponding solution
sets (see Proposition 3.6 on p. 159).

The existence of a sign changing solution is now proved within the interval of the extremal
constant sign solution. This is realized by applying the mountain-pass theorem, the second
deformation theorem, and the variational characterization of the second eigenvalue of the
g-Laplacian (see, Cuesta-de Figueiredo-Gossez [CDFG99]). We have the following result.

Theorem 2.4.2 (Proposition 3.7 on p. 161) If hypotheses H(a)' and H(f), stated on p. 153
hold and if

X>qCha(q) ifqg<np, A>2qChs(q) ifqg=np,

is satisfied, then problem (2.4.5) has a nodal solution yy € C3 (Q).

We see that we have to strengthen the hypotheses on X in the case of a nodal solution
replacing A1(q) by A2(q). The results presented in [PW14aC2] improved former ones for
semilinear and quasilinear equations not only due to the nonhomogeneous operator but also to
the conditions of the right-hand side nonlinearity. We refer to Remark 3.9 in [PW14aC2] for
more details. However, we have to mention the work of Carl-Motreanu [CMO08] who studied
problem (2.4.5) with the same assumptions on f, but with the p-Laplacian instead. Note
that if g = p and a(€) = ||€]|P~2¢ for all € € RV, then C = qu and thus 2gCA2(q) = A2(q).
Therefore, Theorems 2.4.1 and 2.4.2 recover the multiplicity results in [CM08].

A second nodal solution to problem (2.4.5) can be obtained by setting a(€¢) = ||€]|P72¢+¢&
for all € € RN with 2 < p < oo and g = 2 (see Sect.4 in [PW14aC2]). Then, (2.4.5)
becomes

—Apu—Au=xu—"f(x,u) inQ, u=0 onoR. (2.4.8)

Moreover, we have to strengthen the hypotheses on f, for example, we now suppose that
f(x,-) is differentiable and that the derivative satisfies a subcritical growth condition. The
behavior of f at +o00 and at zero remains equal, in addition we suppose that f/(x,0) = 0
uniformly for a.a. x € Q.

Under the assumption A > Xo(2) where A>(2) denotes the second eigenvalue of the
Laplacian and if A does not belong to the spectrum of the Laplacian, we can prove the
existence of four nontrivial solutions to (2.4.8) whereby two of them have constant sign and
the others have changing sign, see Theorem 4.2 on p.166. The proof of this result is a
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combination of variational tools and Morse theory, in particular some known properties of
critical groups.

2.4.2 Nonhomogeneous, nonlinear Neumann boundary condition

Let us now consider problem (2.4.1) with a nonhomogeneous, nonlinear boundary condition
of the form

ou
on,

—diva(Vu) = —x|ulP"2u—f(x,u) inQ, = Nu|92u—h(x, u) on 0, (2.4.9)
where % = a(Vu)-n denotes the generalized normal derivative with n(x) being the outward
unit normal at x € 89, the mapping a: RN — RN is as introduced in the beginning of this
section, and f: 2 xR — R, h: 002 x R — R are assumed to be Carathéodory functions
being bounded on bounded sets, (p — 1)-superlinear near +oo as well as (p — 1)-sublinear
near zero. In addition, the boundary function shall satisfy a locally Holder condition near the
origin. Here, 1 < g < p and the parameters x, A are real, positive numbers such that

<+ if g < @) if g <
0<x o ifg<p oy Jthle)  ifg<p (2.4.10)
<2pC ifg=p 2pCAi(p) ifg=p
where C is the positive constant!® from estimate (2.4.7) and A1(r) now denotes the first
eigenvalue of the Steklov eigenvalue problem of the r-Laplacian given by

—ANu=—|u""%u inQ, IVul"2Vu-n=Xu|""2u on 8%, (2.4.11)

which was intensively studied by Martinez-Rossi [MR02] (see also Lé [Lé06]). We know that
X1(r) is positive, isolated, and simple. Moreover, every eigenfunction corresponding to A1 (r)
does not change sign in Q, but an eigenfunction associated to an eigenvalue A > 5\1(r) must
change sign in Q.

Under the hypotheses (2.4.10) we could show the existence of two constant sign solutions
of (2.4.9), one with positive sign, the other with negative sign (see Proposition 3.3 on p. 182).
The idea to deal with such a problem arises from the paper [Win10a] in which the multiplicity
of solutions to the equation

—Dpu=Ff(x,u)—|ufP?u inQ, IVullP=2Vu-n=NulP2u+g(x,u) on dQ,

has been proved in dependence of the eigenvalues of the Steklov eigenvalue problem stated
in (2.4.11). The paper [EMPW14C2] extends the results in [Win10a] in different ways. First
we see that we could replace the p-Laplacian by a more general possibly nonhomogeneous
operator and second, we were able to drop a sign changing condition on f near zero because
we used a different approach than in [Win10a]. Actually, we have a third novelty by the
appearance of a second parameter in the form of x. But this was not planned in starting
this work, we rather started with x = 1 and during the proof of Proposition 3.3 on p. 182 we
realized that we cannot conclude the nontriviality of our critical points. Therefore, we chose
the parameter as given in (2.4.10). Note that if our operator becomes the p-Laplacian we
infer C = 2—1,3 and so 1 < x < 1 in the case p = g. Hence, the results in [Win10a] are a
special case of [EMPW14C2].

Note that the constant € is denoted by ¢; in the paper [EMPW14C2)].
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The main difference to the results in Subsection 2.4.1 is the appearance of the nonlinear
boundary term which made this treatment more complicated. Indeed, the existence of ex-
tremal constant sign solutions is again shown by choosing a suitable auxiliary problem. To
show the uniqueness of constant sign solutions of that problem, we require further consid-
eration in the form of an integral functional that has a boundary term (see the proof of
Proposition 3.4 on p.186). The exponent in this boundary term is chosen such that after
applying the chain rule and Green'’s identity, the corresponding Gateaux derivatives contain
the same boundary terms and therefore vanishes after subtracting (see (3.20) and (3.21) on
p.190). This was one of the main steps.

A sign changing solution of equation (2.4.9) is shown in Proposition 3.6 by strengthen
the assumptions on A meaning that A; in (2.4.10) has to be replaced by X,. This is again
due to the fact that we used a variational characterization of the second eigenvalue as it was
proved in Martinez-Rossi [MR04].

2.4.3 Open problem

In both papers [PW14aC2] and [EMPW14C2] we observed that in the case of the p-Laplacian
the conditions on A reduce to

A>Ai(p) and A > Xa(p),

with A1 (p), A2(p) being the first two eigenvalues of the p-Laplacian with Dirichlet and Steklov
boundary condition, respectively. This allows the question of whether there is a relationship
between the number gCA1(q) (for g < p) and the first eigenvalue of — div a(Vu). First, we
have to clarify what is understood by an eigenvalue problem for this operator which is not
clear at all. The Dirichlet eigenvalue problem for such an operator could be in the form

—diva(Vu) = MulP2u in Q, u=0 onoQ. (2.4.12)

Some authors studied eigenvalue problems like (2.4.12) concerning existence and simplicity
of the first eigenvalue, but with the very restrictive property that the operator must be a
homogeneous one, see for example Kawohl-Lucia-Prashanth [KLP07] and Lucia-Schuricht
[LS13] and the references therein. A more natural generalization, in my opinion, is to define
the corresponding eigenvalue problem in the form (recall that a(¢) = ap(||€]|)¢ for all ¢ € RN
with ag(t) > 0 for all t > 0)

—div(ao(||Vul)Vu) = Xh(lu))u in Q, u=0 on 0%, (2.4.13)

where h: R — R fulfills h(t) > 0 for all t > 0. So, if we set ag(||€]|) = ||£]|P~2 for all ¢ € RN
and h(|s|]) = |s|P~2 for all s € R it reduces to the eigenvalue problem for the p-Laplacian.
Even if it is possible to construct an unbounded nondecreasing sequence (A,) of eigenvalues
of (2.4.13) via the Ljusternik-Schnirelman theory (see Browder [Bro70] or Zeidler [Zei85]),
it is not clear if A1 coincides with

_ Jo G(Vu)dx

A = inf

o Hwax (2.4.14)

where Hy(s) = fOS sh(t)dt and H(s) = Ho(|s|) for all s € R due to the lack of homogeneity.
We mention a recent work of Montenegro-Lorca [ML12] in which the existence of the first
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eigenvalue was proved to nonhomogeneous eigenvalue problems in Orlicz-Sobolev spaces but
without the knowledge of its simplicity.
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Chapter 3

Multiplicity results for variational-
hemivariational inequalities

In 2000, Ricceri presented new abstract critical point results giving the existence of three
[RicO0b], resp. infinitely many [Ric00a] critical points of smooth functionals. Such results
are very useful — they were the starting point of numerous generalizations of smooth and
nonsmooth functionals in recent years. In this chapter we will summarize the main results and
ideas of the papers Bonanno-Motreanu-Winkert [BMW11C3], Bonanno-Winkert [BW14C3],
and Bonanno-Motreanu-Winkert [BMW13C3] which deals with nonsmooth problems in the
sense of variational-hemivariational inequalities as already presented in Sect. 1.3.

Some of the first generalizations of Ricceri's work to nonsmooth problems have been
developed by Marano-Motreanu in [MM02a] and [MMO02b]. They could be applied to the
following inequality problem (see [MMO02b]): Find u € C, such that, for all v € C,

/ Vu-(Vv—=Vu)dx + >\/ (S(x,u;v—u)+ (K)(x,u;v—u))dx >0, (3.0.1)
Q Q

where C is a closed convex set in H3(Q2) and J, K: Q x R — R are Carathéodory functions
being locally Lipschitz in the second argument with their generalized directional derivatives
J°, K° (see Sect. 1.3). Under some assumptions on J, K it is shown that there exists § > 0
such that to every pu € [=4,0] it corresponds an open interval A, C [0, +o00[ for which
problem (3.0.1) has at least three solutions whenever A € A,. The main idea here is to
consider an associated nonsmooth functional as the sum of a locally Lipschitz and a convex,
proper, and lower semicontinuous functional.

Our focus is on quasilinear inequalities involving the p-Laplacian and with perturbation
integrals defined in the domain and/or its boundary. While we suppose in [BMW11C3]
the continuity of Sobolev functions in W'P(Q) we were able to drop this hypothesis in
[BMW13C3], [BW14C3] giving existence results also in the case p < N. It should be noted
that most results in this direction have been obtained under the very restrictive condition
p > N. We also refer to the work Motreanu-Winkert [MW10] which deals with quasilinear
inequalities having boundary integrals in terms of generalized directional derivatives following
the pattern of [MMO02a].
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3.1 Infinitely many solutions?

The main objective in the paper [BMW11C3] is the treatment of the following variational
inequality: Find u € K such that, for all v € K,

/ |VulP=2Vu- V(v — u)dx +/ q()|ulP~2u(v — u)dx
Q Q
(3.1.1)
+/ Aa(x)F°(u; v — u)dx +/ wB(x)G°(u; v — u)do > 0,
Q o0

where K is a closed convex subset of W!P(Q2) containing the constant functions, a € L(RQ),
B e LY 0Q) witha(x) >0inQ, a#0, B(x) >00n0Q, B #0, and X, u are real parameters
such that A > 0 and u > 0. As before, F° and G° denote Clarke's generalized directional
derivatives of locally Lipschitz functions F, G: R — R which are defined by

I3 £
Fe) = /O f(t)dt, G(€) = /O g(t)dt,

with given functions f, g: R — R being locally essentially bounded. The domain Q is sup-
posed to be bounded in the Euclidian space RN, N > 1, with C!-boundary 892 and p belongs
to the interval |N, +00[. Moreover, g € L*°(Q) satisfies ¢ > 0, q # 0.

First, we note that since p > N the embedding W1P(Q) — C(Q) is compact and due to
the choice of g it is known that

lellesey = ( Lavap+ q(x)|u|ﬂ)dx)”

is an equivalent norm on W1P(Q) (see for instance [Maz85, Section 1.1.15]).

Our aim was to find conditions on the perturbations F and G to prove the existence
of infinitely many solutions to inequality (3.1.1). In order to realize this we made use of a
critical point result due to Bonanno-Molica Bisci [BMBO09] (see Theorem 2.1 in [BMW11C3])
presenting different situations of possible critical points to appropriate functionals. Note that
this theorem is a version of those in Marano-Motreanu [MMO02a, Theorem 1.1].

Based on this result our main theorem stated as Theorem 3.1 on p. 208 gives a precise
interval for the parameter A such that inequality (3.1.1) admits infinitely many solutions
provided F satisfies an appropriate oscillating behavior at infinity, G fulfills a suitable growth
condition at infinity, and w is small enough. To be more precise, define the numbers

max(—F(t))

L e<e . —F(£) llall1 1
A=Ilminf ———, B =Ilimsu . A= L A= ———
ST e AT ' JlalhpB’ "2 JalipcPA

with ¢ being the embedding constant of W1P(Q) — C(), our main theorem reads as
follows.

Theorem 3.1.1 (Theorem 3.1 on p.208) Let a € L1(Q) and B € L1(8Q) be nonnegative

and nonzero functions. Let f: R — R be a locally essentially bounded function and set

'Summary of the paper [BMW11C3].
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13
F(&) = / f(t) dt for all £ € R. Assume that
0

1
B.
cPllallx

Then, for each X €]A1, X\2[, where X1, X2 are given above, for each locally essentially bounded

3
function g: R — R, whose potential G(§) = / g(t) dt, £ € R satisfies
0

max —G(t
G = limsup |t\§g( (1))
E—+oo SP

< 400, liminf(=G(§)) > —c0,
§—+o0
and for every u € [0, 0], where

1 A ,
5—592\-—%(1)\2), (6 =400 if Gy =0),

with * = [,oB(x)do, problem (3.1.1) admits a sequence of weak solutions that is un-
bounded in WP(Q).

It should be noted that the conditions on F and G can be interchanged, more or less.
Indeed, in Theorem 3.1 we supposed an oscillating behavior of F at infinity and a suitable
growth on G at infinity. But if we suppose an oscillating behavior on G and a growth
condition on F at infinity, we obtain a similar result to Theorem 3.1.1, see Remark 3.5 on
p.211. Moreover, we also give two special versions of Theorem 3.1.1 in the cases that
f and g are nonpositive and nonnegative, see Theorems 3.6 and 3.8 on pp.211 and 212,
respectively. Although we need no symmetry conditions on the nonlinear terms we cannot
treat the case p < N since the embedding W'P(Q2) — C(Q) fails. In this case we probably
need further assumptions on the nonlinearities.

If F oscillates at zero, we could also give an existence result obtaining a sequence of
solutions to (3.1.1) converging uniformly to zero. In fact, defining the values

max(—F(t
A:Iiminfltlgg(()) B—limsup &) o a1
€0+ &p ' ¢sor &P llallipB’ |l pcPA’

we have the following.
Theorem 3.1.2 (Theorem 3.11 on p.212) Let a € LY(Q) and B € L*(8S2) be nonnegative

and non-zero functions. Let f: R — R be a locally essentially bounded function and set

¢ 1
F(&) = / f(t) dt for all £ € R. Assume that A < WB. Then, for each X €]X1, X2|,
0 1

where A1, Ao are given above, for each locally essentially bounded function g: R — R, whose

3
potential G(§) = / g(t) dt, £ € R satisfies
0

L max|t‘§£(—G(t)) .
Gp = Ilgris(,)lip & < 400, Ignlglf(—G(ﬁ)) >0,
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and for every u € [0, 0, where

1 A .
6—59)\.—'6*pcho<1—>\2>, (6—+OO/fGO—O),

with B* = [, B(x)do, problem (3.1.1) admits a sequence of distinct weak solutions con-

verging uniformly to zero.

3.2 An abstract three-solutions-theorem and applications?

Now, we are interested in finding the existence of at least three nontrivial solutions to in-
equalities of type (3.1.1) for both situations p > N and p < N. Although the model problem
in [BW14C3] is very similar to those in [BMW11C3] (see Sect.3.1) we state it again due
to different notations. As before Q is a bounded domain with C!-boundary [ := 0 and
g € L*°(Q) fulfills g > 0, g # 0. We consider the following problem: Find v € K such that,
for all v € K,

/ |VulP=2Vu- V(v — u)dx —l—/ g |ulP~2u(v — u)dx
Q Q
(3.2.1)
+/ Aa(x)F°(u; v — u)dx —i—/uﬁ(x)GO('yu;'yv —yu)do >0,
Q r

where K is a closed convex subset of W1P(Q), 1 < p < oo, now containing the only constant
function the zero function (in contrast to Sect. 3.1) while the other data is as it was in the
beginning of Sect. 3.1.

The first idea is to develop a new abstract critical point theorem allowing us to apply it
to problems like (3.2.1) in the general situation even if p < N. This result is the following.

Theorem 3.2.1 (Theorem 2.1 on p.221) Assume that there is r €]infx @, supx @[ such
that @1(r) < @o(r). Further suppose that the functional Jy is bounded from below and

satisfies the (PS)-condition for each X € N\ := } (p%(r), w%(r) [ Then, for each A € A, Jy has

three distinct critical points.

Here, J» = ® — AT + )\ is a functional defined on a reflexive Banach space X where
®: X — R is sequentially weakly lower semicontinuous as well as coercive, T: X — R is
sequentially weakly upper semicontinuous, j: X —] — oo, +o0] is supposed to be a convex,
proper, and lower semicontinuous functional and @1 (resp. ¢>) is defined on p. 221 provided
r>infx ® (resp.r < supx ®). Note that Jy is indeed coercive which follows, for instance,
from Corollary 1.3 in Motreanu-Radulescu [MRO3]. The idea in the proof of Theorem 3.2.1
is to show first the existence of local minima u; € (] — oo, r[) and u> € ®~1(]r, +00[)
of Jx. Then we may apply a result due to Marano-Motreanu [MMO02b, Corollary 2.1] saying
that there must be a third critical point of J, different from the two local minima.

In addition, we give a variant of Theorem 3.2.1 without supposing that J, is bounded
from below and fulfills the (PS)-condition. Instead we suppose some other conditions like
the convexity of ®. The precise conditions are stated on p.223 in (1)—(4).

2Summary of the paper [BW14C3].
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Theorem 3.2.2 (Theorem 2.2 on p.223) Assume that there are ri, r» >0 and v € K, with
2r < d(V) < /2, such that

SUPueo-1(-cond V(1) _27T(V) . SUPueo-1(-cornp T(4) _ 17(7)
r 3CD(V) p) 3¢(V)
Furthermore, suppose that ®(u) > r» for allu € OK. Then, for each \ € A, where N is given
by

_ _:|3CD(\_/) mm{ n I’2/2 }[

. 27T(v)’ SUPyed—1(]—c0,n) T(u)' SUP yed—1(]—c0, 1) T(u) ’
Jx has three distinct critical points u; € K (i = 1,2, 3) such that ®(u;) < rp fori € {1,2,3}.
In contrast to Theorem 3.2.1 we have in Theorem 3.2.2 not only the existence of three

critical points but also an uniform bound meaning that u; € ®~1(] — oo, r2[). The proof of
Theorem 3.2.2 is relying on results of Bonanno-Candito [BC08] and Livrea-Marano [LMO04].

The next step is to apply these abstract results to our concrete inequality given in (3.2.1).
Let us first say something about the case p > N. Recall that ¢ denotes the embedding
constant from W1P(Q) into C(Q2). Thanks to Theorem 3.2.1 we can prove the subsequent
result.

Theorem 3.2.3 (Theorem 3.1 on p.226) Let o € L*(Q), B € LY(I") be two non-negative

and non-zero functions. Let f: R — R be a locally essentially bounded function and put

3
F(§) = / f(t)dt for every £ € R. Assume that
0

mXise CF) 1 (CF@) o (CF()

, <0,
at cPlallire) &5 gltoo  EP

with positive constants a1, ap satisfying a; < a» and a> € K. Then, for each A\ € N\, where

N is given by

_ | gl a5 1 ay
- pllallig) (=F(a2)) " pePllall gy maxjy<a, (=F(8) |

and for each locally essentially bounded function g: R — R, whose potential G(§) =
3

/ g(t)dt for every £ € R satisfies

0

lim sup (=6(9)

< 4o
lel—4oo  IEIP

there exists § > 0 such that, for each u € [0, [, problem (3.2.1) has at least three distinct

solutions.

The number § depends on the given data and is stated on p.225. That the conditions on
F and G are not very restrictive can be seen in Example 3.2 on p. 229. It should also be noted
that if K is closed with respect to the maximum and if both f and g are nonpositive, then
every solution is nonnegative, see Proposition 3.3 on p.230. A special version of Theorem
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3.2.3 with K being a ball with center zero is then given in Theorem 3.5 on p.231. Therein
we give sufficient conditions for the existence of three nonnegative solutions by applying the
abstract results developed in Theorem 3.2.2.

The situation is completely different considering the case p < N. As already mentioned,
the fact that the embedding W1P(Q2) C C(Q) is now missing brings some difficulties. Instead
we will make use of the Sobolev embedding theorem and the properties of the trace mapping.
We also assume a subcritical growth on f, that is

[F(t)] < by + bo|t|", (3.2.2)

for all t € R while s € }1, NN—_"/D[ if p < N as well as s €]1, 4oo[ if p = N. Let us give our
main result in this case.

Theorem 3.2.4 (Theorem 4.1 on p.234) Let a € L*>®°(Q2),B8 € L>°(I") be two nonnegative,
nonzero functions and let f: R — R be a locally essentially bounded function satisfying the
subcritical growth in (3.2.2). Put F(§) = fog f(t)dt for all £ € R and suppose that

with positive constants a1, as satisfying a; <

1 _, _ Plledliie) [-F(a2)]
e Ki—+Kral P <«
135’71 29 lall 1) E

1
llall, 1 b
(%) a» and a» € K;

o limsup [-F ]

<0.
tl—too  IEIP
Then, for each X\ € X, where A is given by

x| lalige &b 1
pllalliio) [=F(a2)]’ Klapilfl + Koay P
1

and for each locally essentially bounded function g: R — R whose potential G(§) =
J€ g(t)dt, € € R, fulfills

o [—G(&)] < bsl|P for all € € R with by being nonnegative,

there exists § such that, for each u € [0, [, problem (3.2.1) possesses at least three distinct

solutions.

Here, the numbers K7 and K> depend on «, the constants bi, by from the subcritical
growth of f and the embedding constants of the Sobolev embedding W1P(Q) — L5(Q2). One
easily verifies that the interval A is nonempty. The idea in the proof of Theorem 3.2.4 was
again to apply Theorem 3.2.1. In contrast to the case p > N we see that we now have [ °°-
functions o, 8 and the subcritical growth of f is absolutely necessary. All in all the results
in [BW14C3] present a complete study of nonsmooth problems as in (3.2.1) concerning
multiplicity results. Although the starting point is Theorem 3.2.1, the cases p > N and
p < N need different approaches due to different continuity property of Sobolev functions in
WLP(Q).
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3.3 Equivalence of constrained and unconstrained problems?

The paper [BMW13C3] deals with a variational-hemivariational inequality defined for closed
convex sets K belonging to the usual Sobolev space Wol'p(Q) consisting of the elements
of Wl"’(Q) having zero traces on the boundary. The novelties of this paper are threefold:
First we are interested in developing a multiplicity theorem for such inequalities similar to
those presented in Sect. 3.2. The difficulty here is the fact that we cannot suppose that K
contains constant functions as it was used in Theorems 3.2.3 and 3.2.4. Second, the results
presented here are valid in the more complicated case p < N and third, we give sufficient
conditions to prove the equivalence of the constrained and unconstrained problem in case K
is the cone of nonnegative elements of Wol'p(Q).

Given a bounded domain Q € RN with N > 2 and a C!-boundary 8Q and let 1 < p < N.
We consider the following inequality problem depending on a real parameter A > 0: Find
u € K such that

/ |VulP=2Vu- (Vv — Vu)dx + >\/ a(x)F°(u;v—u)dx >0 forallveK, (3.3.1)
Q Q

where o € L1(Q) such that ess inf,cq a(x) > 0 and F° stands again for Clarke's generalized
directional derivative of a locally Lipschitz function F: R — R. For the elements of the
corresponding gradient in the sense of Clarke, denoted by 0F, we suppose a subcritical
growth, that is

€] < by + bo|t|*™Y  forall t € R, & € BF(t), (3.3.2)

with constants by, b > 0 and 1 < s < p*. Our existence result can be given as follows.
Theorem 3.3.1 (Theorem 3.1 on p. 245) Assume that o € L*(Q) fulfills ess infyeq a(x) >
0, F: R — R is a locally Lipschitz function, with F(0) = 0, satisfying the subcritical growth

condition (3.3.2) and K is a nonempty, closed, convex subset of Wol'p(Q). In addition, we

suppose:
1 s—p : [—F(a2)] . :
(HI) Ki—— + Koay © <ess SI?nf a(x) o for positive constants ai, ax with a> > Kay
ay x€ 2

and K;, i = 1,2, given on p. 245;

_F
(H2) limsup (©) <0,

glo+oo €1

(H3) —F(t) >0 for all t € [0, az],

(H4) ua, € K, where

o

ifx € Q\ B(xo, D),
s, (x) = § BR (D — [x = ) ifx € B(x0, D)\ B (%, £522),
an /fxEB(xo,w>

3Summary of the paper [BMW13C3].
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for all x € Q. Then, for every A € \ with

A | PP = (P = 1)) 1 a
o (p=1)NDP ess infxeq a(x) [-F(a2)]’
pp—l(pN —(p— 1)N) 1 (3.3.3)

(p-DDP Kyt Ko ?

problem (3.3.1) possesses at least three distinct weak solutions.

Here, K1, K> and k are suitable chosen constants depending on the data and on the best
constant of the Sobolev embedding theorem due to Talenti [Tal76]. We also point out that
the interval A does not depend on the structure of the set of constraints. Theorem 3.3.1
is proven by using the abstract critical point result stated in Theorem 3.2.1. An interesting
closed convex set is the cone of nonnegative elements of WOI’D(Q), that is

Kso = {u€WyP(Q):u>0foraa xcQ} (3.3.4)

Of course, K>q defined in (3.3.4) fulfills (H4) of Theorem 3.3.1.
A special case of our inequality given in (3.3.1) is the choice K = Wol’p(Q) for which
(3.3.1) becomes the unconstrained problem: Find u € Wol'p(Q) such that

/Q|Vu|p_2Vu -Vvdx + A/Qa(x)l—_o(u; v)dx >0 forallve Wol'p(Q). (3.3.5)

Recall that inequality (3.3.5) is a so-called hemivariational inequality as already mentioned
in Sect. 1.3. Now, we may ask if there is a relationship between the solutions of inequalities
(3.3.1) with K = K>¢ and (3.3.5). Clearly, every nonnegative solution of (3.3.5) is a solution
of (3.3.1) with K>¢ in (3.3.4). An answer about the validity of the converse assertion could
be given in the next theorem under a slightly stronger condition as in (H3) of Theorem 3.3.1.

Theorem 3.3.2 (Theorem 4.1 on p.249) Assume that oo € L*(Q) satisfies
ess infyeqa(x) > 0 and F: R — R is a locally Lipschitz function, with F(0) = 0, for
which the subcritical growth condition (3.3.2) holds true and in addition

(H3’) there is a constant ay > 0 such that

€ <0 forall £ € OF(t) with t € [0, az]. (3.3.6)

Then every solution u > 0 of problem (3.3.1), with K> in (3.3.4) and any X\ > 0, that is
/ IVulP™2Vu- V(v — u)dx + A/ a(x)F°(u;v —u)dx >0 (3.3.7)
Q Q

for all v € Wol'p(Q), v > 0, and which satisfies u(x) € [0, as] for all x € €2, is a (nonnegative)
solution of problem (3.3.5).

If F(0) < 0, then condition (H3') is indeed stronger than (H3) which comes from
Lebourg’s mean value theorem, see Remark 4.4 on p.251. Another relationship between
our origin problem (3.3.1) and (3.3.5) which concerns a priori estimates is given in the next
theorem.
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Theorem 3.3.3 (Theorem 4.2 on p.250) Assume that o € L°°(Q) satisfies
ess infyeqa(x) > 0, F: R — R is a locally Lipschitz function,with F(0) = 0, for which
the subcritical growth condition (3.3.2) holds true, and in addition

(H5) there is a constant as > 0 such that

maxdF(t) >0 forall t > as.

Then for every solution u > 0 of problem (3.3.1) with K in (3.3.4), the following alternatives
hold: either inf u < as or u solves problem (3.3.5).
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L°°-Estimates for nonlinear elliptic
Neumann boundary value problems

Patrick Winkert

Abstract. In this paper we prove the L°°-boundedness of solutions of the
quasilinear elliptic equation

Au = f(z,u,Vu) in Q,

% = g(z,u) on 012,
where A is a second order quasilinear differential operator and f : 2 xR x
RY — R as well as g : 9Q x R — R are Carathéodory functions satisfying
natural growth conditions. Our main result is given in Theorem 4.1 and
is based on the Moser iteration technique along with real interpolation
theory. Furthermore, the solutions of the elliptic equation above belong
to C1*(Q), if g is Holder continuous.
Mathematics Subject Classification (2000). 35B45, 35J25, 35J60.
Keywords. A priori estimates, Neumann boundary values,
Nonlinear elliptic equations.

1. Introduction

Let © C RY be a bounded domain with Lipschitz boundary 092. We consider
the quasilinear elliptic equation
Au = f(z,u,Vu) in Q,
ou (1.1)
o g(z,u) on 01,
where g—g denotes the conormal derivative of u. Here, A is a second-order
quasilinear differential operator in divergence form of Leray-Lions type given
by

N
Au(z) = — Z 3?:1- a;(z,u(x), Vu(x)), (1.2)
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and f: Qx RxRY — R as well as g : 902 x R — R are some Carathéod-
ory functions. For u € WP (Q) defined on the boundary 952, we make use of
the trace operator v : WP(Q) — LP(9€) which is well known to be com-
pact. For easy readability we will drop the notation yu and write for short wu,
respectively, g(z,u) := g(x,yu).

The main goal of this paper is to prove a priori estimates for solutions of
the nonlinear elliptic equation in (1.1). For this purpose, we use some impor-
tant tools like the Moser iteration technique and real interpolation theory. By
an a priori estimate, we mean an estimate of the form

lull Lo ) < C,

for all possible solutions of (1.1) with some constant C' independent of w.
Concerning a priori bounds for elliptic equations with zero Neumann condi-
tions we refer to the results in [17] and [19], where they consider problems of
the form

—Au+u= f(u), u>0 inQ,
0
8—3 =0 on 0f),
in a bounded convex domain  C R? with smooth boundary and A > 0.
Motreanu et al. have applied the Moser iteration, too, in [11, Proof of
Proposition 2.5] to prove L*°-boundedness for solutions of the Newmann
problem

—divde(z, Vo) = fo(z,ve) + Ae fo(z,0) — Ae|ve — 0[P~ 2(ve — 1)  in Z,

Ju
W 0 on 07,

where
V=(2,8) = [€[P2 + Ao |Vao|P "2 Vag + Ac|€ — Vo [P72(€ — V),

with Z ¢ R" is a bounded domain with a C?-boundary 82,0 < A, < l,e €
(0,1], zp € L°(Q) fixed and with a Carathéodory function fo : Z x R — R
satisfying some growth condition.

The novelty of our paper is the demonstration of a priori estimates for
nonlinear elliptic equations with nonlinear nonhomogenous Neumann bound-
ary values of the form (1.1), where the Carathéodory functions f and g depend
on u, Vu and u, respectively, satisfying a natural growth condition. Addition-
ally, we extend our results and show that every solution of (1.1) belongs to
C12(Q) in case g satisfies the condition

lg(w1,81) — g(w2, 82)| < L[z1 — 22|* + |51 — 52|7],

for all pairs (z1, s1), (22, $2) in QX [—My, M|, where My is a positive constant
and a € (0,1]. The C'-regularity follows directly from the L>°-boundedness
along with the results of Liebermann in [10].
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2. Notations and hypotheses

Let % + % = 1. We suppose the following conditions on the operator A and the

nonlinearities f: Q@ x R x RN — R and g: 92 x R — R.

(A1) Each a;(x,s, &) satisfies Carathéodory conditions, i.e., is measurable in
x € Q for all (s,£) € R x RY and continuous in (s,&) for a.e. z € Q.
Furthermore, a constant co > 0 and a function kg € L9(£2) exist so that

lai(z,5,&)| < ko(z) + o (IsP~" +[£P71) (2.1)

for a.e. x € Q and for all (s,£) € RxRY, where [£| denotes the Euclidian
norm of the vector £.
(A2) The coefficients a; satisfy a monotonicity condition with respect to &
in the form
N

> (i@, 5,€) — ai(x,5,6)(& — &) > 0, (2:2)
i=1
for a.e. x € Q, for all s € R, and for all £,& € RV with ¢ # ¢'.
(A3) A constant ¢; > 0 and a function k; € L*(Q) exist such that

N
> ai(@, 5,88 > allg] — ka(x), (2:3)
i=1
for a.e. z € Q, for all s € R, and for all £ € RV,
(F1) x> f(x,5,&) is measurable in Q for all (s,£) € R x RV,
(F2) (s,&) = f(x,s,&) is continuous in R x RY for almost all z € €.
(F3) There exists a constant ¢y > 0 such that

|f(z,5,6)] < co (1+[sP+[€]P7) (2.4)

for a.e. z € Q, for all s € R and for all £ € RV,
(G1) x> g(x,s) is measurable in 99 for all s € R.
(G2) s+ g(x,s) is continuous in R for almost all z € 9.
(G3) There exists a constant ¢z > 0 such that

l9(z, )| < es(1+[sP7h), (2.5)

for a.e. x € 9N and for all s € R.
Condition (A1) implies that A : WHP(Q) — (WHP(Q))* is bounded continu-
ous and along with (A2) it holds that A is pseudomonotone. Due to (A1) the
operator A generates a mapping from W1P(Q) into its dual space defined by

N
_ O
(Au, @) = /Qiz_:lal(x,u,Vu)axidx, (2.6)

where (-,-) stands for the duality pairing between W1P(Q) and (W1P(2))*.
Assumption (A3) is a coercivity type condition. The conditions (F3) and (G3)
ensure that the corresponding Nemytskij operators F : WP (Q) — L(Q) and
G : LP(09) — L1(99) defined by

Fu(z) = f(z,u(x), Vu(z)), Gu(r) = g(z, u(z)), (2.7)
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are bounded and continuous (see e.g. [18]). The definition of a solution of
problem (1.1) in the weak sense is defined as follows.

Definition 2.1. A function u € WHP(Q) is said to be a weak solution of (1.1)
if the following holds

/ia-(m u, Vu) a<'Ddac
Qi:1 1Ly Wy 6$Z

— [ @ Vuppds + [ glaupds, Vo e W)
Q o

Remark 2.2. The growth conditions on the function f and g can be relaxed,
replacing |s|P~! by |s|? for a suitable ¢ > p — 1. Thanks to the Sobolev embed-
ding and to the trace embedding, the definition of a weak solution to the
Neumann problem would also be consistent in this case. For reasons of simpli-
fication, we deal with the given growth conditions as in (2.4) and (2.5).

3. The spaces B; a and F;,

In this section, we give a brief overview about Besov spaces (respectively,
Lizorkin—Triebel spaces) which are needed in the proof of our main theorem.
If A is a Banach space, then

1
P

ID(A) =S €€ ={5)1520:& € Al = [ D215 | < o0
=0

for 1 < p < oo and
17, (A) = {f e = {6206 € A€l = sup 27 < oo}
J

for p = oo are also Banach spaces (cf. [14, Section 1.18]) where o is a real num-
ber. We recall that S = S(RY) is the set of all complex-valued rapidly decreas-
ing infinitely differentiable functions defined on the N-dimensional real Euclid-
ean space RY. The spaces S(RY) and S’(R") (dual space) have their usual
topologies, where S'(RY) is equipped with the strong topology. We denote by
F the Fourier transform in S and the support of a distribution f is written as
supp f. Further, we set

My={¢:€eRY, 27 < g <2H}, =12,
My={¢:€cRY (] <2}.

Then we introduce the spaces Bi (RY) and Fj (RY) as follows (see [14,
Definition 2.3.1/1]).
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Definition 3.1. (a) For —oo < s < 00,1 < p < 00, and 1 < ¢ < 0o one sets

B;q(RN) = f:feSRY); Zaj );supp Fa; C Mj;

1
q

> @Y aj(@)]z,)?| <oo
j=0

and for —oco < s < 00,1 < p < 00, and ¢ = co one sets

Bs RNy =< f:feSRY); Za] ;supp Fa; C Mj;

{a;}lis. L,y = sup2*la;(x)||L, < oo
J

Further, for —oco < s < 00,1 <p<ooand 1 < g < oo let
1l Bs, @y) = f:ilejfaj I{a; Hlis(z,)-

(b) For —oco < s < 00,1 < p < 00, and 1 < ¢ < 00 one sets

F;Q(RN) = f:feSRN);f= Zaj(:c);supp]:aj C Mj;
3=0

1
% P
00

Ml = / S 9%ty @)t | de| <o

Jj=0

Further, let
Fp, @) = b {ai}lz,ag)-

/]

(¢) For —oo < s < oo and 1 < p < oo one sets
H3(RY) = Fiy(RY).

(d) For 1 < p < oo one sets
s(mN 3 —
Hy(RY) ifs=0,1,2,...,

W (RY) = { Ny .
B, (R™) if 0 < s # integer.

The proof of the following theorem can be found in [14, Theorem 2.3.2]

Theorem 3.2. 1. Let —o00o < s < 00,1 < p < o0, and 1 < q < oo. Then
Bs, (RN) is a Banach space.

2. Let —00 < 5 < 00,1 < p < 00, and 1 < q < oo. Then F3 (RY) is a

Banach space.
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It is clear, that all notations above hold true if we replace RY by a
bounded domain © C RY. The spaces B;, and Fj  are called Besov and
Lizorkin—Triebel spaces, respectively, which are equal in case p = ¢ with 1 <
p < oo and —oo < s < oo. We see that the spaces W7 with s =1,2,3,... coin-
cide with the well-known Sobolev spaces introduced by S.L.Sobolev and the
extension of the definition of the spaces W, to values 0 < s # integer are the
so-called Slobodeckij spaces. Finally, it was shown that H; with s > 0 coincide
with the well-known Lebesgue (or Liouville, or Bessel-potential) spaces. For
more details we refer for example to the books of Triebel in [14-16] or to the
monograph of Runst and Sickel in [12].

In our considerations, we need the following continuous embeddings

s—1 1
T : B;p(Q) — Bpp P (8(2), with s > 5,

s—1 s—1 1
Ty : By " (09) = Fpp 7 (0Q) — F,(09) = LP(09),  with s > >

where Q is a bounded C'*°-domain (see [12, Page 75 and Page 82|, [14, 2.3.1
and 2.3.2] and [15, 3.3.1]). Let s = m + ¢ with m € Ny and 0 < ¢ < 1. Then
the embeddings are also valid if 9 € C™1! [13]. In [3, Satz 9.40] the proof is
given for p = 2, however, it can be extended to p € (1, 00) by using the Fourier
transformation in LP(2) [4].

We set s = % +¢€, where € > 0 is arbitrarily fixed such that s = %—1—5 < 1.
Thus, the embeddings are valid for a Lipschitz boundary 0). This yields

1+E
T5: By (Q) — LP(09),
which means

14+€
IIvIILv<aQ)§C4IIUIIB;+g( , Vue Bp (), (3.1)

PP )

where ¢4 is a positive constant. The real interpolation theory implies
(Fpp(@), F (@), = (L), W'#()

(see [1,14,15], [16, Section 1.6.2 and 1.6.7]) which ensures the norm estimate

l+g
= By (Q)7

%+§,p

2+E 1-1-¢ 1p
i S I IVl s Yo € W), (3.2)

v 1
ol

(cf. [14, Theorem 1.3.3 (g)]) with a positive constant c5 only depending on the
boundary 0f2.

4. Main results

Theorem 4.1. Let the conditions (A1)-(A3), (F1)-(F3) and (G1)-(G3) be sat-
isfied. Let u € WHP(Q) be a solution of (1.1). Then u € L>(1).

Proof. To prove the L* —regularity of u, we will use the Moser iteration tech-
nique (see e.g. [5-9]). It suffices to consider the proof in case 1 < p < N,
otherwise we would be done. First we are going to show that ™ = max{u, 0}
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belongs to L>=(Q). For M > 0 we define vys(z) = min{u™t(z), M}. Letting
K(t)=tift <M and K(t) = M if t > M, it follows by [9, Theorem B.3] that
Kout =uvy € WHP(Q) and hence vy € WHP(Q) N L>(Q2). For real k > 0
we choose ¢ = UIX/_I;H then Vi = (kp+ 1)1}%’V1}M and o € WHP(Q)N L>(Q).
Notice that u(z) < 0 implies directly vys(x) = 0. Testing the weak formulation

in Definition 2.1 with ¢ = U§5+1 one gets

Ovr
kp—l—l/Zal +V+)M6x

:/f(x,u+7Vu+)v]]ff[’+1dm+/ g(z, u™ )P do. (4.1)
Q o0

Applying condition (A3) and the Holder inequality, the left-hand side of (4.1)
can be estimated to obtain

(kp+1) /Zal TV )vﬁ%{l;M x

0
= (kp+1) /QZGZ x, 01, VUur) ;vawd

i=1

> (kp+1) / (c1|Vou|P — kp)ohPda

kp+1
kp+1 /|V k+1|pdw761(kp+1)/9( )k”d:c

kp+1 k1 p
Y+ 1)p /|v [Pde

1 (k-lr—pl)p
_ el(kp+ 1)|Q|r+1 (/ (u*)(kJrl)”da:) , (4.2)
Q

where 1 = ||k1|co. The assumption (F3) along with the Holder inequality and
Young’s inequality implies

/ flz,u™, Vu"’)v%’ﬂdm
Q

<o / (1+ [ut =1 4 [Vut [P 1)ok?  de
Q

kpt1
< oo|Q T </ (u+)(k+1)pdm> e +02/(u+)(k+1)de
0 0

+c2/5\vu+|(1’—1>qvﬁp—1>qu+02/ C(o) Py
Q Q
(G
P
< ey (/ (u+)(k+1)pda:> +(1 +C(6))02/(u+)(k+1)pd:€
Q Q

+(kc+251)p /Q IV (ut)F+HPda. (4.3)
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The same arguments for the boundary integral provide

/ g(-%'yu"")vﬁ/ll)"rldo < 03/ (1 + |u+|p_1)7}§/1[)+1d0'
09 o0

< e3 (/ (u+)(k+1)pda>
oQ
+eq / (ut)EFDP g, (4.4)
oN

Applying the estimates (4.2)—(4.4) to (4.1) one gets

kp+1 /|V k+1‘pd$
<ea ([ ntra) T e [ ey
2 Q

kp+1
c20 k1D / +y(k+1) (e
—_— d Pd
+(k+1)P 5 IV (u™)* T Pdz + e3 m(u ) o

kp
(k+Dp
+ey / () *HDPde 4 es(kp + 1) ( / (u+)<k+1>Pdm) T 5)
o0 Q

We have limps 00 var(z) = ut(z) for a.e. x € Q and can apply Fatou’s Lemma
which results in

kp+1 k+1p
d
[CES /'V [Pz

kp+1
R+Dp
<ea ([ rmae) T (ke [0t
£ Q

kp+1
20 kL p / (B4 1)p R+ Dp
g [V e ([ )

kp
k+Dp
+ey / (ut)FHVPdg + es(kp + 1) ( / (u+)(k+1)pdx) . (4.6)
o0 Q

We have either

kptl kp+1
(/(u+)(k+1)pdm) [CEROF <1 o </ (u+)(k+1)pdx> +Dp §/(u+)(k+1)pdx,
Q Q Q

respectively, either

_kptl kp+1
(/ (u*)““““’da) (k+1)p§1 or (/ (u+)(k+1)pda) e S/ (u+)(k+1)pd0_,
o0 o0 o0

and finally, either

k+1 W k41 whe k+1
(/ (u+)( + )pdx> <1 or </ (u*)( + )pd:v> < /(u+)( Py,
Q Q Q
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Using the calculation above to (4.6), we obtain

[(Zp:l)lp 625 ] / Vs
< (C(6)ca + eslkp+ 1)) /Q(u"’)(k"’l)pdx +er /89(u+)(k+1)pda +es, (4.7)
where the choice § = kg{;l results in
kPJFl / IV () Pl
< eo(kp+1) /Q (ut)F P Ay 4 e /@ Q(u+)<k+1>Pda + es. (4.8)

It should be pointed out that

a1 202)5 < 1 >5 1
C©)=(op) 7 - =22 . Z<e
() (p) q (p kp+ 1 p €10

with a positive constant e;g where we have set eg = ejpc2 + eg. Adding on
both sides of (4.8) the positive integral 2(k+1)p Jo(ut)FFDPdy yields

(]{Z?:_ll [/ |V k+1|”dm+/( +)(k+1)pd4

<en(kp+1) / (ut)F+DP gy 4 67/ (uH)FHDPdo 4 eq, (4.9)
Q a0

due to the fact that 2(’2”%1)1, < kp+1 for all £ > 0. Next we want to estimate

the boundary integral by an integral in the domain 2. Using (3.1), (3.2) and
Young’s inequality yields

[, sy o
oQ

k
= 1) 20 o)

A Can s L o
BPP

's\H

A [ a1 A [ L S

Wir(Q) L (Q)

IN

IN

ek (81t IR + COM@H g ™)

Wi (Q) LP(Q)
zﬁﬁ@wwwHw%ﬂm+owmw>“wm®) (4.10)
where ¢ = 1f~ and ¢ P £ satlsfy —|— =1 and ¢’ is a free parameter

specified later. Note that the posmve constant C(¢") depends on ¢'. Applying
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(4.10) to (4.9) shows

_kp+1 YRt / +y(k+1)p
ST [/ [V (u [Pdz + Q(u ) dx

< e (kp+ 1)/(u+)(’“+1)pd$+e7/ (u+)(k+1)pda+eg
Q on

<en(kp+1) / (@) EDPdz 4 e108 || () 1 0
Q

+€12C(5/)”(u )k+1|| P(Q) + es,

kp+1
e124(k+1)P

kp+1 kp+1 Yk pp / +)k+1 P
(2(k+1)p 2 Ak + 1P )U'V Pde+ | 1t |d

<en(kp+1) /Q(UJF)(’CH)de + 6120(5')||(U+)k+1||12p(9) +es

where e15 = ezccf is a positive constant. We take §' = to get

<e(kp+1+C(5)) / (ut)EHDPag 4 eg, (4.11)
Q

where it holds

ders\ * (k+1)P>5 1
kp+1+C() =kp+1 : =
P+1+C) =kt +< p > (k‘p+1 q

<ewu (k’p—i— 1+ (W))
(kp+1)p=1

< ews(kp+1)71

Applying the calculations above to (4.11) provides

kp+1 /|V k+1|pdl,+/| YL |P g
4(k+1)p
< eis(kp + I)Pf1 {/ (ut)F+DP gy 4 1] ,

Q

equivalently

IV oy < -+ D7 1)7ere | [ @701
Q
By Sobolev’s embedding theorem a positive constant e;g exists such that

1@ o ) < easll @) Hlwr o), (4.12)
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Wherep*——_1f1<p<Nandp =2pif p=N. We get

||qu | Lek+pe (Q)

1
_ +\k+1)| %
= ||(u™) ”L:*I(Q)

1
k

el | (u) i S

1

1 ®+Dp

<eld" ((bp+ )T (k+1)) " Ean UQ( TYEEDPY gz 41

1

Since ((kp+1)@ 77 (k+1)) *7T > 1 and limy_ o0 (kp+1) @05 (k+1)) VAT =
1

k
1, there exists a constant e19 > 1 such that ((kp—+1) R (k+1)) BT < erg
We obtain

1
[Czaor
||u+||L(k+1)p @ < elkr8+1 61«/79 61<k7+1>p |:/ (u+)(k+1)p)dx+ 1:| ) (4.13)
Q
Now, we will use the bootstrap arguments similarly as in the proof of
[8, Lemma 3.2] starting with (k1 + 1)p = p* to get
[ Lo () < (k)

for any finite number & > 0 which shows that u™ € L"(Q) for any r € (1, 00).
To prove the uniform estimate with respect to k we argue as follows. If there
is a sequence k,, — oo such that

/(u+)(kn+1)pdx <1,
Q

we have immediately
[u™ ]| Loo ) < 1,

(cf. the proof of [8, Lemma 3.2]). In the opposite case there exists ko > 0 such
that

/(u+)(k+1)pdx > 1
Q

for any k > ko. Then we conclude from (4.13)

1
lw™ || L ksy0* (0 @) < efglefg’“* 620“”’ llu || etyp, for any k > ko, (4.14)

where egy = 2e17. Choosing k := k; such that (k; + 1)p = (ko + 1)p* yields

1

L e 1
[t paasm ) < efd e esgt T [t | Lassnga)- (4.15)

Next, we can choose ks in (4.14) such that (ks + 1)p = (k1 + 1)p* to get

1

[ U S, 1
||U+||L<k2+1>p*(9) <eg emk2+1 62(82+1)p ||u+||L<kz+1>p(Q)

R e
= efszﬂ 619Wr1 62(82+1)p [ ]| k1300 Q)" (4.16)

57



300 P. Winkert NoDEA

By induction we obtain

kn+1 \/T (kn+1)rz||u

[ Lcen+nre () < erg ™ etg " ego Tl Ltnsvr ()

_ ellcgﬂ 61«/79k71+ 2<8n+1>p ||U+||L<1«n71+1)1’* )" (4.17)

where the sequence (k) is chosen such that (k, + 1)p = (k,—1 + 1)p* with
ko > 0. One easily verifies that k, +1 = (—) Thus

[ | Lk spe Q)

T i A S o
20w 1 meg(:;,l R+ Do ||u+||L<ko+1)P*(Q) (4.18)

= €18 €19
with r,, = (k, + 1)p* — 0o as n — 0. Since ﬁ = (& )i and L <1 there is
a constant es; > 0 such that
[0 || 4007 @ < eat[ut || oo +pe (@) < 0. (4.19)

Let us assume that u™ & L°(Q). Then there exist 7 > 0 and a set A of positive
measure in Q such that u™ (z) > ea1||[u™[|xo+10® () + 1 for x € A. Tt follows

that
1
«\ (Bn+1)p*
||U HL(k7l+1>P Q) > </ |U k +1) )

1
> (621||u [ +77) iand
Passing to the limes inferior in the inequality above yields
1inrr_1>i£f b || Lk +2p @ = e ||u || forg+pe ©@ T
which is a contradiction to (4.19) and hence, ut € L>®(Q). In a similar way

one shows that v~ = max{—u,0} € L*(Q). This proves u = ut —u~ €
L>(Q). O

Remark 4.2. Note that the finiteness of the integrals

/ |V(u+)k+1|pdm, / |(u+)k+1|pdx
Q Q

is shown in the end of the proof of Theorem 4.1 by a suitable choice of the
parameter k. This is a typical proceeding in the use of the Moser iteration (see,

e.g. [8]).

Let us now suppose an additional condition to the function g : @ xR — R
as follows.

(G4) g satisfies the condition
9(21, 51) = g(@2, 52)| < L[[w1 — @2|™ + |s1 — 52|7],

for all pairs (z1, 1), (x2, $2) in 9N x [— My, My], where M is a positive
constant and « € (0, 1].

Theorem 4.3. Let the conditions (A1)-(A83), (F1)-(F3) and (G1)-(G4) be
satisfied. Let u € WHP(Q) be a solution of (1.1). Then u € C1(Q).
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Proof. Theorem 4.1 implies u € L>(Q2). Moreover, we see at once that the
assumptions (0.3a)-(0.3d) and (0.6) in [10] are satisfied which yields in view
of [10, Theorem 2] the assertion. O

Example. Let A = —A,,1 < p < oo, be the negative p—Laplacian which is
defined by

— Apu = —div (|Vu[’">Vu)  where Vu = (0u/0z1,...,0u/dzy). (4.20)
The coefficients a;,7 = 1,..., N are given by
ai(stag) = |€|p72£i-

Thus, hypothesis (A1) is satisfied with kg = 0 and ¢y = 1. Hypothesis (A2) is
a consequence of the inequalities from the vector-valued function & — |£[P~2¢
(see [2, Page 37]) and (A3) is satisfied with ¢; = 1 and k; = 0. Our equation
in (1.1) gets the form

—Apu = f(z,u,Vu) inQ,
0
IVul””@% =g(z,u) on 09, (4.21)

where % means the outer normal derivative of u with respect to 02. Theo-
rems 4.1 and 4.3 ensure under the assumptions (F1)-(F3) and (G1)-(G4) that

every solution u of (4.21) satisfies u € L>(2) and u € C(Q).
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ABSTRACT. In this paper we study elliptic equations with a nonlinear conormal
derivative boundary condition involving nonstandard growth terms. By means
of the localization method and De Giorgi’s iteration technique we derive global
a priori bounds for weak solutions of such problems.

1. Introduction. The present paper is concerned with global a priori bounds for
elliptic equations with nonlinear conormal derivative boundary conditions which
may contain nonlinearities with variable growth exponents. More precisely, let
be a bounded domain in RV, N > 1, with Lipschitz boundary T' := 0 and let
p € C(Q) be a function that satisfies 1 < p~ := infgp(z). We deal with elliptic
equations of the form

—div A(z, u, Vu) = B(z,u, Vu) in Q,

A(z,u, Vu) - v =C(z,u) on T, (1.1)

where v(z) denotes the outer unit normal of Q at z € I', and A, B and C satisfy
suitable p(x)-structure conditions, see (H) below.
An important special case of (1.1) which fits in our setting is given by

—Apyu = B(z,u, Vu) in Q, |VuP@=29,u = C(z,u) onT.
Here the operator div.4 becomes the so-called p(z)-Laplacian
Apyu = div(|Vul|P® =2 V),

which reduces to the standard p-Laplacian if p(z) = p.

In recent years there has been a growing interest in the study of elliptic problems
with a p(z)-structure, which are also termed problems with nonstandard growth
conditions. Equations of this type appear in the study of non-Newtonian fluids with
thermo-convective effects (see Antontsev and Rodrigues [4], Zhikov [35]), electro-
rheological fluids (see Diening [8], Rajagopal and Ruzicka [29], Ruzicka [31]), the

2000 Mathematics Subject Classification. Primary: 35J60, 35B45; Secondary: 35J25.
Key words and phrases. A priori estimates, De Giorgi iteration, Elliptic equations, Nonstan-
dard growth, Partition of unity, Variable exponent spaces.
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866 PATRICK WINKERT AND RICO ZACHER

thermistor problem (see Zhikov [36]), or the problem of image recovery (see Chen
et al. [5]).
Throughout the paper we impose the following conditions.
(H) The functions A: QxRxRY - RN B: OxRxRY 5 R andC:TxR - R
are Carathéodory functions satisfying the subsequent structure conditions:

p(z)—1
(H1)  |A(z,s,8)] < ao|f‘p(z)71 + a1|s|q°(x) P&+ qag, for a.a. x € Q,
(H2)  A(z,s,6)- &> a3|€|P® — ay|s|®® — as, for a.a. = € Q,
(z)—1
(H3)  |B(z,s,§)] < bo|§|p(z) e + bl|s|q°(m)_1 + b, for a.a. T € Q,
(H4)  [C(z,s)| < cols|™ 7! ¢y, for a.a. z €T,

and for all s € R, and all £ € RY. Here ai,b; and ¢; are positive constants,
p € C(Q) with infgp(z) > 1, and gy € C(2) as well as ¢; € C(I') are chosen
such that

p(r) < qo(z) <p*(z), x€Q, and p(z) < q(x) <pe(z), €T,
with the critical exponents
Np(z) : N-Dp)
P(z) = ) if p(z) < N, po(2) = Npi if p(z) < N,
+00 if p(x) > N, +00 if p(x) > N.

A function u € WHP()(Q) is said to be a weak solution (subsolution, super-
solution) of equation (1.1) if

/QA(x,u,Vu)~V<pdx: (<, Z)AB(x,u,Vu)godx—l—/FC(%u)cpdm (1.2)

holds for all nonnegative test functions ¢ € WP()(Q), where do denotes the usual
(N — 1)-dimensional surface measure.

This definition makes sense, since thanks to assumption (H) the integrals in (1.2)
are finite, by Holder’s inequality and embedding results for W12()(Q)-functions, see
below.

The main goal of this paper is to prove a priori bounds for weak sub- and su-
persolutions, in particular for weak solutions of problem (1.1). Using the notation
y+ = max(y,0), our main result reads as follows.

Theorem 1.1. Let the assumptions in (H) be satisfied. Then there exist positive
constants o = a(p, qo,q1) and C = C(p, qo, q1, a3, as, as, by, b1, ba, co, c1, N, Q) such
that the following assertions hold.

(i) If u € WO (Q) is a weak subsolution of (1.1) then

ess supu < 2 max (1,0 [/ u?f(x)dx + / u‘f(m)da] ) )
Q Q r

(i4) If u € WHPO)(Q) is a weak supersolution of (1.1) then
[e%
essﬂinfu > —2max (1,0 [/ (—u)‘f(“’)da? + /(—u)il(z)dg} ) :
Q

r

Note that the constants ag, a1, as, which appear in (H1), do not play any role in
determining the constants o and C. The finiteness of the right-hand sides in (i) and
(i) is a consequence of the compact embedding W) (Q) — L%°()(Q) and the fact
that the trace operator is a bounded operator from WP()(Q) into L%()(T) (see
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A PRIORI BOUNDS FOR ELLIPTIC EQUATIONS WITH NONSTANDARD GROWTH 867

Fan et al. [15, Theorem 1.3] and Fan [12, Corollary 2.4]). We further point out that
we merely assume continuity for the variable exponents p,qg, and ¢i; log-Holder
continuity conditions are not required.

Our proof of Theorem 1.1 uses De Giorgi’s iteration technique and the localization
method. By means of the latter we are able to reduce the estimates involving
variable exponents to ones with constant exponents, which then also allows us to
apply classical embedding results. This crucial step in the proof is achieved by
means of an appropriate partition of unity.

By the definition of sub- and supersolution of (1.1) one easily verifies that a weak
solution is both a weak subsolution and a weak supersolution. Hence we have the
following.

Corollary 1.2. Let the assumptions (H) be satisfied and let v € WHPO)(Q) be a
weak solution of (1.1). Then u € L*°(Q) and the estimates in (i) and (i) from
Theorem 1.1 are valid.

The main novelty of the paper consists in the generality of the assumptions
needed to establish the boundedness of weak solutions to (1.1). In particular the
assumptions on the nonlinearity C are rather general, allowing for a growth term
with variable exponent, which seems to be optimal. Another novelty is the use of
the localization technique in the context of global a priori estimates for problems
with variable exponents and nonlinear conormal derivative boundary conditions.

Let us comment on some relevant known results on elliptic problems with p(x)-
structure. Local boundedness of solutions to the equation

—div A(x,u, Vu) = B(z,u, Vu) in Q, (1.3)

has been studied by Fan and Zhao [16]. There it is shown that under suitable
structure conditions every weak solution u of (1.3) (corresponding to test functions

pE Wol’p(x) (€2)) belongs to L. (€2), and if in addition u is bounded on the boundary
T, then u € L*°(£2). The proof uses De Giorgi iterations as well. Recently, Gasiniski
and Papageorgiou (see [19, Proposition 3.1]) studied global a priori bounds for weak

solutions to the equation

—Apyu = g(x,u) in Q,
1.4
% =0 on I, 14
v

where the Carathéodory function g : Q x R — R satisfies a subcritical growth
condition. They proved that every weak solution u € W'P()(Q) of problem (1.4)
belongs to L () provided p € C1(Q) satisfying 1 < min_ g p(x).

L*>-estimates for solutions of (1.1) in case p(x) = p with qo(z) = ¢1(x) = p have
been established by the first author in [33, 34] following Moser’s iteration technique
(for constant p see also Pucci and Servadei [28]).

Concerning boundedness and regularity results for problems of type (1.3), in
particular for the special case

— div(|VuP®=2vu) =0,

we further refer to Acerbi and Mingione [1, 2], Antontsev and Consiglieri [3], Chiado
Piat and Coscia [6], Diening et al. [9], Eleuteri and Habermann [11], Fan [13, 14],
Fan and Zhao [18], Habermann and Zatorska-Goldstein [20], Harjulehto et al. [21],
Liskevich and Skrypnik [25], Lukkari [26, 27] and the references given therein.
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868 PATRICK WINKERT AND RICO ZACHER

The paper is organized as follows. In Section 2 we fix some notation and recall
the definition of the variable exponent spaces LP()(Q) and W1»()(Q). We further
state a lemma on sequences of numbers which will be needed for the De Giorgi
iterations. The main result is proved in Section 3. From the structure conditions
we first derive truncated energy estimates. These are then used, together with the
localization method and embedding results, to prove suitable iterative inequalities,
which in turn imply the desired a priori bounds.

2. Notations and preliminaries. Suppose that  is a bounded domain in RY
with Lipschitz boundary I' and let p € C(Q) with p(z) > 1 for all z € Q. We set
p~ = min g p(z) and p* := max, g p(z), then p~ > 1 and p* < co. By LrO(Q)
we identify the variable exponent Lebesgue space which is defined by

LPO(Q) = {u ‘ u:  — R is measurable and / lu|P® dz < +oo}
Q
equipped with the Luxemburg norm

p(x)
lull ey () = inf ¢7 >0 / dr <15.
Q

The variable exponent Sobolev space W1P()(Q) is defined by
WirO(Q) = {u e LPO(Q) : |Vu| € LPD(Q)}

ulz)

T

with the norm

||u||W1’P(‘>(Q) = ||VUHLP('>(Q) + ||u||LP('>(Q)-
For more information and basic properties of variable exponent spaces we refer the
reader to the papers of Fan and Zhao [17], Kova¢ik and Rakosnik [22] and the recent
monograph of Diening et al. [10]. If p(z) = p is a constant, the usual Sobolev space
WLP(Q) is endowed with the norm

1
[ullwir@) = </ IVUIpdas+/ |u|pdx> )
Q Q

For gy € C(Q2) and ¢; € C(T) (as in (H)) we define
o =maxqo(z), ¢y = mingo(z),
Q Q
= maxq (), ¢ = mFin q1(x).
For s € [1,00) we further use the notation

Ns . (N—1)s .
f N R f N
S*: N—s l § < ) Se = N-—s 1 § < ?
400 if s > N, +00 if s > N.

The following lemma concerning the geometric convergence of sequences of num-
bers will be needed for the De Giorgi iteration arguments below. It can be found,
for example in [32]. The case §; = J2 is contained in [23, Chapter II, Lemma 5.6],
see also [7, Chapter I, Lemma 4.1].

Lemma 2.1. Let {Y,},n =0,1,2,..., be a sequence of positive numbers, satisfying
the recursion inequality

Yop1 < K" (Vi +Y,17%2) 0 n=0,1,2,...,
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for some b>1, K >0, and 02 > §; > 0. If
Yo < (QK)_ﬁl;é
then
Y, < (2K) b HhE, nel,

in particular {Y,} — 0 as n — co.

3. Truncated energy estimates and proof of Theorem 1.1. Our proof of
the sup-bounds for weak subsolutions of (1.1) is based on the following lemma on
truncated energy estimates.

Lemma 3.1. Let the conditions in (H) be satisfied. If u is a weak subsolution of
(1.1), there holds

/ |Vu|p(m)dz§d1/ uq"(m)dz+d2/ uql(m)do,
Ak Ak Fk

where

A ={z € Q:u(x) >k}, I'y={zeT:ulz) >k}, k>1,
andd; = 2a§1(a4+a5—|—bl—|—bg+b08_(‘10++1)), dy = 2a§1(co+cl), and e = min(1, 2‘1730)

Proof. Let u € WP()(Q) be a weak subsolution of (1.1) and let k& > 1. Taking
o = (u— k), = max(u —k,0) € W20 (Q) (see [24, Lemma 3.2]) as test function
in (1.2) with the ’<’-sign we obtain

Az, u,Vu) - V(u — k)dzx
Ay

< B(z,u, Vu)(u — k)dx + C(x,u)(u— k)do.
Ak Tg

(3.1)

Using the structure condition (H2) we estimate the left-hand side of (3.1) as follows.
Az, u, Vu) - V(u — k)dzx
Ag

= A(z,u, Vu) - Vudz
A

(32)
> / <03|Vu|p(w) — aglu|®™) — a5) dx
Ay

> a3/ |VulP® dz — (ag + a5)/ |u|2° ) da,
Ay A
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870 PATRICK WINKERT AND RICO ZACHER

as u®®) > 4 > 1in Aj. Now, we are going to estimate the right-hand side of (3.1).
By Young’s inequality with € € (0,1] and condition (H3) we have

B(z,u, Vu)(u — k)dz

Ak

(z)—1
< / [bo|Vu|‘°"”qu<w> + by fu] )7 b2] (u — k)da
Ag

ag(z)—1 o(z)—1 o(2)—1
< bo/ {5 0 (@) |vu|p(:c)qqo<z> E—%o(z) u] dx + (by _|_b2)/ |u|q°(x)dm (3.3)
Ak Ap

Sbo/ 5\Vu|p(x)dx+bo/ 5—(qo(w)—1)uqo(w)dx+(bl_,_bz)/ \u|q°(w)dx
Ag Ay Ay

< Eb()/ \Vu|p(m)dx + (boé?*(qg*l) + b1 + bz) / w9 @) gy

Thanks to condition (H4), the boundary integral can be estimated through

C(z,u)(u—k)do < / (colu|™ @~ 4+ ¢1)(u — k)do

te te (3.4)
< (co+ 01)/ u @ do,
T

as u> 1 on I';. Combining (3.1)-(3.4) and choosing € = min(1, 5) gives

a3 |Vu\p(z)dx

2 Ja,

< <a4 +as+ by +bs+ b0€_(q‘;r+1)> / u®®) dg + (co + 61)/ u®) g,

Ak Tk

Dividing the last inequality by % > 0 yields the assertion of the lemma. O

The corresponding result for supersolutions reads as follows.

Lemma 3.2. Let the conditions in (H) be satisfied. If u is a weak supersolution of
(1.1), there holds

[ s <a [ Cupae s d, [ Can©a,
Ay Ay, Ty
where
A ={z e Q: —u(z) >k}, Tp={zel:—ulx) >k}, k>1

and dy and do are the same constants as in Lemma 3.1.

3

Proof. The proof is analogous to the previous one. We take ¢ = —(u + k)_ =
—min(u + k,0) > 0 as test function in (1.2), which now holds with the "> ’-sign,
and use the same arguments as in the proof of Lemma 3.1. This yields the asserted
inequality. O

Now we are in position to prove the main result of this paper.

Proof of Theorem 1.1. 3
(i) Definition of the iteration variables Z,,, Z,, and basic estimates. Let

now
knk(221n> n=0,1,2,...,
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with & > 1 specified later and put

Dy = / (u— kn)qo(x)dx, Dy = / (u— kn)‘“(‘”)da.
Ak, Crn

We have
k qo(z)
Zy > / (u— kn)qo(w)da@ > / w20 (@) (1 S — > dx
Akpys Akpys kn+1
1
= (@)
- /A+ pn@mizy v
and thus
/ uP @) gy < 295 (2 7 (3.5)
Analogously, we see that
/ ut @ dg < 20 (1t 7 (3.6)
Fkn+1
From (3.5)—(3.6) and Lemma 3.1 with &k being replaced by k, 11 > 1 it follows that
/ \V(u = kni1) PP de < dsa™(Z,, + Z,,), (3.7)
Akn+1

where d3 = max d122q3,d222qr) and a = max (2qg’72qu>.

Furthermore, we have

u—=k a0 ()
iz [ (2B )
‘ kn+1| ™ kn+1 _ kn

n+1

2q0(x)(n+1)
[ e k) s
A

ag (n+1)
< 207_/ (U - kn)qo(z)dﬂf
k9o Ay,

947 (n+1)

= —4Zp.

ko

(ii) Partition of unity. By compactness of Q, for any R > 0 there exists a
finite open cover {B;(R)};=1,...m of balls B; := B;(R) with radius R such that
Q c UL, Bi(R). Moreover, since p € C(), g0 € C(Q), and ¢1 € C(T), these
functions are uniformly continuous on Q and T, respectively. Recalling that

p(x) < qo(x) <p*(z), ©€Q, and p(z) < q(z) <po(z), zeT,
we may take R > 0 small enough such that

pféqofi<(pf)*, p;FSin<(p;)*a i=1,...,m,
where
+_ +
p; = maxp(x), ¢y, = maxqo(),
B;NQ B;N
p; = glé% p(x), 4= max ¢, (z)
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We next choose a partition of unity {£;}™, C C§°(RY) associated to the open cover
{Bi(R)}i=1,....m (see e.g. [30, Thm. 6. 20]) that is, we have

suppé, C B, 0<¢& <1, i=1,...,m, and Zfizl on Q.
i=1

Let L > 0 be a positive constant such that

|V§,|§L, i:l,...,m.

(iii) Estimating the gradient term in (3.7) from below. Using the parti-
tion of unity from step (ii) we have

/ IV (1 — Fpi)P)d
Ay

n+1

HMS HMS \

V(= k1 \“’Zfdw

Kn41 =1
/ (19 (u ~ ko)
Ak

(3.9)
p: — 1)§Z‘d$(}

n+1

v

i_ff;dx — m|Ag

n+1) n1 |a

n+1

as & > ff;. From (3.9) we trivially deduce that for alli =1,...,m

/ IV (1 — Fop) P > / IV (4~ )P
Ay Ap

n41 n41

Combining (3.7) and (3.10) and using (3.8) yields

CEl da < daa™(Zn + Zn) (3.11)

/ IV (0~ Fir)?
Ag

n+1

for any ¢ = 1, ..., m, with the positive constant d4, = dz + m2% .

(iv) Estimating Z,,;. Next we want to derive a suitable estimate for the
term Z,11 from above. To this end, we make again use of the partition of unity

68



A PRIORI BOUNDS FOR ELLIPTIC EQUATIONS WITH NONSTANDARD GROWTH 873

introduced in step (ii). We have

Znt1 = / (u = k1) da
Ag

n+1
m q;r
= / (U= ko )® (Y &) do
A i=1

LI
< / (= k1) ©@ im0 3" €10 dy (3.12)
Ay,

n+1 =1

n+1

< m Z/ (u— kn+1)q°(“")£§0(g”)da:
i=1 Ap

n+1

gm%*i[/A

i=1

+ o —
(U - kn+1)q$i550)idx + / (’LL - k/’n+1)q0’i§govid$ )

A

kn41 Fn41

where we have set gy ; = ming g qo(z). Observe that p; < g, < qai < (p;)* for
alli=1,...,m.

Let now ¢ € {1,...,m} be fixed, and suppose that r € {qofi,qofi}. Then p; <
r < (p;)* and r < ¢*, where ¢* = max(qg,¢;). By Holder’s inequality and the
continuous embedding Wi (Q) < L®:)"(Q), we may estimate as follows.

/(U = kpg1)} & d
Q

—yx o=y ﬁ —
< ([ ke € ) O
Q

<" (/Q [|V[(u — knt1)+&il

(3.13)

P;

_ - -
(1 = kna)J4 &l | o)™ A, | @07,

where C' = max(1,C(p;, N),...,C(p,,, N)) with C(p;, N) being the embedding

constant corresponding to the embedding W?i (Q) < L(p;)*(Q), j=1,....,m.

Thus C is independent of 7. A simple calculation shows that the right-hand side of
(3.13) can be estimated further to obtain

R

Q

<ds (/ IV(u—kny1)s
Q

p; 1——r—
+ds / wo@dz | Ay, | @7
Akn+1

Here ds = d5(¢",C) and dg = de(p*,q",C, L) are positive constants, where L is
the constant introduced in step (ii).

T

r

- p; P ===
Pg dw) [ Akl @ (3.14)

T
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Using (3.5), (3.11), (3.12), and (3.14) with r = qa:i and 7 = qq ;, respectively, for

t=1,...,m, we get
4
m 90,4 _ ‘10+,i

T <m® 3 | ds (daa™(Zo+ 20)) 70 |Aka] 000

=1

+ +
90,i 90,i

+ dg <2q°+(n+2)zn> A, 0

(3.15)

90,4 90,4

+ds (d4a”(Zn n Zn)dz) A, @

90,i 90,i

e (092 % T

Setting

+ +
d0,1 9, m

()77 (pm)*

and 7 = max < > we have for r € {q¢ ;. q0,;}

~ = at ad\" at
(d4a"(Zn + Zn)) Pi < (dy)P™ (azv > Y. +Y" ),

at

= (aH)?(n+2)

oo < 9a™ (n+1) 1
- k%

1
n+1|

1-n
| A ) (Yp +Y,7).

Using these estimates, we conclude from (3.15) that

+

1 AR W L
Tl <ded? —— | Y24+ Y?"4Y, ? Y, ° 3.17
+1 > rlg kQJ(l_n) ( n + n + + > ( )

where d; and dg are positive constants that only depend on the data.

(v) Estimating Z,,,. We proceed similarly as in step (iv). Analogously to
(3.12) we get an estimate for Z,, 11 of the form

- U + - 4T,
Zppr <mt Z [/ (u— kn+1)qii§fl”’do +/ (u— kn+1)q1’i§?1’ld01 , (3.18)

i=1 Fkn+1 Fkn+1

where gy ; = ming;nr ¢i1(z). Note that p;” < ¢q;; < qfi <(p;y)sfori=1,...,m.
Let now i € {1,...,m} be fixed, and suppose that € {q, ,, qii}, that is we have
p; <7< (p;)«and r <q*. Define s = s;(r) € (1, N) by means of

s — % if (p; )« < o0,
" r+1 if (p; )« = 0.
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Then s < p; <7 < s, < (p; )« Since the trace operator maps W*(Q2) boundedly
into L™(T"), we have, using Hélder’s inequality,

/ (1 = k) 463 do
T

r

<Cr {/Q (IV[(u = kp 1)+ &]1° + [(u = kns1)+&l°) dw}

< &0 [ [ (19160 k)P 4l b)) ] RIS

where C' denotes the maximum of 1 and the norms of the trace maps v : W15(Q) —
L™(T") when r runs through set UTZl{qij,qu}. The right-hand side of the last
inequality can be estimated to get

/ (1 hngr) €)' do
I

P, P, p} (1_%>£
< dy o IV(u—kpgr)4 [P ' dx Akn+1| i (3.19)

T

P 1-—= )=
+ le / uq0($)dx |Akn+1|( P )
Akn+1

with positive constants dg, d1¢ that only depend on the data.
From (3.5), (3.11), (3.18), and (3.19) with r = qffi and r = ¢y ;, respectively, for
i=1,...,m, we infer that

m qii ( 781'((1?,3)) qti
5 + 5 o = si(at.
Zn+1 S mdt E dg (d4a"(Zn 4 Zn)> I ‘Akn+1| p; (a7 ;)
i=1

af,

i 1_m qii
+dyo <2qo+<n+z> Zn) Ay vi ) i)

n+1|

(3.20)

~+ dg (d4a”(Zn + Zn)) P |Ak: r; silay ;)

n+1 ‘

a, ( Si(‘ll_‘i)> aq,;
+d10 ((2q0 (n+2)Zn) Fi |Akn+1| " i)

S + S +
Put 77 = max < I;qi’l), cey m(ql"'")). Similarly to (3.16) we have for r € {qfi, qr.i}

1 Pm

NS at [ at\" at
(2 + 20) 7 < @) (o5) (s v,

r (@)% (nt2) at
(243(n+2)Zn) P< (2 = ) (Yo + Y2 ), (3.21)

_s) ) 1-7
|Ak 1 - )si(r) < 2q+(n+1) <1> (Yq+ +Y17ﬁ)~

el -
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Finally, (3.20) and (3.21) imply that

1 +1 o7 q++% 1+Q*ﬁ
Zpiy1 <dndig—— | Y 4+ Y 7"4+Y, P 4Y, * (3.22)
kQQ (1777)
where dy1 and di5 are positive constants that only depend on the data.

(vi) The iterative inequality for Y,,. Recall that Y,, = Z,, +Z,,. Hence (3.17)
and (3.22) yield
"

1 L L
Yo SKO'———— (Y24 Y24V, 7 4V,
ko (1—1)

+ +
+ A i 1+4=—7
Y YT Y, T 4, )

< SKb (Y1 4 y )
k‘Z() (1_77)
with K = max(dy, d11),b = max(ds, d12), 7 = max(n, ), and where 0 < §; < Jy are
given by

+ +
- q q _
777q+71_77aq++_1>_77>a
p D
+

+
- q q -
naq+al_n7q++_1?_n>'
p p

9

6 = min(l,l—n,q q
p D
@ a

+
52:max<1,1—n, ,— —
p D

Without loss of generality we may assume that b > 1. Now we may apply Lemma
2.1, which says that Y,, — 0 as n — oo provided

1
16K ) T

Yy = / (u— k;)ff(w)dx + /(u - k)?ﬁ(m)da < <
Q r
Relation (3.23) is clearly satisfied if

1
i . 16K\ 75—k
W@y + [ w0 @do [ < (R} Ty (3.24)
0 T —_— T kdo (1=1)

Hence, if we choose k such that

51
E =
1h°7 (/Q uio(i)dx—l—/ruil(w)da)] T 7 ) (3.25)

then (3.24) and in particular (3.23) are satisfied. Since k, — 2k as n — oo we
obtain

°“‘>—A

k =max | 1, {(16[()

L5l

00) |7

Tracing back the constants, we see that the first part of the theorem is proved. The
supersolution case can be done analogously, replacing v with —u and Ay with Ay,
and using Lemma 3.2 instead of Lemma 3.1. This completes the proof. O

.
ess supu < 2k = 2max | 1, [(16K)511b5% (/ u?f(x)dw Jr/
Q Q r

72



(1]
2]
(3]

(4]

[6]

7]

[9]
(10]
(11]
(12]
(13]

[14]

(15]
(16]
(17]
(18]
19]

20]

(21]
(22]

23]

(24]

(25]

[26]

A PRIORI BOUNDS FOR ELLIPTIC EQUATIONS WITH NONSTANDARD GROWTH 877

REFERENCES

E. Acerbi and G. Mingione, Regularity results for a class of functionals with non-standard
growth, Arch. Ration. Mech. Anal., 156 (2001), 121-140.

E. Acerbi and G. Mingione, Regularity results for electrorheological fluids: The stationary
case, C. R. Math. Acad. Sci. Paris, 334 (2002), 817-822.

S. N. Antontsev and L. Consiglieri, Elliptic boundary value problems with nonstandard growth
conditions, Nonlinear Anal., 71 (2009), 891-902.

S. N. Antontsev and J. F. Rodrigues, On stationary thermo-rheological viscous flows, Ann.
Univ. Ferrara Sez. VII Sci. Mat., 52 (2006), 19-36.

Y. Chen, S. Levine and M. Rao, Variable exponent, linear growth functionals in image restora-
tion, SIAM J. Appl. Math., 66 (2006), 1383-1406.

V. Chiado Piat and A. Coscia, Hélder continuity of minimizers of functionals with variable
growth exponent, Manuscripta Math., 93 (1997), 283-299.

E. DiBenedetto, “Degenerate Parabolic Equations,” Universitext, Springer-Verlag, New York,
1993.

L. Diening, “Theoretical and Numerical Results for Electrorheological Fluids,” Ph.D thesis,
Univ. Freiburg in Breisgau, Mathematische Fakultat, (2002), 156 pp.

L. Diening, F. Ettwein and M. Ruzicka, C1:®-regularity for electrorheological fluids in two
dimensions, NoDEA Nonlinear Differential Equations Appl., 14 (2007), 207-217.

L. Diening, P. Harjulehto, P. Hasté and M. Ruzicka, “Lebesgue and Sobolev spaces with
variable exponents,” Lecture Notes in Mathematics, 2017, Springer-Verlag, Heidelberg, 2011.
M. Eleuteri and J. Habermann, Regularity results for a class of obstacle problems under
nonstandard growth conditions, J. Math. Anal. Appl., 344 (2008), 1120-1142.

X. Fan, Boundary trace embedding theorems for variable exponent Sobolev spaces, J. Math.
Anal. Appl., 339 (2008), 1395-1412.

X. Fan, Global C1:® regularity for variable exponent elliptic equations in divergence form, J.
Differential Equations, 235 (2007), 397-417.

X. Fan, Local boundedness of quasi-minimizers of integral functions with variable exponent
anisotropic growth and applications, NoDEA Nonlinear Differential Equations Appl., 17
(2010), 619-637.

X. Fan and J. Shen and D. Zhao, Sobolev embedding theorems for spaces Wk'P(z>(Q), J. Math.
Anal. Appl., 262 (2001), 749-760.

X. Fan and D. Zhao, A class of De Giorgi type and Hélder continuity, Nonlinear Anal., 36
(1999), 295-318.

X. Fan and D. Zhao, On the spaces LP(I>(Q) and Wm*p(””)(ﬂ), J. Math. Anal. Appl., 263
(2001), 424-446.

X. Fan and D. Zhao, The quasi-minimizer of integral functionals with m(x) growth conditions,
Nonlinear Anal., 39 (2000), 807-816.

L. Gasiniski and N. S. Papageorgiou, Anisotropic nonlinear Neumann problems, Calc. Var.
Partial Differential Equations, 42 (2011), 323-354.

J. Habermann and A. Zatorska-Goldstein, Regularity for minimizers of functionals with non-
standard growth by A-harmonic approzimation, NoDEA Nonlinear Differential Equations
Appl., 15 (2008), 169-194.

P. Harjulehto, J. Kinnunen and T. Lukkari, Unbounded supersolutions of nonlinear equations
with nonstandard growth, Bound. Value Probl., (2007), Art. ID 48348, 20 pp.

0. Kovaéik and J. Rékosnik, On spaces LP(®) and W¥P(®)  Czechoslovak Math. J., 41(116)
(1991), 592-618.

0. A. LadyZenskaja, V. A. Solonnikov and N. N. Ural’ceva, “Linear and Quasilinear Equations
of Parabolic Type,” Translations of Mathematical Monographs, 23, American Mathematical
Society, Providence, R.I., 1967.

V. K. Le, On a sub-supersolution method for variational inequalities with Leray-Lions oper-
ators in variable exponent spaces, Nonlinear Anal., 71 (2009), 3305-3321.

V. Liskevich and I. I. Skrypnik, Harnack inequality and continuity of solutions to elliptic
equations with nonstandard growth conditions and lower order terms, Ann. Mat. Pura Appl.
(4), 189 (2010), 333-356.

T. Lukkari, Boundary continuity of solutions to elliptic equations with nonstandard growth,
Manuscripta Math., 132 (2010), 463—482.

73



878

PATRICK WINKERT AND RICO ZACHER

[27] T. Lukkari, Singular solutions of elliptic equations with nonstandard growth, Math. Nachr.,

282 (2009), 1770-1787.

[28] P. Pucci and R. Servadei, Regularity of weak solutions of homogeneous or inhomogeneous

quasilinear elliptic equations, Indiana Univ. Math. J., 57 (2008), 3329-3363.

[29] K. R. Rajagopal and M. Ruzicka, Mathematical modeling of electrorheological materials,

Cont. Mech. and Thermodyn., 13 (2001), 59-78.

[30] W. Rudin, “Functional Analysis,” McGraw-Hill Series in Higher Mathematics, McGraw-Hill

Book Co., New York-Diisseldorf-Johannesburg, 1973.

[31] M. Ruzicka, “Electrorheological Fluids: Modeling and Mathematical Theory,” Lecture Notes

in Mathematics, 1748, Springer-Verlag, Berlin, 2000.

[32] V. Vergara and R. Zacher, A priori bounds for degenerate and singular evolutionary partial

integro-differential equations, Nonlinear Anal., 73 (2010), 3572-3585.

[33] P. Winkert, Constant-sign and sign-changing solutions for nonlinear elliptic equations with

Neumann boundary values, Adv. Differential Equations, 15 (2010), 561-599.

[34] P. Winkert, L®°-estimates for nonlinear elliptic Neumann boundary value problems, NoDEA

Nonlinear Differential Equations Appl., 17 (2010), 289-302.

[35] V. V. Zhikov, Meyer-type estimates for solving the nonlinear Stokes system, Differ. Equ., 33

(1997), 108-115.

[36] V. V. Zhikov, On some variational problems, Russian J. Math. Phys., 5 (1997), 105-116.

Received March 2011; revised July 2011.

E-mail address: winkert@math.tu-berlin.de
E-mail address: rico.zacher@mathematik.uni-halle.de

74



Set-Valued Var. Anal (2014) 22:763-781
DOI 10.1007/s11228-014-0281-8

On the Boundedness of Solutions to Elliptic Variational
Inequalities

Patrick Winkert

Received: 21 February 2014 / Accepted: 9 April 2014 / Published online: 26 April 2014
© Springer Science+Business Media Dordrecht 2014

Abstract In this paper we present global a priori bounds for a class of variational inequali-
ties involving general elliptic operators of second-order and terms of generalized directional
derivatives. Based on Moser’s and De Giorgi’s iteration technique we prove the bounded-
ness of solutions of such inequalities under certain criteria on the set of constraints. In our
proofs we also use the localization method with a certain partition of unity and a version
of a multiplicative inequality estimating the boundary integrals. Some sets of constraints
satisfying the required conditions are stated as well.

Keywords A priori bounds - Clarke’s gradient - De Giorgi iteration - Generalized
directional derivative - Moser iteration - Variational-hemivariational inequality
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1 Introduction

Given a bounded domain @ ¢ RV, N > 1, with Lipschitz boundary 92, we consider the
following problem: Find # € K such that

/A(x,u,Vu)~V(v—u)dx+/ F(x,u,Vu)(v—u)dx

Q Q

(1.1

—I—/ Jrx,usv —u)dx—l—/ Jr(x,u;v—u)do >0,
Q Q

for all v € K, where K is a subset of a Banach space V (will be specified below) and
Je(x,s;7) (k = 1, 2) denotes the generalized directional derivative of a locally Lipschitz
function s — Jj(x, s) at s in the direction r. The maps A : @ x R x R¥ — R" and F :
Q x R x R¥ — R are supposed to be Carathéodory functions satisfying suitable structure

P. Winkert (<)
Technische Universitit Berlin, Institut fiir Mathematik, Strae des 17. Juni 136, 10623 Berlin, Germany
e-mail: winkert @math.tu-berlin.de
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764 P. Winkert

conditions (see hypotheses (H1) and (H2) below) while do denotes the usual (N — 1)-
dimensional surface measure and for u € V the generalized boundary values on 92 are
well defined in the sense of traces. For reasons of simplification we drop the notation for
the trace operator.

The aim of our treatment is to present conditions on the set of constraints, namely K,
such that every solution # € K of (1.1) is essentially bounded. In order to specify the
space V we will discuss two different cases: In Section 3 we choose V = W!-7(Q) with
1 < p < 0o and in Section 4 we set V = WHPO(Q) with p € C(Q) and 1 < infg, p.
These cases will be handled by different methods, the first one via Moser iteration and the
second one via De Giorgi’s iteration technique.

Due to the presence of the terms j7(x,s;r), inequalities of type (1.1) are called
variational-hemivariational inequalities which include several interesting problems as spe-
cial cases.

a) If K =V and j; (k = 1,2) are smooth, problem (1.1) becomes

/ A(x,u,Vu) -Vodx + / F(x,u, Vu)vdx
Q Q

+/ j{(x,u)vdx—i—/ B, uvde =0, VYveV,
Q a0

which means that # € V is a weak solution to the problem
—divA(x,u,Vu)+F(x,u,Vu)—f—j{(x,u):0 in ,
A(x,u, Vu) v+ jy(x,u) =0 on 92,

where v(x) denotes the outer unit normal of 2 at x € 2. Regarding a priori bounds for
such problems we refer to Winkert-Zacher [32, Theorem 1.1 and Corollary 1.2] (if V =
wbrO(Q)), Winkert [31, Theorem 4.1] (if V = W17 (), see also Winkert [30, Proof
of Proposition 5.2]) and Hu-Papageorgiou [18, Proposition 5] (if V = W!P(Q) with
homogeneous Neumann boundary condition).

b) If jz =0k =1,2),(1.1) reduces to a classical variational inequality: Find u € K such
that

/ A(x,u,Vu) -V —u)dx —i—/ F(x,u,Vu)(v —u)dx >0 VYveKk.
Q Q

Boundedness results for solutions of such variational inequalities under suitable crite-

ria on the set of constraints have been obtained by Kovalevsky-Nicolosi [20, Theorem

2.8], where V. = W29, Q) with 1 < p < oo and a positive weight 6 satisfying

0 e LIIOC(Q) and 1/0 € Lllo/c(p_l)(Q) (see also Jezkova [19] for local boundedness
results). Concerning degenerated elliptic operators of high order we refer to a work of
the same authors [21]. Recently, Gorban-Kovalevsky [16] have been studied the bound-
edness of solutions of degenerate anisotropic elliptic variational inequalities under
certain conditions on the right-hand side and the set of constraints.

c) Incase that K is the whole space V and j; (k = 1, 2) not necessarily smooth, problem
(1.1) is a hemivariational inequality which contains as a special case the subsequent
elliptic inclusion

—divA(x,u, Vu) + F(x,u, Vu) + 3j1 (x,u) 30 in ,
A(x,u,Vu)-v+9dj(x,u) >0 on 012,

where the expression 9k (x, s) denotes the generalized gradient of the locally Lipschitz
function ji(x, -) in the sense of Clarke (see Section 2 for more details).
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On the Boundedness of Solutions to Elliptic Variational Inequalities 765

d) LetV = W'P(Q) with 1 < p < oo. If the operator A satisfies appropriate mono-
tonicity conditions with respect to the second and third argument and if the functions
involved fulfill suitable structure conditions (similar to those in Section 3), then inequal-
ity (1.1) is equivalent to the multi-valued variational inequality: Find u € K such
that

n(x) € 9j1(x,u(x)) ae.in Q,&(x) € dj(x,u(x)) a.e.in €2,
Ax,u,Vu) - V(v —u)dx —I—/ F(x,u, Vu)(v—u)dx
Q

+/n(v—u)dx+/ Ew—u)do >0, VveKk.
Q I

This result was published by Carl [5].

We point out that our results are more general than those in [20]. On the one hand we
extend their results to variational-hemivariational inequalities including nonlinear boundary
terms and on the other hand we have weaker assumptions on the set of constraints. Indeed,
hypothesis 2.6(i) in [20] is not needed in our treatment. For the sake of convenience we do
not use Sobolev spaces with weights, but this case can be done in the same way. Another
novelty of this work is the treatment of variational-hemivariational inequalities restricted to
sets K belonging to variable exponent spaces W71 (Q) with p continuous on Q. To the
best of our knowledge, our a priori estimates have not been published before.

Notice that we do not suppose that the set K is closed and convex in V. But in general,
this is the typical assumption in the existence theory of inequalities like (1.1). Regarding
existence and multiplicity results for problems of the form (1.1) we refer, without guarantee
of completeness, to the papers of Carl [6], Kyritsi-Papageorgiou [23], Motreanu-Bonanno-
Winkert [2], Bonanno-Winkert [3], Motreanu-Winkert [27] and the references therein. An
overview about results to nonsmooth analysis and variational-hemivariational inequalities
can be found in the monographs of Carl-Le-Motreanu [7] and Motreanu-Radulescu [26].
We also point out a recent work of Carl [4] in which the class of variational-hemivariational
inequalities has been extended to a more general class of inequalities.

The paper is organized as follows. In Section 2 we present some basic facts about non-
smooth analysis and the corresponding function spaces to problem (1.1). Furthermore, we
prove an useful multiplicative inequality for boundary integrals. Section 3 handles the con-
stant exponent case (i.e., V = WLP(Q) with 1 < p < 0o) where we will apply Moser’s
iteration following the ideas of Drédbek-Kufner-Nicolosi [12]. In the last section we extend
our results to the variable exponent case (i.e. V = whrO(Q) with p € C() and
1 < infg, p) by applying De Giorgi’s iteration. The results in this section are based on ideas
of DiBenedetto [10], LadyZenskaja-Solonnikov-Ural’ceva [24], and Winkert-Zacher [32].

2 Preliminaries and Hypotheses

Let Q be a bounded domain in RY with Lipschitz boundary 32 and let p € C() with
p(x) > 1forall x € Q. Setting p~ := min . p(x) and pt o= max, ., p(x), we have
p~ > land p* < oo. The variable exponent Lebesgue space L” ()(Q) is defined by

LPO(Q) = {u ‘ u : © — R is measurable and / lulPPdx < +OO]
Q
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equipped with the Luxemburg norm

lullro ) = inf{r >0: /
Q

By W10 (Q) we identify the variable exponent Sobolev space which is defined by

px)

u(x)

T

dxfl].

WhrO@) = lue LrO@) : |vul e LPO(@)]
with the norm

lullwrro @) = IVUullpro @) + lull Lro @)
We refer to the papers of Fan-Zhao [15], Kovacik-Rékosnik [22] and the monograph of

Diening-Harjulehto-Histo-Ruzicka [11] for more information and basic properties about
variable exponent spaces. If p(x) = p is a constant, the usual Sobolev space W!-7(Q) is

endowed with the norm

1
P
||u||wl,p<m=</ |w|"dx+/ |u|de)
Q Q

Let us recall some basic facts on nonsmooth analysis. Let (X, ||-||) be a real Banach space
and denote by X* its dual space while the duality pairing between X and X* is denoted by
(-, -). The dual space X* is equipped with the dual norm || - |4, that is

]l = sup{(§.v) : v € X, [lv]| < 1}.

A function j : X — R is said to be locally Lipschitz if for every x € X there exist a
neighborhood U of x in X and a constant C > 0 such that

j() —Jj@I=Cly—zl, foraly,zeU.
The generalized directional derivative of a locally Lipschitz function j : X — R at a point
u € X along the direction v € X is defined by
Jx+1v) — jx)

Jj°(u; v) ;== limsup .

x—u,t—0*t
Since j is locally Lipschitz at u we have j°(u; v) € R for all v € X. Furthermore, the
function j°(u;-) : X — R is subadditive, positively homogeneous and there holds the
inequality
|j°(u; v)| < Clv|| forallve X
with C being the Lipschitz constant of j near the pointu € X.

The generalized gradient of a locally Lipschitz function j : X — R atapointu € X,
denoted by dj (u), is the subset of X* defined by

3j():={& € X*: j°(u;v) = (§,v) forallv € X},

which is also known as Clarke’s generalized gradient. Based on the Hahn-Banach theorem
we easily verify that dj (1) is nonempty. Moreover, d;j (1) is a convex, weak* compact subset
of X* and it holds ||£ ]|« < C forall & € 3j(u). For every v € X, one has

Jou;v) = max {(§,v) : § € 9j(u)}.

We refer to the monographs of Clarke [9] and Motreanu-Radulescu [26] as well as the
paper of Chang [8] for more details and properties of generalized directional derivatives and
generalized gradients.
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On the Boundedness of Solutions to Elliptic Variational Inequalities 767

The next result is needed for the proof via Moser iteration to estimate the boundary
integrals by suitable integrals defined in €2. The proof is based on appropriate embeddings
and interpolation results of Besov and Sobolev Slobodeckij spaces.

Proposition 2.1 Let Q2 C RN, N > 1, be a bounded domain with Lipschitz boundary 02,
let 1 < p < oo, and let q be such that p < q < py with the critical exponent

(N=Dp if N
_ p <N,
P*:: N=p

00 ifp=N.

Then, for every ¢ > 0, there exist constants a; > 0 and ar > 0 such that

— 1
”u”{q(ag) =< 8”””5‘,17,,(9) +aieg™® ||u||{p(g) forallu e WP(Q).

Proof Since g < p, we may fix a number 6 € (0, 1) small enough such that

(N-lp .
q :E N—p+6p lfpf N

1
and 1—-6> . 2.1
<p;N ifp>N p @1

From Triebel [28, 3.3.3], we have the continuous embedding

1-g-! 1
BL A (@) =w'""P(@) > B,, "0Q=wW"""r"06), 22)

where B;',y » S € (0, 1), denotes the Besov space which coincides with the Sobolev Slo-
bodeckij space W*:?. Note that the embedding (2.2) requires only a Lipschitz boundary as
1-6 < 1.

From the choice of 8 € (0, 1) and since p < g (see also (2.1)) we get

1 <N-1 ifp<N,
1-6-— p .
P >N-1 if p> N.
Taking into account the Sobolev embedding theorem for fractional order Sobolev spaces
(see Adams [1, Theorem 7.57]) gives

1—0—',p q
Wi 0P (9Q) — LI1(RQ) 2.3)
for
O = e i (1-e = ) p <N -1,
.1 N-1-(1-6-1)p — N7pHoP p)P
< 00 if(l—e—;)p>1v—1.

Actually, in case (1 -6 — 117 ) p > N — 1 we have the stronger embedding

1
w0 P (0Q) - C Q).
Since WP (Q) ¢ W!=9P(Q) c LP(Q) are continuous embeddings we may apply real
interpolation (see Triebel [29, 1.6.2 and 1.6.7])

(LP(Q), WP ()12, = WITP(Q),
which implies the estimate

5 — 1-(1-6
lullwi-eoiy < Cillully o) Il oigy”  forallu € WP (%) 2.4)
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768 P. Winkert

with a positive constant C1. Combining (2.2)—(2.4) and using Young’s inequality with § > 0
results in

~ Jl—-60 1-6 S—146 0,
1174 oy < C28' Ny ity 8 Ml )

~ ~ ~—=1460
< Co (Bl gy + 5 Ml ey )
&

Setting 5= ¢ with arbitrary € > 0 provides the desired estimate.
2
Finally, we conclude this section by fixing our notation. If s € R we write s, =
max(s, 0) and s— = min(s, 0). For functions u#, v : 2 — R we use the notation u A v =
min(u, v), u Vv = max(u, v), KAK ={urv:u,ve K},and KVK = {uvv :u,v € K}.
If the set K C V satisfies

KAKCK and KVKCK, (2.5)
we say that K has lattice structure. Note that V has lattice structure, that means,

VAV CV and VVVCV

(see Heinonen-Kilpeldinen-Martio [17, Theorem 1.20]if V = WLP(Q) and Le [25, Lemma
321if Vv = whrO(Q)). Throughout the paper we will denote by M; and M-, i,j =
1,2, ... positive constants depending on the given data and the Lebesgue measure on RY is
given by | - |n.

3 The Case V = WL:P(R) Via Moser Iteration

We start our treatment with the constant exponent case and use Moser’s iteration to prove
L®-bounds for solutions of inequality (1.1). In this section we suppose the following
assumptions.

(H1) The mappings A : @ x R x RY — R¥ and F : @ x R x R¥ — R are supposed to
satisfy a Carathéodory condition while x — ji(x,s), x — j»(x, s) are measurable
foralls € Rand s — jj(x,s),s — ja(x,s) are locally Lipschitz for a.a. x € Q
and for a.a. x € 92, respectively. In addition the subsequent structure conditions are

assumed:

i) Ax,s, &) -&>alE|P —axls|? — a3 fora.a. x € Q;

(i) [AGr.s 5 <aslélP™ +asls?7 +ag  foraax e
(i) |F(x,s, &)| < b1|5§|1”q'q1_1 +byls|9 ! + by for a.a. x € Q;
i) Inl <cis| !+ fora.a. x € Q, forall 5 € 3j;(x, 5);
W) |r| <dils|2 4+ do, fora.a. x € 02, forall T € dj>(x, 5);

and for all s € R, and all & € RN with positive constants aj,bj,c, d
(ief{l,...,6}, je{l,...,3}, kI e{l,2}) and fixed numbers p, g1, g2 such that

1<p<oo, p=<q1<p", P =q2 < Ppx

with the critical exponents

Np o N-Dp
o = N=p if p <N, o = N—p if p <N,
400 ifp>=N, +00 if p>N.
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On the Boundedness of Solutions to Elliptic Variational Inequalities 769

Recalling
djr(x,s) ={6 eR: j2(x,s:7) = &r,Vr e R}
fora.a. x € Q (k = 1), respectively, for a.a. x € IR (k = 2) we easily derive the estimates
ljr(x,s57) < (c1|s|q‘_1 +c2) 7| fora.a. x € Qand forall 5, r € R, 3.1
1S, sir)] < (d]|s|qz—1 +d2) Ir|  foraa xcoQandforalls,r eR, (3.2)

thanks to (H1)(iv) and (v). From the embeddings whP(Q) — L9(Q) and WP (Q) —
L92(9<2) (see Adams [1]) and the growth conditions in (H1)(ii), (iii), (3.1) as well as (3.2)
we see that the integrals in (1.1) are finite.

Foru € WLP(Q) and o, 8 > 0 we define the functions vy (x) := min(u4(x), o)
and vg(x) := max(u_(x), —B) which belong both to WP (Q). We suppose the following
conditions on the set K.

(K1) Foru € K, a > 0, and « > O there exists t > 0 such that
o =u—tvfuek.
(K2) Foru € K, B > 0,and k > 0 there exists # > 0 such that
Y =u—h(—vg)Pu € K.

Note that both ¢ and ¥ are elements of W7 (Q) and their gradients are given by

Vo = Vu — tkpvP "' Vogu — tv P Vu = Vu — tepv Vo, — tv“PVu
respectively,

Vi = Vu — hicp(—vg) P!V (—vg)u — h(—vg)P Vu
= Vu + hep(—vg) PV (—vg) — h(—vg)’Vu.
We have the following result.

Theorem 3.1 Let hypothesis (H1) be satisfied and let u € K be a solution of (1.1). Then
there exists a constant C1 > 0 such that the following assertions hold.
(1) If condition (K1) is satisfied, then

esssupu(x) < Cy.
xe

(2) If condition (K2) is satisfied, then

essinfu(x) > —Cj.
xeQ

Proof We start with (1) and assume, without loss of generality, that p < g1 and p < ¢3.
The cases p = g1 and/or p = g, work similarly. Thanks to (K1) we may take v = ¢ =
u — tvg’u € K in (1.1). This gives

t/cp/ A(x,u, Vu) - VoguiPdx + t/ A(x,u, Vu) - VuviPdx

Q Q

< —t/ F(x,u, Vu)viPudx +/ Jr (x, u; —tvgpu) dx (3.3)
Q Q

—i—/ Jz (x, u; —tvgpu) do.
Q2
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Since ji (k = 1,2) are positively homogeneous with respect to the third argument (cf.
[9, Proposition 2.1.1]), we can divide inequality (3.3) by r > 0.

Let us estimate the several terms in (3.3). We start with the left-hand side of (3.3) by
applying hypothesis (H1)(i) and Holder’s inequality. We obtain

p/QA(x,u, Vu)-Vvo,vgpdx—i—/QA(x,u,Vu)'Vuvgpdx
=/cp/QA(x,vo,,Vvo,)~Vvav§pdx—|—/QA(x,u+,Vu+)-Vu+v§pdx
ZKP/Q(allvvalp — ax|vg " — a3) vgPdx

+/Q(a1|Vu+|p —ap|uy | —ag) v Pdx

1 —
> Kkp (al/ |Vva|pv§pdx—a2/ ui’_ﬁ_ )pu(j_l pdx—a3/ uipdx)
Q Q Q

+a1/ |Vu+|pv§pdx—(a2+a3)/ ug'_(+l)pu‘j_l_pdx—a3|§2|1v
Q Q

3.4)

zallcp/ [Vvg P vgpdx—l—al/ |Vuy|PvPdx
Q

— MiGep+ 1) |u

Kk+1 ‘

— M>.
L91(Q)

By means of (H1)(iii) combined with Holder’s inequality and Young’s inequality with
&1 > 0 the first term on the right-hand side can be estimated through

- / F(x,u, Vu)viPudx
Q

q1—1 ql I« -1 _q1-1 (1_41—1> 1
14 Kkp +
Sbl/elq' [Vup |’ a uy e M ouy “ dx
Q

3.5)
+(bz+b3)/ PP 4 byl
e1by K+1 » ( -1 )‘ K+1‘p
d M; 1 .
< (K+1)P/| |Pdx + + uf . 4

Owing to (3.1) combined with Holder’s inequality the second integral on the right-hand side
of (3.3) gives

/]f (X,M; _vgpu)dxf/ (Cl|u|fh—1+c2) Kp+ldx
Q@ Q

p (3.6)
< Ms ‘ K+1‘ Me.
L91(Q)
In the same way, using (3.2) and again Holder’s inequality, we get for the last integral
/ Js (x,u; —vgPu) do < / (d1|u|qz—1 +d2) Kp—HdO_
" " 3.7
< M7 ‘ u’”‘l‘ P Mg
B T lre2pe) :
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Now, combining (3.3)—(3.7) we have

a1Kp/ [Vug|? vgpdx—i-a]/ |[Vug|PviPdx
Q Q

e1bi I ~(@1-1) +1P
< Vu T Pdx + M (8 o +1)‘u" ‘
_(K+1)”/§z| + P\ LAY
p
+M10‘u'_i+l‘ + M.
L12(0Q)
Taking into account Fatou’s lemma yields
1 p
ap “p /‘Vu’fl‘ dx
(k+ D? Jo
e1by I —(@1—1) +1]|P
< Vi P+ My (7470 4 1) [t (3.8)
_(K+1)”/§z| + | P\ @
p
M ‘ K+“ M1
+ Mo ||us L‘12(3§Z)+ 11
Choosing &1 = 41! (kp + 1) implies &7 '~ < M. Then, (3.8) becomes
a; kp+1 /‘Vuk+l‘pdx
2 et 1yr Jo! T (3.9)
k+1|? ‘ K+1‘p
§M13‘M+ ‘qu(m‘f‘MlO uy L42(39)+M11'

Now, we may apply Proposition 2.1 to the boundary term in (3.9) (with ¢ = ¢», ¢ = &)
and Holder’s inequality as before to get

P
MK-‘,—]‘
‘ T lre2ee)
< 82/ |Vu’jr+1|pdx +52/ ug':H)pdx +a182_“2/ ug':H)pdx (3.10)
Q Q Q
_ P
582/ |Vu'i+1|pdx+M14 <82+82a2) ‘u'_ﬁ_l‘ .
Q L91(Q)

Combining (3.9) and (3.10) results in

1
ay kp+  Miges / ‘V“Tl‘pdx
2 (k+1)P Q

p
<M <3 e 1)‘ "'H‘ )
<Mi5(e2+¢& "+ uy L 11
The choice &, = 4;[110 (ﬁfl')lp gives
M
Tt vt < ang AR I O] LR R CA TS
4 (k+ 0P Jol Tt - kp + 1 T ra

Finally, we divide (3.11) by ' (z’f]')lp > 0 and add on both sides the integral |, uﬂ':H)pdx
which leads to

P
/ ‘Vu’jr“‘ dx—i—/ uS':H)pdx
Q Q

18Y4 Mg
(Y

(3.12)

+

K+1‘

p
+ ]> 9
LI1(Q)
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where Holder’s inequality was again taken into account on the right-hand side.
Having regard to the continuous embedding wlpr(Q) —» L? (R2) with

Np .
I;*={N—p if p <N,

21 ifp=N,
we obtain
1
- _ k+1 | «+1
||M+||L(K+1)P*(Q) = ‘144. Lt @)
1 1
1
< M3 T, ) (3.13)

1
1 (k+1)p
= M, </ |Vu'j_+1|pdx +/ ui’fﬂ)pdx) ,
Q Q

where M3 > 0 denotes the embedding constant. Combining (3.12) and (3.13) we derive

flu+ ||L(x+1>13* Q)

1
1 (k+1)
< My (/ |Vu’jr+1|pdx+/ ugf“"’dx) '
Q@ Q@ ] (3.14)
-i—l (/c+11)p (K + I)Mlg K+l it » (K+ll)p
= MZKO M18 Mg ‘u+ ‘ LI1(Q) +1 '
(kp+1) »r
Observe that
1 1
(K + I)Mlg Vi+1 . (K + ])M19 Vi1
Mo >1 and Kli)n;o Mo =1.
(kp+1) » (kp+1) »
Hence, we find a constant M»; > 1 such that
(k + 1Mo .
o | =My (3.15)
(kp+1) »
Applying (3.15) to (3.14) gives the estimate
1 1 1 l]
w1 gy (D) i1 +1|? erbp
e o ) < Mg Myg™" Mpy™ (‘ U ‘me + 1) . (3.16)

Now we can start with the typical bootstrap arguments. Choosing « such that

k1 : (k1 + gy = p*,
k2 (k2 + Dg1 = (k1 + D p*,
k31 (k3 +1Dgi = (k2 + D p*,

we see that

et ll e (@) < C k)

for any finite number «, where C(x) is a positive constant depending on «. Thus, u4 €
L"(Q2) for any r € (1, 00).
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In order to prove the uniform estimate with respect to x we argue as follows. If there is a
sequence k, — oo such that

/ug’f;1+1)qldx < 1’
Q

we directly obtain

luillpo(@) < 1.

In the opposite case there exists a number kg > O such that
/ ug'fH)q'dx > 1 for any k > k.
Q

Then we conclude from (3.16)

P ) (K+ll)p
L7 3.17)

1 1 1
+1 (k+1)p i+l
< MZKO Mzz Mz] ||u+||L(K+1)61|(Q) .

1 1 1
+1 g (k+Dp g5 e+l
||u+||L(x+1)[z*(Q) =< MZKO Mg MZIK (2‘

Kk+1
|

Applying again the bootstrap arguments we define a sequence (k) such that

k1@ (k1 + g1 = (ko + 1) p*,
k2 (k2 + g1 = (k1 + 1) p*,
K3 (i3 + Dgi = (k2 + D", (3.18)

By induction, from (3.17) and (3.18), we obtain

1 1 1
+1 (kp+1) Vin+1
et 1l p om0y () = My MO My ||u+||L<Kn+1)ql(Q)
1 1 1
+1 (kn+1) Vin+1
=My My My ||”+||L<:<,1_1+1>13*(Q)

~x\ 1
for any n € N, where the sequence (k,) is chosen such that (k, + 1) = (ko + 1) (f]’l > .
Then, we have

n 1 n 1 n 1
Z;zl Ki+1 MZ[:I (kc;+)p MZ’ZI i+l
22 21

||M+||L(Kn+1)ﬁ*(§z) < M,, ||u""”L<"0+1)“~’*(Q)’

. ~x . 1 _ 1 q1 i q1 7
with (k, + 1) p* — oo asn — oo. Since kbl = kot ([3*> and i < 1 there is a constant
M35 > 0 such that
4l poon+0i* (@) < M3l pworni (- (3.19)

Since u € L"(2) for any r € (1, 00), the right-hand side of (3.19) is finite. By means of
(3.19) it follows that

esssupu(x) < Cy
xeQ

(see Drabek-Kufner-Nicolosi [12, proof of Lemma 3.2]).
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The second part can be proved similarly. We take v = ¥ = u — h(—vg)*Pu in (1.1)
which leads to

h/cp/ A(x,u, Vu) - Vog(—vg)Pdx + h/ A(x,u, Vu) - Vu(—vg)Pdx

Q Q

< —h/ F(x,u, Vu)(—vg)Pudx —I—/ Jr (x, u; —h(—vlg)"pu) dx (3.20)
Q Q

+/ Js (x, u; —h(—vﬁ)"pu) do.
a0

Applying again the structure conditions in (H1) combined with Holder’s and Young’s
inequality to (3.20) the statement in (2) can be shown as in the first part. This completes the
proof.

As a direct consequence of Theorem 3.1 we obtain the following corollary.
Corollary 3.1 Assume hypotheses (H1), (K1), (K2) and let u € K be a solution of (1.1).

Then there holds

ess sup lu(x)| < Cy,
xe

where the constant Cy is the same as in Theorem 3.1.
Remark 3.3 Note that the constant C; in Theorem 3.1 depends on the given data and on the
solution u € K, that is,

C1 =Ci(p,q1,q2,a1,a2,a3,b1, by, b3, c1, c2,dy, da, 2, u).

The assumption (H1)(ii) is not needed in the proof of Theorem 3.1. It should be noted that
the finiteness of the integrals

/|wfj1|l’dx, /uﬁf“”‘dx
Q Q

is shown in the end of the proof of Theorem 3.1 by a suitable choice of the parameter «.
This is a typical proceeding in the usage of the Moser iteration.

Remark 3.4 If V = W(;’p (£2) being the usual Sobolev space consisting of the elements of
Wl’p(Q) with zero traces on d€2, problem (1.1) reduces to

uek: / A(x,u,Vu)-V(Q@ —u)dx—i—/ F(x,u,Vu)(v —u)dx

& @ (3.21)

—i—/ Jix,u;v—u)dx >0,
Q

forallve K C W(; P (€2). We observe that the results ensured by Theorem 3.1 still hold for
problems of type (3.21). In this case we do not need Proposition 2.1 and the proof becomes

more simple. In general, the assumptions in (K1) and (K2) are satisfied if K = WO1 P(Q)
and K = WP (Q).

Remark 3.5 As already mentioned in the Introduction our assumptions on the set of con-
straints are weaker than those in Kovalevsky-Nikolosi [20]. Precisely, Hypothesis 2.6(i) in
[20] is not necessary in our proof.
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Let us consider some examples of suitable sets K. To this end, let ¢, ¥}, w, ¥ : @ — R,
j=1,..., N, be given functions such that % > 0, w < 0 < ¢ a.e. in Q.

Example 3.6 Let ® : Q2 x R — R be a function such that s — ®(x, s) is convex for a.a.
x € Q and such that ®(x, 0) < 0 for a.a. x € Q. Then the set

K= {u e WIP(Q): O, u(x)) <0 ae.in Q]

fulfills the conditions (K1), (K2) with t = «™*? and h = 7*P. In particular, ® can be of
the following form
Ox,s) =5 —(x), Ox,s) =—5s — 9 (x), Ox,s) =(—wx)(s —Y¥x)).
From this choice we see that the subsequent sets satisfy our assumptions:
K={ueWh?(Q) :u<v9 ae inQ)}
K={ueW'?(Q):u>—-9 ae. inQ),
K={ueWh?(Q) :wo<u<y ae inQ}.

Example 3.7 Let T : @ x R¥ — R be a function such that ¢ — Y (x, £) is convex for a.a.
x € Q and such that T(x,0) < 0 for a.a. x € Q. Then the set

K = {u e WhP(Q) 1 T(x, Vu(x)) <0 ae.in sz}
fulfills the conditions (K1), (K2) witht = (kp + D"'a™ P and h = (kp + 1) 71877, As
before, we see that

N
T, €)=l - 9(),  TE,&) =) 0;0E —0x), &=E,....6)
j=1

are suitable choices for Y. Hence, our results can be applied to the sets

K={ueW\P(Q):|Vu| <9 ae.inQ),

N
ou
K={uewhr©):Y v; <9 aeinQ
u ();]axj_ a.e.in

4 The Case V = W10 (Q) Via De Giorgi Iteration
In this section we will provide a priori bounds for (1.1) by applying De Giorgi’s iteration
technique if p is a continuous function on 2. Our assumptions in that case read as follows:

(H2) The mappings A : Q@ x R x RY — RV and F : @ x R x R¥ — R are supposed to
satisfy a Carathéodory condition while x — j;(x,s), x +— ja(x,s) are measurable
foralls € Rand s — ji(x,s),s — ja(x,s) are locally Lipschitz for a.a. x € Q
and for a.a. x € 9€2, respectively. Furthermore, it is assumed the following:

(i) A(x,s, &) &> all§|P™) —ayls|"™ —a3  foraa x € Q;

px)—1
(i) |A(x,s,€)] < ag&[PO1 4 as|s| " 00 fag  foraa x €
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q1(x)—1
i) [F(x,s5,8)] < bile]"™ a0 4 byls|n®=1 4 by foraa x € 2
Av) Inl < cpls| 2= 4 ¢ fora.a. x € Q, forall 5 € 3j(x, 5);
) Tl <dy|s|2O= 4 gy, for a.a. x € 9Q, forall T € 8j>(x, 5);

and for all s € R, and all ¢ € RN with positive constants a;, bj, cx, d;
(Gefl,...,6}, je{l,....3},k,1€{l,2}) and fixed functions p,q; € C(R2),
g2 € C(0R2) such that 1 < inf o p(x) and

p(x) <q1(x) < p*(x), x € R, p) < q(x) < p(x), x €09, 4.1

with the critical exponents

NP i p(x) < N,

Np(x) if
px) <N, _
pi(x) = { N—p(x)

prx) = { N=p@)

+00 if p(x) > N, +00 if p(x) > N.

As in the case of constant exponents we obtain a certain growth rate of the generalized
directional derivatives of the form

ljf G, s50) < (c1|s|q'(“‘)_1 + cz> |[r| foraa.x € Qandforalls,r € R, 4.2)
1S, si7)] < (d1|s|‘12(x)_1 +d2> Ir| foraa xeaQandforalls,r eR.  (4.3)

Then, the finiteness of the left-hand side in (1.1) is a consequence of the compact embedding
whrO(Q) — L7O(Q) and the fact that the trace operator is a bounded operator from
whrO(Q) into L% (3R2) (see Fan-Shen-Zhao [14, Theorem 1.3] and Fan [13, Corollary
2.4]). Notice that we do not need log-Holder continuity conditions, the variable exponents
D, q1, and g, are only supposed to be continuous.

We assume the following hypotheses on the set K.

(K3) Foru € K and k > 0 there exists t > 0 such that
o=u—tu—«x); €K.

(K4) Foru € K and ¥ > 0 there exists 2z > 0 such that
Y=u—h(u+x)_ € K.

Since W170)(Q) has lattice structure we notice that both function ¢ and i belong to
whrO(Q).
We start with the result on truncated energy estimates.

Proposition 4.1 Assume hypothesis (H2) and let u € K be a solution of (1.1).
(1) If condition (K3) is satisfied, then

/ |Vu|p(x)dx SM1/ uql(x)dx+M2/ u2®qe,
« . dAc

where
Ay ={x € Q:ulx) > «}, 0A, = {x € 0Q 1 u(x) >k}, «k >1,

and with positive constants Ml = Ml (q1,a1,az,as, by, by, b3, c1, c2) and
M; = My(ay, d1, da).
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(2) If condition (K4) is satisfied, then

/~ \VulPOdx < My | (—)"Ddx + My | (—u)”Ddo,
« Ay A

where
AK={xG§2:—u(x)>/c}, BAK={x68§2:—u(x)>K}, Kk >1,

with the same constants M 1 and Mz as in part (1).

Proof Letk > 1be fixed and let u € K be a solution of (1.1). Due to (K3) we may choose
v=¢p=u—tu—«); € Kin(l.1) to get

/ Ax,u,Vu) -V (u —«k))dx

< / F(x,u, Vu)(—t(u — k))dx + / JrCe, u; —t(u —«))dx 4.4)

K

+/ Jo(x,u; —t(u —«))do.
dA,

Since r = ji (x, s; r) is positively homogeneous (see [9, Proposition 2.1.1]) we may divide
inequality (4.4) by t > 0. By virtue of condition (H2)(i) we obtain for the left-hand side of
(4.4)

/ A(x,u,Vu) - V(u —r)dx

=/ A(x,u, Vu) - Vudx

4.5)
z/ (ar 9P — aafuf® — as) dx

zm/ |w|f’<x>dx—<az+a3>/ |1 dx,
K AK

where u91®) > y > 1in A, was taken into account. The first term on the right-hand side

can be estimated via Young’s inequality with ¢ € (0, 1] and condition (H2)(iii). This leads
to

/ F(x,u, Vu)(—(u — «))dx
q1(x)—1
5/ [bllvm"(” 7 +b2|u|q'<x>—1+bs} (u — K)dx

q1(x)—1 p(x)ql(nfl _q1)-1 )
< b & N0 |Vy| a® g a® yldx + (by+b3) [ u?Mdx
Ax A

(4.6)
< b / eIVulPDdx + by / e @ =100 g
+ (b +b3) | ut™dx
Ac
<eb / IVulPdx + (blg—@—” byt b3) / w1 @y,
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where qf‘ = maxg, q1. By means of hypothesis (H2)(iv) (see also (4.2)) the second term on
the right-hand side of (4.4) gives

/jf(x,u;—w—:c))dxs/ (1l ™"+ &) (= )
A Ax

4.7
< (e +Cz)/ u'®dx.
A
Finally, due to (H2)(v) (see also (4.3)), we arrive
/ Jr(x,u; —(u —k))do < / (d1 |u|2>) dz) (u — k)do
A A, .8
< (d+d») / u?®de,
A
Combining (4.4)—(4.8) and choosing & = min (1, a ) yields
a / [Vu|P®dx
2 K
—(@f-D q1(x)
§(a2+a3+b18 1 +b2+b3+01+cz>/ u™dx 4.9)

+ (d1 + d») u?Wdo.
IA,
ai

Now we may divide (4.9) by 5 > 0 which yields claim (1).
In order to prove part (2) we take v = = u — h(u + x)_ € K as test function in (1.1).
This leads to

h/~ Ax,u,Vu) - V(u +«)dx
Ak

< —h/~ F(x,u,Vu)(u—i—lc)dx—i—h/~ Jrx, u; —(u+«))dx

—i—h/~ Ja(x,u; —(u +k))do.
dA.

Dividing again by 2 > 0 and applying the structure conditions in (H2)(i), (iii)—~(v) we obtain
the estimate in (2).

Now we can state our main result on upper and lower bounds for solutions of (1.1).

Theorem 4.2 Assume hypothesis (H2) and let u € K be a solution of (1.1). Then there
exists a constant Co > 0 such that the following assertions hold.
(1) If condition (K3) is satisfied, then

esssupu(x) < Cs.
xe

(2) If condition (K4) is satisfied, then

essinfu(x) > —Cs.
xeR

Proof The proof can exactly be done as in [32, Theorem 1.1] where Lemma 3.1 and 3.2 in
[32] have to be replaced by Proposition 4.1.
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Analogous to Section 3 we have the corresponding result on the boundedness of solutions
of (1.1).

Corollary 4.3 Let the conditions in (H2), (K3), and (K4) be satisfied and let u € K be a
solution of (1.1). Then there holds

ess sup lu(x)| < C,
xe

with the same constant Cy stated in Theorem 4.2s.

Remark 4.4 As proved in [32] the constant C; given in Theorem 4.2 and Corollary 4.3 can
be characterized through

My
Cr=2max (1, M3 |:/ ui](x)dx +/ “fmdd}
Q2 0Q

vzith posjtive constants M3 = M3(p, q1,q2, a1, az,az, by, by, bz, c1,c2,dy,da, N, Q) and
My = Ma(p, q1, q2). As already mentioned in the constant exponent case the growth con-
dition for A : @ x R x RY — RN (see (H2)(ii)) is not needed in the proof of Theorem
4.2.

Remark 4.5 The proof of Theorem 1.1 in [32] is mainly based on the localization method
combined with an appropriate choice of the partition of unity. Since €2 is compact we find,
for any R > 0, a finite open cover {B; (R)};=1,...m of balls B; := B;(R) with radius R such
that @ C |J7L, Bi(R). Because of the continuity of p, q1, ¢> and due to (4.1) we may take
R > 0 small enough such that

i <ali <)) pf <4<, i=1....m,

where
pi= max p(), g¢f; = max qi(x),
xeB;iNQ xeB;NQ
— . +
p; = min p(x), g¢,.= max g¢q(x),
" xeBin@ 2T reBindQ

and (p;)*, (p; )« denote the usual critical exponents of p; . Then, we can choose a partition
of unity {&}7", C Cg° (R™) with respect to the open cover {B;(R)}i—1
we have

m- That means,

.....

m
suppé; C B;, 0<§& <1, i=1,...,m, and Z&:lonQ.
i=1
In fact, the idea is to treat problems involving nonstandard growth conditions as problems
with constant exponent growth rates. It arises the open question what happens if p is not
continuous, but essentially bounded. In this case the ideas above cannot be applied.

Remark 4.6 In contrast to De Giorgi’s iteration it seems that Moser’s iteration is less suitable
for problems with variable exponents concerning global a priori bounds. With view to the
assumptions in (K1) and (K2), we see that p occurs as exponent in the test function. This
makes the corresponding gradient more complicated and it is not clear for the author if this
method works in the variable exponent case even if K = wbLPO(Q) and Jk k = 1,2)
smooth.
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Now we give sufficient conditions for the set K satisfying the conditions in (K3) and
(K4).

Lemma 4.7

(1) If K contains the positive constant functions and if K satisfies the condition K AN K C
K, then the hypothesis (K3) is satisfied with t = 1.

(2) If K contains the negative constant functions and if K satisfies the condition K v K C
K, then the hypothesis (K4) is satisfied with h = 1.

(3) If K contains the constant functions and if K has lattice structure, then the hypotheses
(K3) and (K4) are satisfied witht = h = 1.

Proof Letu € K. Since K is closed under “A” we obtain, for k € K with x > 0,
min(u, k) =u — (U — k)4 € K.

Hence, condition (K3) is satisfied for # = 1. This proves (1). Similarly, we have, foru € K
and —k € K withx > 0,

max(u, —k) =u— (u+«)_ € K,
as K is closed under “v”. Then, condition (K4) is fulfilled for # = 1 which yields the
assertion in (2). The last part follows directly from (1) and (2).

Let us consider some examples.

Example 4.8 Let ¥ : 2 — R be a given function with ¥ > 0 a.e. in €2 and consider the sets
K={weWh’O@) :v<v® ae inQ},
K={weW'O(@) :v> -9 ae. inQ},

K={veW'PO(@Q):|Vv| < ae. inQ}.

IA

We observe that these sets have lattice structure, that means, they fulfill (2.5). Moreover,
the first set contains the negative constant functions, the second set the positive constant
functions and the last one the constant functions. Hence, the assumptions of Lemma 4.7 are
satisfied and Theorem 4.2 can be applied to these sets.

As a special case of the second set we have the cone of nonnegative elements of
whrO(Q), that is

Keg={ve WPO(Q):v >0 ae. inQ)}.

It is clear that K> has lattice structure and contains the positive constant functions. Hence,
Lemma 4.7(1) implies that K> satisfies (K3) and from Theorem 4.2(1) we infer that every
solution u € K>¢ of (1.1) is bounded from above. Since K>¢ is bounded from below by
zero, we have that u € L*°(Q).
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Fucik spectrum

1. Introduction

The Fucik spectrum of the negative p-Laplacian with a Robin boundary condition is defined as the set E'p of (a, b) € R?
such that

—Apu = awhHP ' —b@ )P ing,
u (1.1)
[VupP?2— = —Bluf2u on 92,
av
has a nontrivial solution. Here the domain £2 C R" is supposed to be bounded with a smooth boundary 2. The notation
—Apu stands for the negative p-Laplacian of u, i.e., —A,u = —div(|Vu|P~2Vu), with 1 < p < 400, while g—ﬂ denotes the

outer normal derivative of u and S is a parameter belonging to [0, 4+00). We also denote u* = max{=u, 0}. For 8 = 0,(1.1)
becomes the Fugik spectrum of the negative Neumann p-Laplacian. Let us recall that u € W'P(£2) is a (weak) solution of
(1.1)if

/ [VulP=2Vu - Vodx+ 8 | |ulP 2uvde = / (a@hHP' — b )P Hudx, Vv e WIP(2). (1.2)
2 082 2
Ifa=b = A, problem (1.1) reduces to
—Apu = Al in 2,
P (1.3)
\Vu|P—28—” — _Bufu onde,
v
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which is known as the Robin eigenvalue problem for the p-Laplacian. As proved in [1], the first eigenvalue A, of problem
(1.3) is simple, isolated and can be characterized as follows

A = inf {/ |Vu|”dx+ﬁ/ |ulPdo :/ lulPdx = 1}.
uewlr(2) | Jo a2 Q

The author also proves that the eigenfunctions corresponding to A; are of constant sign and belong to C(£2) for some
0 < a < 1. Throughout this paper, ¢; denotes the eigenfunction of (1.3) associated to A; which is normalized as [|¢1||1p(2)
= 1 and satisfies ¢; > 0. Let us also recall that every eigenfunction of (1.3) corresponding to an eigenvalue A > X; must
change sign.

We briefly describe the context of the Fucik spectrum related to problem (1.1). The Fucik spectrum was introduced by
Fucik [2] in the case of the negative Laplacian in one dimension with periodic boundary conditions. He proved that this
spectrum is composed of two families of curves emanating from the points (A, ) determined by the eigenvalues A, of
the problem. Afterwards, many authors studied the Fucik spectrum X, for the negative Laplacian with Dirichlet boundary
conditions (see [3-11] and the references therein). In this respect, we mention that Dancer [ 12] proved that the lines R x {A1}
and {A;} x R are isolated in X,. De Figueiredo-Gossez [13] constructed a first nontrivial curve in X, through (1,, A;) and
characterized it variationally. For p # 2 and in one dimension, Drabek [14] has shown that X, has similar properties as
in the linear case, i.e,, p = 2. The Futik spectrum X, of the negative p-Laplacian with homogeneous Dirichlet boundary
conditions in the general case 1 < p < +ooand N > 1, thatis

—Ayu = a@wHP'—b@w )P ! ing,
(abyex,: 7 @ @
= 0 onods2,

has been studied by Cuesta et al. [15], where the authors proved the existence of a first nontrivial curve through (A;, A;)
and that the lines R x {A;} and {A;} x R are isolated in X,. For other results on X, we refer to [16-20].

The Futik spectrum ®), of the negative p-Laplacian with homogeneous Neumann boundary condition, which is defined
by

—Apu = ahHP ' —b@ )P ing2,
(a,b)e®y: Ju
— =0 onds2,
v

was investigated in [21-23]. It is worth emphasizing that Arias et al. [22] pointed out an important difference between the
casesp < N and p > N regarding the asymptotic properties of the first nontrivial curve in ®,. Note that the Fucik spectrum
O, isincorporated in problem (1.1) by taking 8 = 0. Finally, we mention the work of Martinez and Rossi [24] who considered
the Fucik spectrum E‘p associated to Steklov boundary condition, which is introduced by

N —Apu = —[ufu in 2,
(a,b) € Xy : du
? VuP? s = a@ P —b@ ! ondg.
v

As in the previous situations, they constructed a first nontrivial curve in E‘p through (A, A,), where A, denotes the second
eigenvalue of the Steklov eigenvalue problem, and studied its asymptotic behavior.

The aim of this paper is the study of the Futik spectrum X, givenin (1.1) for the negative p-Laplacian with Robin boundary
condition. We are going to prove the existence of a first nontrivial curve € of this spectrum and show that it shares the same
properties as in the cases of the other problems discussed above: Lipschitz continuity, strictly decreasing monotonicity
and asymptotic behavior. It is a significant fact that the presence of the parameter 8 in problem (1.1) does not alter these
basic properties. The main idea in studying the asymptotic behavior of the curve € is the use of a suitable equivalent norm
related to 8. A relevant consequence of the construction of the first nontrivial curve € in X}, is the following variational
characterization of the second eigenvalue A; of (1.3):

Ay = inf max [/ |Vu|pdx+,3/ |u|pd0:|, (1.4)
yel uey[-1,1] Q FYo)

where

I'={y eC([-1,1,8) : y(=1) = —¢1, y(1) = 91},
with

S = {ueW”’(.Q) :/ [ulPdx = 1}. (1.5)
2

The results presented in this paper complete the picture of the Fucik spectrum involving the p-Laplacian by adding in
the case of Robin condition the information previously known for Dirichlet problem (see [15]), Steklov problem (see [24]),
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and homogeneous Neumann problem (see [22]). Actually, as already specified, the results given here for the Fucik spectrum
(1.1) of the negative p-Laplacian with Robin boundary condition extend the ones known for the Fucik spectrum @, under
Neumann boundary condition by simply making 8 = 0.

Our approach is variational relying on the functional associated to problem (1.1), which is expressed on WP (£2) by

J(u) :/ |Vu|pdx+ﬂ/ |u|Pdo —/(a(u+)p+b(u_)p)dx.
2 12 2

It is clear that ] € C'(W'P(£2),R) and the critical points of J coincide with the weak solutions of problem (1.1). In
comparison with the corresponding functionals related to the Fucik spectrum for the Dirichlet and Steklov problems, the
functional J exhibits an essential difference because its expression does not contain the norm of the space W'?(£2), and it
is also different from the functional used to treat the Neumann problem because it contains the additional boundary term
involving 8. However, in our proofs various ideas and techniques are worked out on the pattern of [22,15,24].

The rest of the paper is organized as follows. Section 2 is devoted to the determination of elements of X, by means of
critical points of a suitable functional. Section 3 sets forth the construction of the first nontrivial curve € in fp and the
variational characterization of the second eigenvalue A, for (1.3). Section 4 presents the basic properties of C.

2. The spectrum fp through critical points

The aim of this section is to determine elements of the Fucik spectrum fp defined in problem (1.1). They are found by
critical points of a functional that is constructed by means of the Robin problem (1.1). To this end we follow certain ideas
in [15,24] developed for problems with Dirichlet and Steklov boundary conditions.

Forafixeds € R, s > 0, and corresponding to 8 > 0 given in problem (1.1), we introduce the functional J; : WP (£2) —

R by
Jo(w) = / VuPds + / uPPdo — s / (P,
2 02 2

thus J; € C'(W'P(£2), R). The set S introduced in (1.5) is a smooth submanifold of W'?(£2), and thus J; = Jls isa C?
function in the sense of manifolds. We note that u € S is a critical point of J; (in the sense of manifolds) if and only if there
exists t € R such that

/ [VulP~2Vu - Vodx + ,3/ lulP~uvdo — sf P lvdx = rf [uP~2uvdx, Yv e W'P(2). (2.1)
Q2 EXe) 2 2
Now we describe the relationship between the critical points of J; and the spectrum fp.

Lemma 2.1. Given a number s > 0, one has that (s + t, t) € R? belongs to the spectrum fp if and only if there exists a critical
point u € S of J; such that t = J;(u).

Proof. The definition in (1.2) for the weak solution shows that (t + s, t) € /Z\'p if and only if there is u € S that solves the
Robin problem

Ay = (E+s)WHP T —t@w )P ing,
au

\Vu|P*23— = —Blufu on 92,
v

which means exactly (2.1). Inserting v = u in (2.1) yields t = J;(u), as required. O
Lemma 2.1 enables us to find points in fp through the critical points 0f]~5. In order to implement this, first we look for
minimizers of J;.

Proposition 2.2. There hold:
(i) the first eigenfunction ¢ is a global minimizer of J;;
(i) the point (A1, A1 — ) € R? belongs to X,

Proof. (i) Since 8, s > 0, using the characterization of A; we have
i = [ 1vupacrp [ updo —s [ wtrac [ e [ @t —s =i,
2 FYe) o) 2] o)
YueSs.

(ii) On the basis of (i), we can apply Lemma 2.1. O

Next we produce a second critical point of J; as a local minimizer.

Proposition 2.3. There hold:

(i) the negative eigenfunction —; is a strict local minimizer ofjs;
(i) the point (A1 +s, A1) € R? belongs to X,.
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Proof. (i) Arguing indirectly, let us suppose that there exists a sequence (u,) C S with u, # —¢1,u, — —¢;in wir(02)
and Js(uy) < A1 = Js(—¢1). Ifu, < 0fora.a.x € £2, we obtain

Js(up) =/ IVunlpdx+ﬂ/ [up|Pdo > Aq,
2 a2

because u, # —¢; and u, # @1, which contradicts the assumptionﬁ(un) < A1
Consider now the complementary situation. Hence u, changes sign whenever n is sufficiently large, thereby we can set

ut
W = _,_7" and 1, = van“i)p(g) + ﬂ”wn”i,p(agy (2.2)
llun llr2)

We claim that, along a relabeled subsequence, r, — +00 as n — o0. Suppose by contradiction that (r,) is bounded. This
implies through (2.2) that (w,) is bounded in W'P(£2), so there exists a subsequence denoted again by (w,) such that
wy — w in IP(R2), for some w € WIP(£2). Since || wy o) = 1and w, > 0 a.e. in £2, we get [|[w||pe) = land w > 0,
hence the measure of the set {x € £2 : u,(x) > 0} does not approach 0 when n — oo. This contradicts the assumption that
u, — —¢q in [P (£2), thus proving the claim.

On the other hand, from (2.2) and by using the variational characterization of 11, we infer that

Tolt) = (ra =) / s Py + / Vu Pdx+ B / lu; [Pdo
2 2 2

= =9 [ lPaxe [ apyex
2 2
whereas the choice of (u,) gives
Tutun < = [ @hpans s [ o
2 2
Combining the inequalities above results in
(A =1y +S)/ (u)Pdx = 0,
2
therefore A; > r, — s. This is against the unboundedness of (r,,), which completes the proof of (i). Part (ii) follows from

Lemma 2.1 because J;(—¢q) = A1. O

Using the two local minima obtained in Propositions 2.2 and 2.3, we seek for a third critical point offs via a version of the
Mountain-Pass theorem on C'-manifolds. -
We define a norm of the derivative of the restriction J; of J; to S at the point u € S by

)l = min{ll);(w) — (7' Wl ey : € € RY,
where T(:) = || - ”ZJ(Q)' Let us recall the definition of the Palais-Smale condition.
Definition 2.4. The functional J; : W1'P(£2) — R is said to satisfy the Palais-Smale condition on S if for any sequence

(un) C S such that (Js(u,)) is bounded and ||J;(u,)[l. — 0asn — oo, there exists a strongly convergent subsequence in
WIP(2).

Note that the negative p-Laplacian —A,, : WP (2) — (W'P(£2))* fulfills the (S)..-property, that means, if

u, = u inW"P(£)and lim sup/ |Vun P2V, - V(u, —u) <0,
n— 00 2

then it holds u, — uin W1P(£2) (cf. [25,26]). Taking into account this property, we first check the Palais-Smale condition

for J; on the submanifold S of W1P(£2).

Lemma 2.5. The functionalfs : S — R satisfies the Palais-Smale condition on S in the sense of manifolds.

Proof. Let (u,) C S be a sequence provided (Js(u,)) is bounded and |[75’(u,,)H* — 0asn — oo, which means that there
exists a sequence (t,) C R such that

< allvllwirg), (2.3)

/ |Vu, P~2 Vu, - Vodx + ﬁ/ [un P2 upvdo — sf (WP tudx — tn/ [un P2 uyvdx
2 a2 2 2

forallv € W?(£2) and with e, — 0%. Note that J;(u,) > HVu,,pr(Q) —s. Since (u,) € S and (Js(uy)) is bounded, we derive
that (u,) is bounded in W'?(£2). Thus, along a relabeled subsequence we may suppose that u, — uin W'P(2),u, — u
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in [P(£2) and u, — uin [P(9£2). Taking v = u, in (2.3) and using again (u,) C S show that the sequence (t,) is bounded.
Then, if we choose v = u, — u, it follows that

f [Vun|P~2Vu, - V(u, — u)dx — 0 asn — oo.
2

At this point, the (S)-property of —A, on W1P(£2) enables us to conclude that u, — uin W'P(£2). O
The proof of the following version of the Mountain-Pass theorem can be found in [27, Theorem 3.2]
Theorem 2.6. Let E be a Banach space and let g,f € C!(E,R). Further, suppose that 0 is a regular value of g and let
M ={ue€E:g(u)=0},up, u; € Mande > 0such that |u; — upllg > € and
inf{f(u) : u e Mand ||lu — upllg = &} > max{f(up), f(u1)}.
Assume that f satisfies the Palais-Smale condition on M and that
I'={y eC([-1,11,M) : y(=1) = ug and y (1) = uy}
is nonempty. Then

¢ = inf max u
yeruey[—l,ljf( )

is a critical value of f|y.

Now we obtain, in addition to ¢; and —¢;, a third critical point ofjs onsS.

Proposition 2.7. There hold that, for each s > 0:
(i)
c(s) .= inf max Js(u), (2.4)
yel uey[-1,1]

where

r={yec(-1,1,5) :y(=1) = —prand y (1) = ¢1},

is a critical value of}; satisfying c(s) > max{ﬁ(—goﬂ,ﬂ(goﬁ} = A1. In particular, there exists a critical point ofj; that is
different from —¢4 and ¢;. -
(ii) The point (s + c(s), c(s)) belongs to X,

Proof. (i) By Proposition 2.3 we know that —¢; is a strict local minimizer ofTS withjs(—wl) = A1, while Proposition 2.2
ensures that ¢ is a global minimizer of J; with Js(¢1) = A; — s. Then we can show that

inf{J(u) : u € Sand ||lu — (=¢1) llwrrie) = €} > max{s(—¢1). (o)} = A1, (25)

whenever ¢ > 0 is sufficiently small. The proof that the inequality above is strict can be done as in [15, Lemma 2.9] (see
also [24, Lemma 2.6]) on the basis of Ekeland’s variational principle. In order to fulfill the Mountain-Pass geometry we
choose ¢ > 0 even smaller if necessary to have 2(|¢1lly1r@) = llo1 — (=@1)lwrpg) > €. SinceJs : S — R satisfies the
Palais-Smale condition on the manifold S as shown in Lemma 2.5, we may invoke the version of Mountain-Pass theorem
on manifolds in Theorem 2.6. This guarantees that c(s) introduced in (2.4) is a critical value of J; with c(s) > A4, providing
a critical point different from —¢; and ¢;. R

(ii) Thanks to Lemma 2.1 and part (i), we infer that (s + c(s), c(s)) € X. O

3. The first nontrivial curve

The results in Section 2 permit us to determine the beginning of the spectrum fp. We start by establishing that the

lines {A;} x R and R x {A{} are isolated in fp. This is known from [15, Proposition 3.4] for Dirichlet problems and
from [24, Proposition 3.1] for Steklov problems.

Proposition 3.1. There exists no sequence (an, b,) € fp with a, > Aqand b, > Aq such that (a,, b,) — (a, b) witha = A, or
b=

Proof. Proceeding indirectly, assume that there exist sequences (ay, b,) € 2,, and (u;) C W'P(£2) with the properties:
an — A, by — b, ay > Ay, by > Ay, ||Unllp2) = 1and

—Apty = ap@HP = byt in g,
au (3.1)
\Vu,,|HB—U” = —BlualPuy, ondf.
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If we test (3.1) with v = u, (see (1.2)), we get
R A— / ()" dx + b, / (; Pdx — f [tlPdo < a + by,
2 2 a2

which proves the boundedness of (u,) in W1P(£2). Hence, along a subsequence, u,, — u in W1?(£2) and u, — uin I”(2)
and [P (9£2). Now, testing (3.1) with ¢ = u, — u, we infer that

lim | |Vun|P"2Vu, - V(u, — u)dx = 0.
2

n—oo
The (S).-property of —A, on W1P(£2) yields that u, — uin WP (£2). Thus, u is a solution of the equation
f [VulP~2Vu - Vudx = A4 / hHP~tudx — b[ W )P tudx — 8 [ulP"2uvde, Vv e WIP(Q). (3.2)
2 2 2 EYe)

Inserting v = u™ in (3.2) leads to

/ \Vu+|pdx:A1/(u+)pdx—ﬁ/ w)Pdo.
Q 2 a2

This, in conjunction with the characterization of A; in Section 1 and since ||ul|p(e) = 1, ensures that either ut = 0 or
ut = ¢ Ifut = 0, then u < 0 and (3.2) implies that u is an eigenfunction. Recalling that A; is the only eigenfunction
that does not change sign, we deduce that u = —¢; (see [1] and also Proposition 4.1). Consequently, this renders that (u,)
converges either to ¢; or to —¢; in LP(£2), which forces us to have

either [{x € 2 : u,(x) <0} > Oor |{x € 2 : u, >0} = O, (3.3)

respectively, where | - | denotes the Lebesgue measure. Indeed, assuming for instance u, — ¢; in LP(£2), since for any
compact subset K C £2 there holds

/ \un—wll"dxz/ @ldx > Cl{uy < 0} NK],
{up<0}NK {un<0}NK

with a constant C > 0, it is seen that the first assertion in (3.3) is fulfilled.
On the other hand, using v = u;" as test function for (3.1) in conjunction with the Hélder inequality and the continuity
of the embedding W1P(£2) — LI(£2), with p < q < p*, we obtain the estimate

/ \Vu;'lpdx—i—/(u;’)pdx = an/ (u,f)”dx—ﬂ/ (uHPdo —1—/ (uHPdx
Q 2 2 92 o

(@ +1) / (u)Pdx
2

IA

1-P

7 lu

< (an + DCl{x € 2 : up(x) > 0} Al

wlp(Q)’
with a constant C > 0. We infer that

X e 2 up(x) > 0} > (a, + 1)~
and in the same way,

X € 2 un(x) < 0} > (by + 1)~'C .

Since (ay, by) € ip does not belong to the trivial lines of fp, we have that u,, changes sign. Hence, through the inequalities
above, we reach a contradiction with (3.3), which completes the proof. O

The following auxiliary fact is helpful to link with the results established in Section 2.

Lemma 3.2. For every r > infs J; = Ay — s, each connected component of {u € S : J;(u) < r} contains a critical point, in fact a
local minimizer of J.

Proof. Let C be a connected component of {u € S : Js(u) < r}and denote d = inf{J;(u) : u € C}. We claim that there exists
ug € C such thatJs(up) = d. To this end, let (u,) C C be a sequence such that J(u,) < d+ nil Applying Ekeland’s variational

principle to J; on C provides a sequence (v,;) C C such that
Joa) <Jo(un), (34)

, (3.5)

S |-

lun — vnllwipe) <
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~ ~ 1 —
Js(un) < Js(v) + EHU — Unllwin), YvecC. (3.6)

If n is sufficiently large, by (3.4) we obtain
~ ~ 1
Js(un) < Js(up) <d+ ﬁ <T.

Moreover, owing to (3.6), it can be shown that (v,) is a Palais-Smale sequence for ;. Then Lemma 2.5 and (3.5) ensure that,
up to a relabeled subsequence, u, — ug in WP (£2) with ug € C and J;(v) = d.

We note that uy ¢ dC because otherwise the maximality of C as a connected component would be contradicted, so ug is
a local minimizer of J; and we are done. 0O

Recall from Proposition 2.7 that it was constructed a curve (s + c(s), c(s)) € f‘p fors > 0. As fp is symmetric with
respect to the diagonal, we can complete it with its symmetric part obtaining the following curve in X:

C :={(s+c(s),c(9)), (c(s),s +c(s)) : s > 0}. (3.7)

The next result points out that € is the first nontrivial curve in fp.

Theorem 3.3. Let s > 0.Then (s+c(s), c(s)) € Cis the first point in the intersection between fp and theray (s, 0)+t(1, 1), t >
A1

Proof Assume, by contradiction, the existence of a point (s + 1, i) € f with Ay < p < c(s). Proposition 3.1 and the fact
that E is closed enable us to suppose that p is the minimum number w1th the required property. By virtue of Lemma 2.1,

W is a critical value of the functlonaljS and there is no critical value of]S in the interval (1, ). We complete the proof by
reaching a contradiction to the definition of c(s) in (2.4). To this end, it suffices to construct a path in I" along which there
holds Js < u.

Let u € S be a critical point of]s w1th]s(u) . Then u fulfills

/ |VulP~2Vu - Vodx = (s+u)/ (u*)‘”vdx—u/ (u’)p’lvdx—ﬂ/ [uP~2uvdo, Yv e W'P(£2).
2 2 2 482

Setting v = ut and v = —u~ yields
f |[VuT|Pdx = (s + ,u)f (u™)Pdx — ,6/ wh)Pdo (3.8)
2 2 ETe)
and
/ |Vu™ |Pdx = /L[ (u™)Pdx — ﬂ/ (u™)Pdo, (3.9)
2 2 a2
respectively. Since u changes sign (see Proposition 4.1), the following paths are well defined on S:
(1 —=tu+tu™ (1 —=tut 4+t~ —tum+(1—=1tu
uy(t) = " s Uy (t) = T — , uz(t) = — )
11— Ou+ tutllpe) (1= tut + tu w2 | —tu= + (1 —ullwre)

for all t € [0, 1]. By means of direct calculations based on (3.8) and (3.9) we infer that
Jsui(0) =J(us(6)) =, forallt €0, 1]
and

T () = p SN lip o <p, forallt €0, 1]
2 = - = N N .
’ 11— Ot + [

Due to the minimality property of u, the only critical points offs intheset {w € S :Ts(w) < u — s} are @7 and possibly
—¢@ provided u — s > Xq. We note that, because u™ /|[u™||»(2) does not change sign and vanishes on a set of positive
measure, it is not a critical point offs. Therefore, there exists a C! path @ : [—¢,&] — S with «(0) = u/lu lpee)
and d/dtjs(a(t))lfzo # 0. Using this path and observing from (3.9) that]~3(u’/||u’ llr2)) = u — s, we can move from
u~/|lu” Iy to a point v withfs(v) < u — s. Applying Lemma 3.2 (see also [15, Lemma 3.5]), we find that the connected
component of {w € S : ﬁ(w) < | — s} containing v crosses {¢1, —¢1}. Let us say that it passes through ¢;, otherwise
the reasoning is the same employing —¢;. Consequently, there is a path u4(t) from u=/||u~|lip(e) to ¢; within the set

fwes :Ts(w) < u — s}. Then the path —u4(t) joins —u~/||[u™||1p(e) and —¢; and, since u4(t) € S, we have

Jo(—ua(0) <Jo(ua(t)) +s<p—s+s=p forallt.
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Connecting uq(t), u;(t) and uy(t), we construct a path joining u and ¢1, and joining us3(t) and —u4(t) we get a path which
connects u and —¢;. These yield a path y (t) on S joining ¢; and —¢;. Furthermore, in view of the discussion above, it turns
out that J;(y (t)) < w for all t. This proves the theorem. O

Corollary 3.4. The second eigenvalue X of (1.3) has the variational characterization given in (1.4).

Proof. Theorem 3.3 for s = 0 ensures that c(0) = A,. The conclusion now follows by applying Proposition 2.7 (i) with
s=0. O

4. Properties of the first curve
The following proposition establishes an important sign property related to the curve € in (3.7).

Proposition 4.1. Let (ag, bg) € C and a,b € L*(£2) satisfy .1 < a(x) < ap, A1 < b(x) < bg for aa x € £2 such that
A1 < a(x) and A1 < b(x) on subsets of positive measure. Then any nontrivial solution u of

—Apu = a@@HP bW )P ing,
u (4.1)
|Vu|p_28— = —Blufu on s,
v

changes sign in £2.

Proof. Let u be a nontrivial solution of Eq. (4.1). Then, —u is a nontrivial solution of

—Apz = b®EH ' —aX@E )P ing,
]
|Vz|”’28—z = Bzl on 9,
v

hence, we can suppose that the point (ag, bg) € € is such that ag > by.
We argue by contradiction and assume that u does not change sign in £2. Without loss of generality, we may admit that
u > 0a.e.in £2, so u is a solution of the Robin weighted eigenvalue problem with weight a(x):

—Apu = ax)uP™! in 2,
ou
|Vu|P—28— =—puP~! ondsf.
v

It means that u is an eigenfunction corresponding to the eigenvalue 1 for this weighted problem. Recall that the first
eigenvalue A{(a) of the above weighted problem is expressed as

Volrd " JulPd
m@= inf d2 VPt B g vPdo
vewlP(2) fg a(x)|v|Pdx

v£0

The fact that u > 0 entails A1(a) = 1 because the only eigenvalue whose eigenfunction does not change sign is A;(a)
(see [1]). Then the hypothesis that A; < a(x) on a set of positive measure leads to the contradiction

_ fQ IV(pllde—’_ﬁfdQ “pllpda > fQ IV(pllde—’_ﬁfdQ “pllpda
A [ ax)¢]dx
which completes the proof. O

1

> M@ =1,

Proposition 4.2. The curve s — (s + c(s), c(s)) is Lipschitz continuous and decreasing.

Proof. If s; < s;, then it follows that]~31 (u) > 732 (u) for all u € S, which ensures that c(s;) > c(s;). For every ¢ > 0 there
exists y € I' such that

max J;, (u) < c(s2) + ¢,
uey[—1,1]

hence
0<c(s1) —c(s) < max 75] (u) — max TSZ(u) + €.
uey[-1,1] uey[-1,1]
Taking uy € y[—1, 1] such that

max_Js, () =i, (o)
uey[—1.1]
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yields
0 < c(s1) — €(52) <Js, (o) —Js, (Uo) + & =51 — 5, + &.

As ¢ > 0 was arbitrary, this ensures that s — (s + c(s), c(s)) is Lipschitz continuous.

In order to prove that the curve is decreasing, it suffices to argue fors > 0.Let0 < s; < s,.Then, since (s; +c(s1), ¢(s1)),
(s2 + c(s2), c(s2)) € Xy, Theorem 3.3 implies that s; 4+ c(s1) < s, + c(s2). On the other hand, as already remarked, there
holds c(s1) > c(s3), which completes the proof. O

Next we investigate the asymptotic behavior of the curve C.

Theorem 4.3. Let p < N. Then the limit of c(s) ass — +0o0is Aq.

Proof. Let us proceed by contradiction and suppose that c(s) does not converge to A, as s — +oo. Then there exists § > 0
such that

max Ts(u) >X+6 forally e I'andalls > 0.
uey[—1.1]

Since p < N, we can choose a function ¥ € WP (£2) which is unbounded from above. Then we define y € I" by
t 1—1|t
() = 1+ (A =thy Cte[11L.
lltor + (1 = 1tDY v @)

Foreverys > 0, lett; € [—1, 1] satisfy
max Jo(y (£) =Js(y (t)).
te[—1,1]

Denoting vs = tsp1 + (1 — |t]) ¥, we infer that

/ \Vvslpdx—i-ﬁ/ |vs|Pdor —s/ FYPdx = (0 +5)/ |vs|Pdx. (42)
2 2 2 2]

Letting s — +o00, we can assume along a subsequence that t; — T € [—1,1]. The family v being bounded in WP (£2),
from (4.2) one sees that

/(v;’)pdx—>0 ass — 400,
o

which forces
Tor+ (1= thy <o.

Due to the choice of v, this is impossible unless T = —1. Passing to the limit in (4.2) as s — —+oo and usingt = —1, we
arrive at the contradiction § < 0, so the proof is complete. O

It remains to study the asymptotic properties of the curve € when p > N.For 8 = 0, problem (1.1) becomes a Neumann
problem with homogeneous boundary condition that was studied in [22]. Therein, it is shown that

. _[m=0 ifp<N
Jim c(s) = {x ifp> N,

n= inf{/ |VulPdx : u € WP(£2), ||lullp(ey = 1and u vanishes somewhere in 2 { .
o)
Therefore, we only have to treat the case 8 > 0. In this respect, the key idea is to work with an adequate equivalent norm
on the space W1P(£2). So, for 8 > 0 we introduce the norm
lullg = IVullw ) + Bllullroe), (4.3)
which is an equivalent norm on WP (£2) (see also [28, Theorem 2.1]). Then we have the following.
Theorem 4.4. Let 8 > 0and p > N. Then the limit of c(s) ass — 400 is

T — infmax Jo Vo1 +wPdx + B [, Irer + ulPdo
T uel reR S Ireor + ulpdx

)

where
L= {u e W' () : uvanishes somewhere in 2, u # 0}.

Moreover, there holds & > Aj.
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Proof. First, we are going to prove the strict inequality A > A;. Since for every w € L one has

Jo IVwlPdx+ B [, lwlPdo < max Jo IV +w)Pdx + B [, Irer + wiPdo
[ lwipdx = rer S Iror + wipdx ’

we conclude that

Ay < inf Jo IVwPdx + B [, lw|Pdo

< 44
wel f_Q |w|de - ( )

Let us check that the first inequality in (4.4) is strict. On the contrary, we would find a sequence (w,) C L satisfying
fg |Vw,|Pdx + ﬁfm |wy|Pdo
Jo lwalPdx
Wn

Setvp = i where | - |5 denotes the equivalent norm on W'-(£2) introduced in (4.3). We note that ||v,||s = 1 and

— Aq asn — oo.

1

—— — Ay asn — oo.
Jo lvnlPdx

Due to the compact embedding W'-? (2) — C(£2), there is a subsequence of (vy), still denoted by (v,), such that v, — v
in WP(£2) and v, — v uniformly on £2. It follows that v € L and

f9|Vv|de+ﬂL,Q|v|Pdo <= 1
S lvlPdx - S lvIPdx
which ensures that v is an eigenfunction in (1.3) corresponding to the first eigenvalue ;. This is a contradiction because
every eigenfunction associated to A; is strictly positive or negative on £2, whereas v € L. Hence, recalling (4.4), we get

A > )»1.
Now we prove the first part in the theorem. We start by claiming that there exist u € L such that

max Jo Vo1 +w)Pdx+ B [, Irgy + ufPdo
reR Jo Irer 4 ulpdx

=2 (45)

By the definition of A, we can find sequences (u,) C Land (r,) C R such that
max IQ IV(TQO] + un)lpdx + /3 ‘/()Q Ir(ﬂl + unlpda
reR S Irer + ug|Pdx

V(rapr + up)|Pdx + B [, |11 + ug|Pdo _
_ fgl (n(pl n)| ﬂf(;gl n¥1 n| N asn— oo. (4.6)
fglrn(ﬂl + up[Pdx

Without loss of generality, we can assume that [|uy[ly1.p(o) = 1. The sequence (r,) has to be bounded because otherwise
there would exist a relabeled subsequence r, — +00, which results in

Jo IVug1 + tnlPdX + B [y Ir + unlPdo
fg [Ta1 + un|Pdx

This implies that A; = A, contradicting the inequality A > ;. Therefore, we may suppose that r,, — 7§ Rand u, — uin
WP(£2) as well as u, — u uniformly in £2, with some u € L. Then, through (4.6) and the definition of A, we see that (4.5)
holds true.

To prove that c(s) — A as s — 00, we argue by contradiction admitting that there exists 8§ > 0 such that

r%'na]xﬂfs(y(t)) >x1+68 forally e andalls > 0.
te[—1,

Here the decreasing monotonicity of c(s) has been used (see Proposition 4.2). Consider the path y € I" defined by

t 1—|tDhu
ity = — A g,
ltgr + (1 — [l

with u given in (4.5). Proceeding as in the proof of Theorem 4.3, for every s > 0 we fix t; € [—1, 1] to satisfy

fe[m_afﬂJ]S(y(t)) =Js(y (&)
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and denote vy = t;p1 + (1 — |ts]|)u. We have
/ \Vvslde+ﬁf lvsPdo —S/ (v )Pdx > (X+5)/ vs[Pdx. (4.7)
Q 2 2 2
From (4.7) and since vy is uniformly bounded, we obtain fQ(v;f)pdx — O0andt; > t € [—1, 1] as s — +o0, which yields

?gol < —(1—=[thu. As @1 > 0 and u vanishes somewhere in £2, we deduce that T < 0. In addition, passing to the limit in
(4.7) leads to

/ V(e + (1 — [thu)Pdx + B f o1 + (1 — [thulPdo > (x + 8) / o1 + (1 — [thul dx. (4.8)
2 082 2
IfT # —1,(4.8) can be expressed as

~ p
Jo ‘V (ﬁ?‘pl +u>‘ dx+ﬂfm

7 p
=% —|—u‘ do

= F >A+34.
t
fo ’m(m + u’ dx
Comparing with (4.5) reveals that a contradiction is reached. IfT = —1, in view of (4.8)and & > A4, we also arrive at a

contradiction, which establishes the result. O
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ABSTRACT. This paper provides multiplicity results for a class of nonlinear el-
liptic problems under a nonhomogeneous Neumann boundary condition. We
prove the existence of three nontrivial solutions to these problems which de-
pend on the Fucik spectrum of the negative p-Laplacian with a Robin boundary
condition. Using variational and topological arguments combined with an e-
quivalent norm on the Sobolev space WP it is obtained a smallest positive
solution, a greatest negative solution, and a sign-changing solution.

1. Introduction. The purpose of this article is to investigate the existence and
multiplicity of weak solutions to elliptic equations with nonhomogeneous Neumann
boundary condition. Specifically, given a bounded domain Q C RY with a smooth
boundary 092 and let 1 < p < 0o, we consider the problem
—Apu = a(uT)P™t —bu" )P+ f(2,u) in Q,
ou (1.1)

|Vu|p72$ = h(z,u) — Olul’*u on 0%,

where —A,u = —div(|Vu[P~2Vu) is the negative p-Laplacian, du/dv denotes the
outer normal derivative of u while the values a, b and 6 are real parameters specified
later. The terms u™ = max(u,0) and v~ = max(—u, 0) stand for the positive and
negative part of u, respectively, and the perturbations, namely f:Q xR — R and
h: 00 x R — R, are some Carathéodory functions satisfying suitable hypotheses,
see (H) below. For the sake of simplicity we omit the denotation for the trace
operator 7 : W1P(Q) — LP(99) which is applied to the functions on the boundary
oN.

The main goal of this article is to prove the existence of three nontrivial weak
solutions of the nonhomogeneous Neumann boundary value problem given in (1.1).
More precisely, we establish two extremal constant-sign solutions, namely a smallest
positive solution uy as well as a greatest negative solution uw_, and finally, the
existence of a nontrivial sign-changing solution ug lying between these extremal
constant-sign solutions is pointed out.

Throughout the paper we impose the following assumptions.

(H) Let 8 > 0 be a fixed constant and let f: QxR = R and h: 9Q xR — R be
Carathéodory functions satisfying the subsequent conditions:

2000 Mathematics Subject Classification. 35B38, 35J20, 47J10.
Key words and phrases. Multiplicity results, p-Laplacian, Robin Fuc¢ik spectrum, sub-
supersolution.
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(H1) f is bounded on bounded sets.
(H2)

f(z,s)

|s|—o0 |S|p728

(H3)

= —o00, uniformly with respect to a.a. x € Q.

f(z,s)
m
s—0 |s|P_23
(H4) h is bounded on bounded sets.
(H5) There exists a number sp > 0 such that
h(z,s)

|s[P=2s

=0, uniformly with respect to a.a. = € Q.

<, fora.a. ze€dQ and for all |s| > sg.

(H6)
h(z,s)
s—0 |5|P—23

(HT7) h satisfies the condition

=0, uniformly with respect to a.a. = € 9.

a1 51) = bz, so)| < L{Jzy = 22| + [s1 = 52/,

for all pairs (x1,s1), (x2,s2) in 0Q x [-K, K|, where K is a positive con-
stant and « € (0,1].
By means of the hypotheses (H3) and (H6) we see at once that f(z,0) = h(z,0) =
0 reasoning that u = 0 is a trivial solution of (1.1). The condition (H7) is a
Holder continuity assumption which is needed to make use of the C'!*“-regularity of
Lieberman (see [20]).
In a recent work of the author [32] there are shown multiplicity results to equa-
tions of the form

—Apu = f(z,u) — ulPu in €,

1.2
% =a(um)P™t = b)) + g(z,u) on 09, (12)

where the solutions of (1.2) depend on the so-called Steklov Fuéik spectrum of the
negative p-Laplacian which was intensively treated by Martinez and Rossi in [22].
The novelty of this paper is on the one hand that the solutions of (1.1) depend on
the Robin Fucik spectrum of —A,, (see Section 2 for a detailed introduction) and
on the other hand we could drop a hypothesis on the function f : 2 x R — R, which
was required in [32], namely

|Vul~

S(@:5) 0 for all 0 < |s| < 6, and

(A1) There exists a number §; > 0 such that [s[p2s =
s s

for a.a. z € Q.

Assumption (Al) means that the function f must change sign near zero. Now, we
do not need this condition on f. Further, regarding the behaviour at infinity, the
boundary function in [32] has to satisfy the condition

(A2) limg) 00 é\(fii‘)s = —oo uniformly with respect to a.a. x € 9.

We point out that we can replace (A2) by the weaker condition (H5).
Another novelty is the usage of an equivalent norm on the space WP () obtained
by Deng (see [12]) which contains the norm || - ||zr(sq) instead of || - ||zr(q). This
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ensures, in particular, that suitable energy functionals concerning problem (1.1)
(involving appropriate truncation functions to make sure the finiteness of the in-
tegrals) satisfy the coercivity and the Palais-Smale condition which is required in
our approach. It should be mentioned that we do not need differentiability, poly-
nomial growth, or some integral conditions on the mappings f and h. In order to
prove our main results we make use of variational and topological tools, e.g. critical
point theory, the mountain-pass theorem, the second deformation lemma and the
so-called Robin Fucik spectrum of the negative p-Laplacian.

Elliptic equations with a nonhomogeneous Neumann boundary condition regard-
ing existence and multiplicity of solutions were studied by a number of authors in
the last years. Without guarantee of completeness we refer to the papers in [1], [13],
[14], [15], [19], [21], [23], [29], [35], and the references therein. With reference to ho-
mogeneous Neumann problems, multiple solution results can be found for example
in [2], [4], [5] and [6]. In the Dirichlet case there also exists a number of publications
according to the subject of multiplicity results, see e.g. in [9], [10], [11], and [17].

The paper is organized as follows. In Section 2 we give the basic notations in-
cluding the definition of a sub- and supersolution of (1.1), we point out some recent
results with regard to the Robin Fuéik spectrum of the negative p-Laplacian and we
consider a second auxiliary problem which is needed in our treatment. The third
section is devoted to the proofs of the existence of specific sub- and supersolutions
of (1.1) which leads to the existence of two ordered pairs of sub- and supersolution,
one with positive sign and the other one with negative sign. Then, we can derive
the existence of two constant-sign solutions thanks to the method of sub- and super-
solution dealt in [7]. The existence of extremal constant-sign solutions, more exact
a smallest positive solution and a greatest negative solution of (1.1), is shown in
Section 4 using functional analytical arguments in association with the properties
of the Robin Fuéik spectrum of —A,,. In the last section we prove the existence of a
sign-changing solution applying the fact that every nontrivial solution between the
obtained extremal constant-sign solution must be a sign-changing solution provided
it is unequal to these extremal solutions. Variational and topological tools like the
mountain-pass theorem, critical point theory and the second deformation lemma
are found a use in this last section.

2. Preliminaries. By LP(Q), LP(9€)) and WP(2) we denote the usual Lebesgue
and Sobolev spaces with their norms [|-|| e (), ||| r(90) and ||-[[w1.»(q), respectively.
Given ¢ > 0 we introduce an equivalent norm on W1P(Q) given by

lulle = IVullLe @) + CllullLe o0 (2.1)
(see e.g. Deng [12]). We say that u € WP(Q) is a weak solution of problem (1.1)
if
/ |VulP~2Vu - Vudz
Q

— [(atwtyt b fawode + [ ()~ 6P Pu)odp,
Q

[2}9)

holds for all test functions v € WP(Q) while du denotes the usual (N — 1)-
dimensional surface measure. Further, the definition of weak sub- and superso-
lutions is required in our treatments. A function u € WHP(Q) is said to be a weak
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subsolution of problem (1.1) if the inequality

/ |VulP~2Vu - Vude
Q

< /Q (a(ut)P~t = bw )P~ + fa,u))vds + /a Q(h(x,u) — Olu[P*u)vdp,

is satisfied for all nonnegative test functions v € WP(Q). Analogously, replacing
‘u’ by '’ and <’ by '>’, we obtain the definition of a weak supersolution of problem
(1.1). Tt is obvious that every weak solution is both a weak subsolution and a weak
supersolution. As a consequence of the assumptions in (H) we get a helpful result
stated above.

Corollary 2.1. Under the hypothesis (H) for each £ > 0 there exist constants
X1, X2 > 0 such that, for all 0 < |s| <¢,

If(z,8)] < x1|s[P7Y, for a.a. x €Q, |h(z,s)] < xa|s[P™!, for a.a. x € 9.

To be more precise, the growth conditions in Corollary 2.1 come from the as-
sumptions (H1), (H3), (H4) and (H6), respectively.

As mentioned in the Introduction, we need the properties of the Fuc¢ik spectrum
of the negative p-Laplacian —A,, with Robin boundary condition. This spectrum is

defined as the set flp of all pairs (a,b) € R? such that

—Apu = a(uT)P~t —b(u" )Pt in £,
(2.2)
|Vu|p_2? = —Bluffu on 01,
v

is solved nontrivially meaning that u € W1P(Q),u # 0, and verifies the equality

/ |Vu\p72Vu'Vvdx+B/ |ulP~2uvdp = /(a(qu)p*1 —b(u" )P Yvde, (2.3)
Q o0 Q

for all v € W1P(Q). In (2.2), respectively (2.3), the parameter 3 is supposed to be
a fixed, nonnegative constant. If § = 0, (2.2) reduces to the Fuéik spectrum ©,, of
the negative Neumann p-Laplacian (see [3]). The special case a = b = A leads to
ou
v
which is known as the Robin eigenvalue problem of the negative p-Laplacian. Prob-
lem (2.4) was studied in the important publication of Lé [18] devoted to the eigen-
value problems for the negative p-Laplacian. In the Robin case he proved that the
first eigenvalue A; of (2.4) corresponding to the fixed value g is simple, isolated and
it can be variationally characterized through

A1 = inf VulPdx + / pd:/ Pd 21}. 2.5
=it o [ wras [ [ pas 25)

Moreover, the set of eigenvalues to (2.4) is closed (see [18, Theorem 5.9]). It is also
known that the first eigenfunction ¢, associated to A\; has constant sign in 2 and
every eigenfunction corresponding to an eigenvalue greater than A; has to change
sign. As 1 > 0 in Q and ¢; belongs to C1:%(2) for some 0 < a < 1 it follows
that ¢; € int(C1(2),) where int(C'(Q),) denotes the interior of the positive cone
CHQ)y = {u e CHQ) : u(x) > 0,Vz € Q} in the Banach space C*(Q), which is
nonempty and given by

int(C'(Q)1) = {ue C*(Q) : u(z) >0,vz € Q} .

— Apu = AMu[P2u in ©Q, |Vu|P~2 = = —Blu|Pu on 09, (2.4)
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Remark 2.2. If )\gﬂ) is the first eigenvalue of the Robin eigenvalue problem (2.4)
corresponding to the fized value B > 0 and if 0 is a real parameter satisfying 0 < 0 <
B, then we see from (2.5) that /\5’3) > )\§0) where )\ge) is the first eigenvalue of (2.4)
concerning the value 0. This note is required in the end of the proof of Theorem /.1
demonstrating the existence of extremal constant-sign solutions of (1.1).

Let us turn back to the Robin Fuéik spectrum which was recently studied in [24]
through a variational approach using a mountain-pass procedure. More precisely,
it was shown that ¥, contains a first nontrivial curve C which can be expressed as

C = {(s + cls), c(5)), (c(s),5 + c(s)) : 5 > O}, (2.6)
where c¢(s) is given by

= inf js ’
)= o ey P
with
I'={yeC(-1,1],5) : v(~1) = —p1 and ¥(1) = o1 }. (2.7)

Here, J, is equal to the restriction of the C''-functional J, : W?(Q) — R defined
by

Js(u) :/ |Vu|pdx+5/ |u|pdu—s/(u+)pdx
Q a0 Q
to the C'*-submanifold
S = {u e Whr(Q): / |ulPdx = 1} (2.8)
Q

of WLP(Q). This first nontrivial curve stated in (2.6) is Lipschitz continuous, de-
creasing and its asymptotic behavior can be described by

. )\1 ifp < N
lim ¢(s) =<~ _
s=+oo A>N ifp>N
where
A = inf max ‘[Q V(res + w)fPdz + fan lrp1 + U|pd“7
Jolrex + ulrda
with

L= {u € WH"P(Q) : u vanishes somewhere in Q,u # 0}
(see [24, Proposition 4.2 and Theorem 4.3]). With the help of this first nontrivial
curve, we can formulate our last hypothesis on the given data in (1.1).
(H8) Let 8 be chosen such that 0 < § < 3 and let (a,b) € RZ be above the first
nontrivial curve C of the Fuéik spectrum X, constructed in [24].

In case a = b = A condition (H8) reduces to the assumption that the value A is
strictly greater than Ay being the second eigenvalue of the Robin eigenvalue problem
of —A, because of the fact that the point (A2, A2) belongs to ip. In [24] a variational
characterization of this eigenvalue is obtained by the representation

A2 = inf max [/ |Vu|pdx+ﬁ/ |u|pda} .
’YEFuE’y[—l,l] Q o0

For a detailed summary about the Fuéik spectrum of the negative p-Laplacian with
different boundary conditions we refer to the recent overview article in [25].
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A second problem which plays an important part in our treatment is the subse-
quent boundary value problem

~Apu=—|ulf2u+1 inQ, |Vu|p’2% =1 on 09, (2.9)
v
which means that

/ |Vu|P~2Vu - Vode = —/(|u|p_2u— 1)de+/ vdp (2.10)
Q Q a9

is fulfilled for every test function v € WP(Q). From the classical existence theory
we infer the existence of a weak solution of problem (2.9). Testing (2.10) with
v = e; — e, where e1,e5 € WHP(Q) are two weak solutions of (2.10), we get the
uniqueness. Denote by e € W1P(Q) the unique weak solution of (2.9), we see
at once that e must be nonnegative (testing with v = e~). Further, we obtain
e € L>*(Q) (see [31, Theorem 4.1] or [33, Corollary 1.2]) and from the regularity
results of Lieberman [20] it follows e € C1*(Q) with « € (0,1). Taking (2.9) into
account we have

Ape=leff2e —1<eP™! ae. inQ.

Defining 3 : [0,00) — R through §(s) = s?~! for s > 0 we may apply Vazquez’s
strong maximum principle (see [27, Theorem 5]) to get e(z) > 0 for all x € Q.
Fixing zo € 0N such that e(z¢) = 0 and using again Vézquez’s strong maximum
principle we conclude that du/0v(zg) < 0. From the boundary condition in (2.9)
we obtain |Vu|P~20u/0v(zo) = 1 which is a contradiction. Hence, e(x) > 0 in
guaranteeing e € int(C*(Q) ).

3. Existence of sub- and supersolutions. In this section we provide the ex-
istence of some pairs of weak sub- and supersolutions of our problem (1.1). Here
and in the rest of the paper we denote by ¢ the first eigenfunction of the Robin
eigenvalue problem (2.4) corresponding to the first eigenvalue \; related to the fixed
parameter $. The function e stands for the unique weak solution of problem (2.9).
The main result in this section is the following.

Lemma 3.1. Let the assumptions in (H) be satisfied and suppose that a,b > A
as well as 0 < 0 < B. Then there are constants 9,,9, > 0 depending on a and b,
respectively, such that Uq,e is a positive weak supersolution and —vye is a negative
weak subsolution of problem (1.1). Additionally, the function ep; is a positive weak
subsolution of problem (1.1) while —ep; is a negative weak supersolution provided
the number € > 0 is sufficiently small.

Proof. We start to show that J,e is a positive weak supersolution of (1.1) with a
positive constant ¥, to be specified. From (2.10) we obtain

/ |V (Fqe) P2V (9q4e) - Voda
@ (3.1)

2 Q a0
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Combining the definition of a weak supersolution and equation (3.1), we have to
show that the inequality

/(195_1 — (14 a)(W.e)P™ — f(x,0q€))vdx

@ (3.2)

—|—/ (9P 4 0(Fqe)P ! — h(x,Vqe))vdu > 0
Ele)

is satisfied for all nonnegative test functions v € W1P(Q2). Thanks to condition
(H2) there exists a number s, > 0 such that

f(z,s)

sp—1

With the aid of (H1), one gets

<—(1+a), foraa. ze€andalls>s,. (3.3)

f(x,8) + (1+a)sP™! <c,, foraa. z€Qandallscl0,s,] (3.4)
with a constant ¢, depending on a. Finally, from (3.3) and (3.4) it follows
flz,8) < —(1+a)s?P™' + ¢4, foraa € Qandalls>0. (3.5)

From (H5) we obtain the existence of sg > 0 such that
h(zx,s)

sp—1

<0, fora.a. xe€dand all s> sy,

and condition (H4) yields a constant ¢y > 0 such that
h(z,s) <cg, fora.a. xedandallse]|0,sq
Consequently this leads to
h(z,s) < 0sP~' 4 ¢y, fora.a. x € dQ and all s > 0. (3.6)

Now we can estimate the integrals in (3.2) using the inequalities in (3.5) and (3.6).
It results in

/Q('gg_l — (1+a)(Wae)? ™! = f(x,V0e))vd
+ / (0P 4 0(9ac)?~" — h(z, ac))vdp
o0
> / (0PL — (1 + ) (Fae)”" + (1 + a)(Due)P~" — ca)vdz
Q
* /39095*1 +0(9ae)’ " = 0(9ae)’ " — co)udp

= /{2(19271 — cq)vd + /(99(19571 — cg)vdp,

1
for allv € W1P(Q) . From the choice ¥, := max {ct ", c; " v we conclude that the
function @ = J,e is a positive weak supersolution of our problem (1.1). Following
the same pattern one can prove that u = —dpe is a negative weak subsolution of
(1.1).
Let us prove the second part of the lemma. To this end, we consider the weak
formulation of the Robin eigenvalue problem of the p-Laplacian multiplied with the
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parameter eP~! > 0, namely
/ [V(ep1) P72V (ep1) - Vudz
Q

= [ Mi(epr)P tode — | Blepr)P " rodu, Yo € WHP(Q).
Q [o19)

Taking the definition of a weak subsolution into account we have to prove that

/ (M — a)(e)P ™! — f(z,e01)vdz

¢ (3.7)

+ / (60— B)(01)? ™" — h(z, e01))vdjs < 0
oN

is fulfilled for all v € W1P(Q),. Applying the assumptions (H3) and (H6) provides
the existence of two numbers §, > 0 and dy > 0 such that

/(,9)
s

Az, 5)]

|s|p=t

<a-—2X\, foraa. zeQandall0<]|s|<dg,
(3.8)

<pB—-0, foraa ze€dandall0<]|s| <y,
due to the fact that a > A\; and 8 > 6. Choosing

6 1)
0<5<min{ o 00 },
[e1lloe ™ o1 lloo

where ||¢1|loo stands for the supremum-norm of ¢;, along with (3.8), we obtain
from (3.7)

/Q (1 — a)(ep)P™ — f(z,en))vde
" /a (0= B) (e = B,z od
< [(Ou =0 + a= M) uda
Q

4 [ (OB + (6= 0)(epn) o
o0
= ()7

which proves the assertion. The existence of a negative weak supersolution —egq
can be shown in a similar way. O

Remark 3.2. Note that every nontrivial weak solution u € [0,0¢€] of (1.1) belongs
to int(CY(Q)4). This follows from the CL%-regqularity of Lieberman [20] combined
with Vdzquez’s strong mazimum principle [27] and the growth properties of f and
h given in Corollary 2.1. The same holds true for every nontrivial weak solution
u € [—pe, 0] meaning that u lies in —int(C(Q),).

4. Extremal constant-sign solutions. The main result in this section is the
following theorem about the existence of extremal constant-sign solutions of problem

(1.1).
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Theorem 4.1. Let the conditions in (H) be satisfied and let 0 < § < 8. Then, for
every a > A1 and b € R, there exists a smallest positive weak solution uy = uy(a) €
int(CH(Q) ) of (1.1) in the order interval [0,9,€] while for every b > A\; and a € R,
there exists a greatest negative weak solution u_ = u_(b) € —int(C1(Q)) within
[7191,6, O]

Proof. We only prove the assertion for the smallest positive weak solution, the
other case acts in the same way. From Lemma 3.1 we know the existence of a
positive weak subsolution ep; € int(C'(Q);) and a positive weak supersolution
Yqe € int(CH(Q),). Taking € > 0 small enough such that ep; < 9,e provides an
ordered pair of weak sub- and supersolutions of problem (1.1), namely [ep7, 9 €].
The method of weak sub- and supersolution concerning problems of type (1.1)
(see [7]) ensures the existence of a smallest positive weak solution u. = wu.(a) of
(1.1) lying between ep1 and Y,e. Taking into account Remark 3.2 we obtain that
ue € int(C1(Q),). Therefore, for every positive integer n sufficiently large, there
exists a smallest positive weak solution u,, € int(C1(Q2);) of problem (1.1) satisfying
%901 < u, < Yqe. From this we get a sequence (u,) of smallest positive weak
solutions being monotone decreasing. It follows

Up L up  pointwise (4.1)
with a function u : Q@ — R belonging to [0, J,€].

Let us show that uy solves problem (1.1). As u, € [%gpl,ﬁae], one can easily
prove the boundedness of (u,) in W1P(Q). Thus, there is a weakly convergent
subsequence of (u,) and due to the monotonicity of (u,) along with the compact
embeddings WP (Q) — LP() as well as WHP(Q) — LP(9Q), the entire sequence
(un,) has the following convergence properties:

Up — uy  in WHP(Q),

4.2

Up, = uy  in LP(Q), in LP(9Q), for a.a. z € Q, and for a.a. z € IN. (42)
As u,, solves problem (1.1), we have
/ |V, P2V, - Vodz

@ (4.3)

= /(auﬁ_1 + f(z,up))vdx +/ (h(z,upn) — Oulvdu,
Q o9

for all v € W1P(Q2). Taking the test function v = u,, — uy € WH?(Q) leads to

/Q IV, P2V, - V(u, — uy)de

- / (@2 + F (1)) (1t — g ) + / (s 1m) — BU2™) (e — ).
Q o0

Thanks to the boundedness of f and & in combination with the convergence proper-
ties in (4.2) and the uniform boundedness of the sequence (u,,), we get by applying
Lebesgue’s dominated convergence that

n—0o0

lim sup/ |Vt |P~ 2V, - V(up — uy )de =0,
Q

which by the (S, )-property of —A, on W1P(Q) implies
U, —uy in WHP(Q). (4.4)
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The strong convergence in (4.4) along with (H1), (H4) and the uniform boundedness
of (u,) allows us to pass to the limit in (4.3) which ensures that u, is in fact a
weak solution of (1.1).

Taking into account Remark 3.2 we know that u, € int(C*(Q)) provided u # 0.
Arguing by contradiction, we suppose that uy = 0 implying that (see (4.1))

un(x) L0 forall z € Q. (4.5)
Setting
o for all
Wy = —————— r all n,
! l[unllw.r ()

we may suppose that, along a subsequence denoted again by w,,
wy, = w  in WHP(Q), (4.6)
wy, = w in LP(Q), in LP(99), for a.a. x € Q, for a.a. x € 99, )

with some function w € WH?(Q). Additionally, there exist functions k1 € LP(Q),
ko € LP(0R)4 such that

|wn(z)| < k1(z) for a.a. all z € Q,

4.7
|wp ()] < ko(x)  for a.a. all x € 09. (47)
Using the representation u, = ||, ||w1.r)wn we have from (4.3) the variational
equation
/ |Vw, [P~2Vw,, - Vodz
“ (4.8)

n h b n - —
:/ (aw£_1+wwg_1)vdﬁ/ (@f_ul)wg " 1>vdu’
Q u, oo \ uh

for all v € W1P(Q). Particularly, for the choice v = w,, — w € W1P(Q), one gets

/ |an|p_2an -V(w, —w)dx
Q

= /Q <awg—1 + wwgﬁ—l) (w, — w)dx (4.9)
—|—/ (Wwﬁ_l - 9wﬁ‘1> (wy, — w)dp.
o0\ un

Applying Corollary 2.1 with £ = 9,]|e||o there exist constants ¢y, cp, > 0 such that

@ @]t 1) () — ()] < epha (@) (ka (=) + ()],

el )
B g @lunte) — 0] < enkole)™ (ha(o) + (),

where (4.7) is also taken into account. As the right-hand sides of (4.10) are in
LY(Q) and L'(99Q), respectively, we may apply Lebesgue’s dominated convergence
theorem, which associated with (4.6) provides

f(iE, un) p—1

lim 1wy (wn —w)dz =0,
n— oo
@ Un (4.11)
5 h(z, up) b1 _
im ———wh " (w, — w)dp = 0.

n—oo [90 ng_
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From (4.9) in conjunction with (4.11) we derive

n— oo

limsup/ |Vw, [P~ 2Vw, - V(w, —w)dz = 0.
Q

Applying again the (S, )-property of —A,, corresponding to WP (1) yields
wy, —w  in WHP(Q), (4.12)

while ||w|[w1r@) = 1 meaning w # 0. Taking into account (4.5), (4.12), and the
assumptions (H3) and (H6), we may pass to the limit in (4.8) which results in

/ |Vw|P~2Vw - Vudz = a/ wP™ tvdr — 6 wPtodp, Yo € WHP(Q). (4.13)
Q Q oQ

Since w # 0, equation (4.13) represents the Robin eigenvalue problem of the negative
p-Laplacian —A, with the eigenfunction w > 0 corresponding to the eigenvalue a
and related to the parameter . By means of Remark 2.2 and due to the assumptions
a > A and 0 < 6 < (8, we see that a is also greater than the first eigenvalue of the
Robin eigenvalue problem corresponding to the positive number 6. However, this
contradicts the results of Lé [18] because w must change sign in Q. Hence, uy # 0
concluding uy € int(C1(Q)4).

Finally, we have to check that uy is indeed the smallest positive weak solution
in [0,9,¢]. To this end, let u € W'P(Q),0 < u < J4e,u # 0 be a weak solution
of (1.1). Remark 3.2 ensures that u € int(C'(Q),). This implies the existence of
an integer n sufficiently large such that u € [%gpl, Jq€]. As we already know, u,, is
the smallest weak solution in the ordered interval [%gph ¥q€] meaning that u,, < u.
Making use of (4.1), we get uy < u which proves that u, € int(C'(Q);) is the
smallest weak solution of problem (1.1) within [0, 9,€]. O

Remark 4.2. Regarding Theorem /.1 the next proceeding is to find a third nontrivial
weak solution ug which lies between u_ and uy. If ug # u_ and ug # uy, then it
must be a sign-changing weak solution of (1.1) due to the extremality of uy and u_.

5. Sign-changing solution. In this section we prove the existence of a nontrivial
sign-changing weak solution ug € C!(Q) of (1.1) which belongs to the ordered
interval [u_,u].

To this end, let 74, 7_, 79 : 2 x R — R be truncation operators defined as:

0 if s <0 u_(zr) ifs<u_(z)
T+(z,8) = (s if0<s<ui(z), 7-(x,8)=1s ifu_(z)<s<0,
up(x) if s >uq(x) 0 ifs>0

u_(z) ifs<u_(x)
To(z,8) =< s ifu_(z) <s<uy(x).
uy(z) it s> up(x)
Further, we denote by TﬁQ,TQQ,T(?Q : 02 x R — R the corresponding truncation
operators defined on 9€2. We see at once that these truncation functions are contin-
uous, uniformly bounded, and even Lipschitz continuous with respect to the second
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argument. Taking into account these truncations we introduce the subsequent as-
sociated functionals through

1
Tow) = (190l + 0l )

*/ / v (ary (2, 8)P " + f(z, 71 (2, 5))) dsde

/ / h(x, 7%z, s))dsdp,
o0

T = (Il @ + 01l o)

- / / " ol P Fa () dsda

-/ / (v, ))dsdp,

Tow) = (||Vu|\zpm + 0wl )

u(x)
—/ / (ary(z, )P~ —b|7—(z,8)[P" + f(z,70(z, 5))) dsdz

/ / h(z, 0% (x, s))dsdp.
a0

These functionals are well-defined and differentiable. Thanks to the truncation
operators combined with the equivalent norm stated in (2.1) (replacing ¢ by 6) it
can be shown that J_,J., Jo : WHP(Q) — R are coercive and weakly sequentially
lower semicontinuous implying the existence of their global minimizers (cf. e.g.
[34, Proposition 38.15] ). Further, the functionals fulfill the classical Palais-Smale
condition. A characterization of their critical points is stated in the next lemma.

Lemma 5.1. Every critical point w € WYP(Q) of J.(J_) is a nonnegative (non-
positive) weak solution of (1.1) such that 0 < w < wuy (u— <w <0), where uy and
u_ denote the extremal constant-sign solutions of (1.1) obtained in Theorem 4.1. If
w € WHP(Q) is a critical point of Jo, then w is a weak solution of (1.1) satisfying
U <w < Uy

Proof. Let us show the last assertion, the other ones can be done similarly. Suppose
w € WHP(Q) is a critical point of Jy, then it holds Jj(w) = 0 meaning that

/ |Vw|P~?Vw - Vodr + 9/ |w[P~2wudp

Q Ele)

= / (a7+(x,w)p_1 —b|T_ (337cu)|p_1 + f(x,m(x,w))) vdx
Q

—|—/ h(z, 70%(x, w))vdp, Yo € WHP(Q).
o0
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Since w4 is a positive weak solution of (1.1), we obtain
/ |Vuy|P2Vu, - Vodz
Q
_ /Q (aug—l n f(g;,u+)) vdz + /m (h(x,u+) - 9u¢—1) v,

for all v € WHP(Q). Now, putting v = (w — u, )t and combining both equations
above, one has

/Q ([VwP™?Vw — [Vuy [P *Vauy) - V(w — ug ) Tde
+ 9/69 <|w|p_2w - uﬁ_l) (w—uy)Tdu
= / <a7-+(at,w)p_1 —bl7_ (2, w)|P7 — auﬂ_l) (w—uy)tda (5.1)
Q
+ [ amew) = flou) @ - u) e
Q
+/ (h(z,78% (2, 5)) — h(z,us)) (W — uy) Tdp.
o0

With a view to the definition of the truncation operators it is easy to see that the
right-hand side of (5.1) vanishes. However, if w > u., the left-hand side is strictly
positive (cf. e.g. [8, p. 37]). Hence, it must hold w < u,. In order to prove u_ < w
we can proceed in the same line which yields u— < w < uy. Taking again the
definition of the truncations into account we have 7 (z,w) = w™, |7_(z,w)| = w™,
70(2,w) = w and 7Y} (x, w) = w meaning that w is a weak solution of (1.1) satisfying
- <w < ug. ]

Lemma 5.2. Suppose (H) and let a,b > A\ and > 6 > 0. Then the extremal
positive (negative) weak solution uy (u_) of (1.1) is the unique global minimizer of
the functional J4 (J_) while both of them are local minimizers of the functional Jo
as well. Further, Jy possesses a global minimizer wg being a nontrivial weak solution
of (1.1) satisfying u— < wy < uy.

Proof. Let wy € WHP(Q) the global minimizer of J; which exists due to the prop-
erty of J to be coercive and weakly sequentially lower semicontinuous. Concerning
Lemma 5.1 the critical point wy is a nonnegative weak solution to equation (1.1)
belonging to [0,u4]. In order to verify that wy is unequal zero, we have to show
that Jy(ws) # 0. According to hypothesis (H3) and (H6) we find numbers d, > 0
and dy > 0 such that

/(2 s)
(@, 5)

since ¢ > Ay and B > 0. We put € > 0 sufficiently small such that

<(a-— )\1)51’*1, Vs:0< s <4y,

5.2
<(B—-0)sP7t Vs:0<s<dy, (5:2)

x,s
x,s

epr <y, ellpiflo <das ellprlloo < o
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From (5.2) combined with the Robin eigenvalue problem we infer

Ji(epr) = 5p||901HLp(Q
cp1( e (@
/Q/ (z,5) dsdaH— spHgOlHLp(aQ) / / h(z, s)dsdu
EWl(l) 0—
< ey Q)+/ / (a—X\1)sP " tdsdo+-—- €p||g01||Lp 29)

ep1(x)
/ / (B —0)sP tdsdu
o

Hence, J, (wy) < 0 meaning that wy # 0. This yields that w; € int(C1(2)4) (cf.
Remark 3.2). Due to the fact that u, is the smallest positive weak solution of (1.1)
in [0,9,¢€] satisfying 0 < wy < uy we obtain wy = uy proving that uy must be
the unique global minimizer of J,. In a similar way, we get that u_ is the unique
global minimizer of J_. As ujy € int(C*(€),), there exists a neighborhood V,,, of
uy in the space C*(Q) satisfying V,,, C C*(Q);. Hence, it holds J; = Jy on V,,,
meaning that u, is a local minimizer of Jy on C1(Q). From [30] we know that u,
is a local minimizer on WP(Q) as well. Similarly, we obtain that u_ is a local
minimizer of Jy with respect to W1?(Q).

As mentioned at the beginning of this section the functional Jy : W1P(Q) — R is
coercive and weakly sequentially lower semicontinuous. That means that its global
minimizer, namely wp, exists. Taking into account Lemma 5.1 we get that the
critical point wp is a solution of (1.1) satisfying u_ < wg < uy. Since Jo(uq) =
J+(ug) < 0 it follows that wy must be nontrivial meaning wy # 0. O

Now, we are in the position to prove the main result in this section.

Theorem 5.3. Under the hypotheses (H) and (H8) problem (1.1) possesses a non-
trivial sign-changing weak solution ug € C*(Q).

Proof. In Lemma 5.2 it has been shown that the functional Jy : W1P(Q) — R
possesses a global minimizer wg € W1P(Q) which is a nontrivial weak solution of
our original problem (1.1) lying between u_ and uy. If wg # u— and wy # ug,
then g = wp must be a sign-changing weak solution of (1.1) due to the extremality
properties of the constant-sign solutions u_ and uy (cf. Theorem 4.1). In this case
we are done.

Let us prove the assertion if either wy = u_ or wy = w4 is satisfied. We only
show the case wg = w4, the other one can be done likewise. From Lemma 5.2 it
is known that u_ is a local minimizer of Jy. Without loss of generality we can
assume that u_ is a strict local minimizer of Jy elsewise there would exist infinitely
many critical points w of Jy being sign-changing weak solutions of (1.1) because
of the relation u_— < w < uy combined with the fact that u_ as well as uy are
extremal constant-sign solutions. With the aid of these assumptions we find a
number p € (0, |lus — u_||wrr(q)) such that

Jo(uy) < Jo(u—) < inf{Jo(u) : u € OB, (u_)} (5.3)

with 0B, = {u € W'?(Q) : [[u — u—||w1r.r(q) = p}. Now, we are able to apply the
mountain-pass theorem used to the functional Jy (see [26] or [28, Theorem 2.4.4]).
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Note that Jy fulfills the Palais-Smale condition which is required at this point. We
obtain the existence of a critical point ug € WP(Q) of Jy, that is Ji(ug) = 0,
satisfying

inf {Jo(w) : u € O0B,(u—)} < Jo(ug) = wlerll“fw ten[lfalj,(l] Jo(y(t)), (5.4)

where
Ty = {y € C([-1,1, W'(Q)) : 7(=1) = u—,7(1) = uy}.

We easily see from (5.3) and (5.4) that ug can not be u_ as well as u,. Therefore,
the critical point ug is a nontrivial sign-changing weak solution of (1.1) provided
ug # 0. That means we have to prove that Jo(up) # 0, which is satisfied if there
exists a path 7 € I'yy such that

Jo(3(£)) £0, forallte[1,1]. (5.5)

Let S (defined in (2.8)) and Sc = S N CY(Q) be equipped with the topologies
induced by W1?(Q) and C(Q), respectively. We set

e ={yeC(-1,1],8¢) : v(=1) = —p1,7(1) = 1}

while T' is stated in (2.7). Taking the recent results in [24] into account there
exists a continuous path v € T satisfying ¢ — ~(t) € {u € WHP(Q) : Jiu)(u) <
0, [|ul|r(n) = 1} provided the pair (a,b) is above the curve C of hypothesis (HS).
Here, the functional J(4 ) : WLP(Q) — R is defined as the potential associated to
the Robin Fuéik spectrum given by

Taa(@ = [ 1Vapdz+ 5 [ updn~ [ (@t + b ).
Q aQ Q
Thanks to this first nontrivial curve C, we find a number x > 0 such that

Jap(Y(t) < —k <0, forallte[-1,1].

Since S¢ is dense in S we deduce the density of ' in I’ (for the proof we refer to
[28]) which implies the existence of a continuous path ¢ € I'c such that

K
|J(a,b)(7(t)) - J(a,b) (’YC(t)” < 57 for all t € [717 1]

Further, as the set v¢([—1,1])(Q2) is uniformly bounded in R there exists a constant
M > 0 such that

|yo(t)(z)] < M for all z € Q and for all t € [—1,1].

Recall that uy,—u_ € int(C*(2);) (see Theorem 4.1). Then, for every u €
vc([—1,1]) and any bounded neighborhood U, of u in C*(Q), we find positive
numbers ¢, and ¢, satisfying

uy —sw € int(CY(Q)y) and —u_ + ww € int(CH(Q)4), (5.6)

for all ¢ € [0, ¢,], for all ¢ € [0, ¢,], and for all w € U,,. With the aid of (5.6) together
with a compactness argument we obtain the existence of a number e > 0 such that

u-(z) < ero(t)(z) < uy (@), (5.7)
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for all z € Q, for all t € [—1,1], and for all € € (0,e¢]. By means of the representa-
tion of J(4 ), we may write the functional Jy in the subsequent form

1 _
BHU‘”LP 6Q)+p/ﬂ(a(u+)p+b(u )P) dz

1 0 —
Jo(’u) :*J(a,b) (u) +

/ / (ars(z,s)P " = bl (2, 8)[P~" + f(z,10(2,5))) dsdz  (5.8)

u(a:)
/ / h(z, 78z, s))dsdp.
o0

Applying (5.7) to the new representation of Jy given in (5.8) it follows, for all
e € (0,ec] and all ¢t € [-1,1],

eve t)(r
Jo(eve(t)) < J(a b (evc(t / / f(z,s)dsdx

eve (t)(z)
—/ / h(z,s)dsdu
o0
eve(t (w
— l Jiap) (v (t // (z, s)dsdx

1 eve (t)(z)
f—/ / h(z,s)dsdpu
P Joa Jo

. e (@)
<eP [—H +—= / f(z,s)ds
0

2p  eP Jq
du] ;

(5.9)

dzr

) ev0 (D))
/ h(zx,s)ds
0

where we have used the fact that § < 8. Due to the assumptions (H3) and (H6)
there are constants ¥ > 0 and 15 > 0 such that

K
< —|g|p7t
7o) < gl

o0

for a.a. x € Q and all s: [s] < 9y,
|h(z,s)| < 75M:|89| 5[, for a.a. x € 9Q and all s : |s| < thy.

Now, we choose € > 0 sufficiently small such that ¢ < min {sc, 'J@, 11@[} to obtain

1 eve (t)(z) K
— / flz,s)ds|dx < —,
e? Ja|Jo op
(5.10)
1 eye (t)(z)
— / h(z,s)ds|dp < —
o2 |Jo 5p
Then, we get from (5.9) combined with (5.10)
Jo(evo®) <& [~ + =+ =) <0, forallte[-1,1]. (5.11)
2p  5p  5p ’

Relation (5.11) demonstrates the existence of a continuous path evyc connecting
—ep1 and ep1. In order to prove the latter in (5.5) we have to construct two other
paths which shall join ey and w4, respectively, u_ and —ep;.
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As proved in Lemma 5.2 the smallest positive weak solution w4 is the unique
global minimizer of J;, so we can suppose that Jy (uy) < Jy(ep1). Further, from
Lemma 5.1 it is known that the functional J, has no critical values in the interval
(J1(uq), J4(eq1)]. Since the functional J satisfies the Palais-Smale condition due
to its coercivity, the second deformation lemma (cf. [16]) can be applied to J.
Denote

IS = {u e WHP(Q) : Ji(u) < Jy(ep1)},
we obtain the existence of a continuous mapping
n:[0,1] x JIFH — I
characterized through

D 90u) =u,  (2) nLu)=uy, ) Jr((tu) < Jy(u),

for all t € [0,1] and for all u € J{¥*. Now we denote by 74 a path from [0,1] to
WP (Q) defined by v (t) = n(t,ep1) ™ = max{n(t,ep1),0} for all t € [0, 1]. Clearly,
~4 is continuous and joins ey and uy. Moreover, it satisfies

Jo(v+ (1) = T (74 (1)) < Jr(n(t,e01)) < Jy(ep1) <O,

for all ¢ € [0,1]. Finally, we may apply the second deformation lemma to the
functional J_ making use of the same arguments. We obtain a continuous path
- :[0,1] = WP(Q) connecting —ep; and u_ and satisfying

Jo(y=(t)) <0, forallte][0,1].

Now, the proof is almost finished. If we put the paths v_,v¢ and v together, we
get a continuous path 5 which joins u_ and wuy and it fulfills (5.5) meaning that
up € WHP(Q) obtained from the mountain-pass theorem is nontrivial. That means
that we have found a sign-changing weak solution ug of our original problem (1.1)
which lies between u_ and u,. That finishes the proof of the theorem. O
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We consider a nonlinear, nonhomogeneous parametric elliptic Dirichlet equation
driven by the sum of a p-Laplacian and a Laplacian (so-called (p,2)-equation)
and with a nonlinearity involving a concave term which enters with a negative
sign. By applying variational methods along with truncation and comparison
techniques as well as Morse theory (critical groups), we show that the problem
under consideration has at least five nontrivial solutions (four of them have
constant sign) for all sufficiently small values of the parameter.

Keywords: concave term; resonance; nonlinear regularity; nonlinear maximum
principle; critical groups

AMS Subject Classifications: 35J20; 35J60; 35J92; 58E05

1. Introduction

Let @ € RY be a bounded domain with a C%-boundary 9Q andlet 1 < g <2 < p < oo.
We study the following nonlinear nonhomogeneous parametric Dirichlet problem

—Apu— Au= f(x,u)—Aul"u  inQ,

P
u=20 on 0€2, (P

where A}, denotes the p-Laplace differential operator defined by
Apu = div (||W||{é;2w) for all u € Wy ().

Here A > 0 is a parameter to be specified and since 1 < ¢ < 2 < p < oo, the right-hand
side in problem (P);, contains a concave term given through —A|u|?~2u. The perturbation
f 1 QxR — RisaCarathéodory function (thatis, x — f(x, s)is measurable forall s € R
ands — f(x, s) is continuous for a.a. x € Q) being (p — 1)-linear near 00 and resonance
can occur with respect to the principal eigenvalue Xl(p) > 0 of (—Ap, Wol’p(Q)). The
aim of this work is to prove the existence of multiple solutions as the parameter A > 0
varies.
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The study of elliptic problems with concave nonlinearities started with the seminal
work of Ambrosetti et al. [1], who examined a semilinear equation driven by the Dirichlet
Laplacian and with a parametric reaction of the special form

F(s) = Als|?%s + [s|" s, (1.1)
where
2N ifN >3
1
l<g<2<r<2*={N-=-2 -

+oo ifN=1,2

In (1.1), we have the competing effects of two distinct nonlinearities of different nature
meaning that there is a concave term A|s|?~2s and also a convex one |s|"~2s. The authors
of [1] were interested to find positive solutions and proved that the problem has two
positive solutions provided A > 0 is sufficiently small. Additional results for problems
with combined nonlinearities as above were obtained by Bartsch and Willem [2], Li et al.
[3], and Wang [4]. Extensions to equations driven by the Dirichlet p-Laplacian can be found
in Garcia Azorero et al. [5], Gasiriski and Papageorgiou [6], Guo and Zhang [7], Hu and
Papageorgiou [8], and Marano and Papageorgiou [9]. In all of the aforementioned works,
the parametric concave term enters in the reaction with a positive sign. In our problem (P);,
the parametric concave term appears in the reaction with a negative sign. This produces a
different geometry for the problem and therefore leads to a different multiplicity theorem.
Semilinear problems with such a concave term were investigated by de Paiva and Massa
[10], Papageorgiou and Radulescu [11], and Perera [12].

We mention that equations involving the sum of a p-Laplacian and a Laplacian (also
known as (p, 2)-equations) arise in mathematical physics; see, for example, the works of
Benci et al. [13] (quantum physics) and Cherfils and Il'yasov [14] (plasma physics).

Our approach is variational based on critical point theory coupled with suitable trun-
cation and comparison techniques as well as Morse theory (critical groups). In the next
section, for the reader’s convenience, we review the main mathematical tools that we will
use in the sequel.

2. Preliminaries

Let X be a Banach space and X* its topological dual while (-, -) denotes the duality brackets
to the pair (X*, X).

Definition 2.1 The functional ¢ € C!'(X) fulfills the Palais-Smale condition (the
PS-condition for short) if the following holds: Every sequence (u,),>1 € X such that
(9 (uy))n>1is bounded in R and ¢’ (u,,) — 0in X* asn — oo, admits a strongly convergent
subsequence.

This compactness-type condition on ¢ leads to a deformation theorem which is the main

ingredient in the minimax theory of the critical values of ¢. A basic result in that theory is
the so-called mountain pass theorem.
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TueorEM 2.2 Let ¢ € CY(X) be a functional satisfying the PS-condition and let
up,ur € X, llug —uillx > p >0,
max{@(ur), p(u2)} < inf{pu) : llu —uillx = p} =:m,

and ¢ = infyer maxo<;<1 @(y (1)) withT = {y € C ([0, 1], X) : ¥ (0) = u1, y (1) = uz}.
Then ¢ > m, with c being a critical value of ¢.

In the analysis of problem (P); in addition to the Sobolev space WO1 P (), we will also
use the ordered Banach space

Ch@ = [ue '@ :ul,, =0}
and its positive cone
cl@, = {u € CH@) 1 u(x) > Oforallx 5}
This cone has a nonempty interior given by
int (C3 @)+ ) = {u € CL@) 1 u(x) > 0 Vx € Q, and g—Z(x) <0Vxe asz} ,

where n = n(x) is the outer unit normal at x € 9S2.

Throughout this paper we denote the norm of WOl P by |- WP and thanks to the
0

@ = Vul, forallu € W(}’p(Q), where || - || , stands

for the usual LP-norm. The norm of RY is denoted by | - ||gv and (-, -)g~ stands for the
inner product of RV,

Let fo : 2 x R — R be a Carathéodory function satisfying a subcritical growth with
respect to the second argument, that is

Poincaré inequality it holds ||u|| whp
0

| folx, $)| < a(x) (1 4 |s|’—1) fora.a. x € Qandall s € R,

witha € L®(Q)4,and 1 < r < p*, where p* is the critical exponent of p given by

N
. P itp<n,
p=yN-p

+00 if p>N.

Let Fo(x,s) = [y fo(x, t)dt and let ¢p : W(}”’(Q) — R be the C!-functional defined by

TR TR
po(u) = —|Vullp + = IVulls — | Fo(x, u)dx.
P 2 Q

The next result is a special case of a more general theorem of Aizicovici et al. [15] and
essentially is an outgrowth of the nonlinear regularity theory (see Ladyzhenskaya and
Ural’tseva [16], Lieberman [17]).

THEOREM 2.3 Ifug € Wol""(Q) is alocal C(]) (Q)-minimizer of @y, i.e. there exists py > 0
such that

90(u0) < po(uo +h) for all h € C{() with Ihllcy gy < o,
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4 N.S. Papageorgiou and P. Winkert

then ug € Cé’ﬁ(ﬁ) for some B € (0, 1) and ug is also a local Wé’p(Q)—minimizer of vo,
i.e. there exists p; > 0 such that

1, .
¢o(uo) = goluo + ) forall h-& Wy () with |l 1.0 = 1.

Remark 1  The first result in this direction was obtained by Brezis and Nirenberg [18].
Subsequently, important extensions were proved by Garcia Azorero et al. [S], Guo and
Zhang [7], and Winkert [19].

Given 1 < r < 0o, we denote by A, : W(}’r(Q) — W-L7(Q) with T+ L =1the
r-Laplacian defined by

(Aru, v) =/ IVullin? (Vi Vo)gdx  forallu, v e Wy (). @2.1)
Q

If r = 2, then A, = A becomes the well-known Laplace operator and we have A €
L (HOl (), H™! (SZ)), where £ (HOl (), H™! (Q)) denotes the vector space of all bounded
linear operators from HO1 (Q) into H~'(2). The next proposition summarizes the main
properties of the map —A, (see Gasiriski and Papageorgiou [20]).

ProrosiTioNn 2.4 If A, : Wé’r(Q) — W_l"/(Q) withl < r < o9, %—i—% =1,1s
defined by (2.1), then A, is bounded (in the sense that it maps bounded sets to bounded
sets), continuous, strictly monotone (hence maximal monotone) and of type (S)4+, i.e. if
Uy — U in Wol’p(Q) and lim sup,,_, o (—=Aruy, uy, —u) <0, then u, — u in Wo’p(Q).

Let A (p) be the first eigenvalue of the negative Dirichlet p-Laplacian (— Ap, Wé P (Q))
which has the subsequent properties:

o Ai( p) is positive, simple, and isolated;
[ ]

p
Vullp

el

A (p) = inf [ e Wy (Q),u # 0} . 2.2)

The infimum in (2.2) is realized on the one-dimensional eigenspace whose elements
do not change sign which easily follows from the representation in (2.2). Denote by 1 (p)
the L”-normalized eigenfunction (i.e. ||ii1(p)|l, = 1) associated to ):1( p), the nonlinear
regularity theory implies that i11(p) € Cé (Q) and the usage of the nonlinear maximum
principle (see Gasiriski and Papageorgiou [20, p.737-738]) yields i1 (p) € int (C}(Q)+).

In addition to 5\1 (p) > 0, the Lusternik—Schnirelmann minimax scheme gives a whole
strictly increasing sequence ()A\k(p))k>1 of eigenvalues of (—A P> Wé’p (Q)) such that

A (p) > 4+ooask — oo. If p # 2, we do not know if this sequence exhausts the
whole spectrum of (—A, Wol’p (£2)) but in case N = 1 (ordinary differential equations)
or p = 2 (linear eigenvalue problem), the answer is positive. In the case p = 2, we denote

by E (ik (2)) ,k > 1, the finite-dimensional eigenspace corresponding to the eigenvalue

Ar(2). Applying classical regularity theory, we have that £ ()A\k (2)) - Cé (Q) forallk > 1
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Applicable Analysis 5

and the eigenspace has the so-called unique continuation property (ucp for short) meaning
thatifu € E (ik(2)> vanishes on a set of positive Lebesgue measure, then u(x) = 0 for

all x € Q. For every k > 1 we set
k | —
H=PE (Ai (2)) and H=Hy = P E (,\i(z)).
i=1 ikt

In the linear case, we have a variational characterization for all eigenvalues, namely

2
IVul3
llull3

A1(2) = inf [ cu e HY(Q),u # 0} (2.3)

and fork > 2

- Ivaly _ — _
A (2) = max u € Hy,u#0

ll]l3
Cluvany
= min ”12”2 i€ H—1,u#0|. 24)
2

Taking into account the ucp of the eigenspaces along with (2.3), (2.4), we obtain the
subsequent lemma.

LEmMma 2.5

@ Ifk>10¢eL®Q). 9() < Ac(2) ace. in Q with © # i (2), then there exists
&y > 0 such that

||Vﬁ||§—/s;z9ﬁ2dxz§0 Jl%y 0 Jforalli e A,

() Ifk =19 € L®°Q)4, 0(x) > i(2) ae. in Q with 9 # Ay (2), then there exists
&1 > 0 such that

—12 — 22 —
||VM||2—/QI9M dx < —&; ||u||H01(Q) forallu € Hy.

Using the properties of Ai( p), we derive the following result (see, e.g. Papageorgiou
and Kyritsi [21, p.356]).

LEmMMA 2.6 Let? eALOO(Q)jL be such that 9 (x) < A (p) a.e.in 2and v # A (p). Then
there exists a number & > 0 such that

P _ Py > £ p L.p
IVullp /Qlﬂul dx > EZHMHWO'”’(Q) forallu e W™ (€2).
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6 N.S. Papageorgiou and P. Winkert

Next, we briefly recall some basic definitions and facts about Morse theory related to
critical points. To this end, let X be a Banach space, ¢ € C 1(X ) and ¢ € R. We introduce
the following sets.

¢ ={ueX:pw) <c} (the sublevel set of ¢ at ¢),
Ky,={ueX:¢u =0} (the critical set of @),
K(; ={uecKy:pu)=c} (the critical set of ¢ at the level ¢).

Let (Y1, Y2) be a topological pair such that Y» € Y; € X. For every integer k > 0, we

denote by Hy (Y1, Y>) the k 2 relative singular homology group of the pair (Y1, ¥2) with
integer coefficients. The critical groups of ¢ at an isolated ug € K, are defined by

Ci(p.ug) = Hy (9° N U, 9 N U \ {ug}) for all integers k > 0,

where U is a neighborhood of u¢ such that K, N ¢° N U = {up}. The excision property of
singular homology theory implies that the definition of critical groups above is independent
of the particular choice of the neighborhood U'.

If ug € X is a local minimizer of ¢, then

Cr(@, ug) = 8. 0Z forallk >0, 2.5)

where 8y o is the Kronecker symbol, that is

s |1 ifk=0
KOZ=Y0 ifk>1-

Fors € R, we set s = max{=+s, 0} and for u € Wol’p(SZ) we define u®(\) = u()*. It
is well known that

1 _ _
uiGWO’p(Q), |u|=u++u, u=u"—u".

The Lebesgue measure on RY will be denoted by | - |y. Finally, for any Carathéodory
function i : Q x R — R we define the Nemytskij operator Ny, : L?(Q2) — (LP(Q))*
corresponding to the function & by

Np)(-) = h(-,u().

3. Constant sign solutions

In this section, we prove the existence of constant sign solutions for problem (P);. We
impose the following conditions on the perturbation f : 2 x R — R.

Hi: f:Q xR — Ris a Carathéodory function such that f(x,0) = 0 fora.a. x € Q
and

(i) [f@,9)] < a@) (1+]s/P7") for a.a. x € Q, for all s € R, and with
aeL®(Q)y;
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(if) limsup,_, 4 If l(;‘_*?g < A1(p) uniformly for a.a. x € € and there exists

&y > 0 such that

f(x,s)s — pF(x,s) > —§) foraa.x € QandforallseRR,

where F(x,s) = [; f(x,)ds;
(iii) there exist functions 7, 7 € L°°(£2)+ such that

M) <nx) ae inQ,n#irQ)

and
0 < timinf 2 < fim sup
s—=0 s s—0

f%”)smm

uniformly for a.a. x € €;
(iv) f(x,-) is locally lower Lipschitz for a.a. x € €2, that is, for every compact
set K C R, there exists a constant cx > 0 such that

fx,s1) = f(x,8) > —cklsy —s2| forallsy,s; € K.

Remark 1  Hypothesis Hj(ii) implies that we can have resonance asymptotically at 00
with respect to A1 (p) > 0.

In order to prove the existence of constant sign solutions, we consider the positive and
negative truncations of the reaction in problem (P), for A > 0, namely the Carathéodory
functions

git(x, $) = f(x,£sT) F A (si)qq .

We set G)\jE (x,s) = fOS gki(x, #)dt and consider the C!-functionals wf : Wol’p(Q) — R
defined by

1 1
ﬁﬁﬂz—WMﬂ+ﬂWﬂ@—fGﬂwa-
P 2 Q
The corresponding energy functional ¢;, : Wol”’ (2) — R to problem (P); is defined by
1 p 1 2 A g
o) = =IVullp + = IIVullz + =llullg — | F(x,u)dx,
p 2 q Q
which is of class C! as well. First, we will see that the functionals stated above are coercive.

ProprosiTioN 3.1 Let hypotheses Hy be satisfied and let A > 0. Then the functionals (,oki
and @;_are coercive.

Proof We will show the proof only for (p;f, the proofs for the other functionals work
similarly. Arguing by contradiction we suppose that (p):|r is not coercive. Then we find a

sequence (u4,)p>1 € W(;’p(Q) and a number M > 0 such that

lnllyin gy = 00 and @ (un) = My
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8 N.S. Papageorgiou and P. Winkert

The second relation gives
1 p 1 2 +
—||Vun||p+§||Vu,,||2— G, (x,up)dx < My foralln > 1. 3.1
p Q

Taking y, =

implies || v, || = | and we may assume that
Q

IlunHW(},p( ) W(}’p(Q)
yo—y inWyP(Q) and y, -y inL?(Q) (3.2)

with some y € Wol’p (2). Applying the representation of y, inequality (3.1) becomes

1 Gt X, U M
Liwyag - [ Sy M a1 G
P Q ||Mn||W(i,p(Q) ””n”WOl.p(Q)

Because of hypothesis Hj (i) we have that

G (un()

p
u
Il

c L'(R) is uniformly integrable.
n>1

Taking into account the Dunford-Pettis theorem along with assumption Hj(ii) we obtain
G un(- 1
—*(p 1NN -9 (")’ inL*(Q) (3.4)
””n”WOLp(Q) P

with ¢ € L%(Q) satisfying ¢ (x) < 5»1 (p) a.e.in Q. Passing to the limitin (3.3) asn — oo
and applying (3.2) as well as (3.4) yields

vyl < [ o (1) ax, (3.5)
which implies
vy *? < /919 (»y*)" dx. (3.6)
Suppose now that ¥ # A ( p)- Then from (3.6) and Lemma 2.6 we get y* = 0. So inequality
(3.5) implies y~ = 0, that is y = 0. Then, using (3.3), we see that
Yu = 0 in WyP (),

a contradiction to the fact that ||yn||W1.p = 1foralln > 1.
~ 0

(€2)
Now we assume that 9 (x) = A;(p) a.e. in 2. Then (3.6) and (2.2) give

+P _ 3 +1|P
IVy*l, =rm [T,
which means that
yT =¢&a1(p) forsome & > 0.

If £ = 0, then y© = 0 and due to (3.5) y = 0. Hence, because of (3.3), y, — 0 in

Wé’p(Q) which is a contradiction since ||y,,||W1,,, = 1foralln > 1.
o (2)
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If & > 0, then y© € int (C}(R2)) and so yT(x) > 0 for all x € Q. Since y™ is the
+
limit of y;} in Wy'” () (see (3.2)) and y;+ it follows that

p— n
T ugll 1,p
Wy ()

u,J{(x) — +oo foraa. x € Q. 3.7

Thanks to hypothesis Hj (ii) and since ¢ < p we further obtain for a.a. x €  and for all
u=>0

d Gf(x,uy SOl —rut™P= — pF (e upup™" 4 2Lyt

du ub u2pr
fx,wu —ru? — pF(x,u) + %uq
- uptl
_ %o
= yuptl’

We conclude

+ +
Gy, y) Gy uw 5_0|: 1 1 } (3.8)
yP ub p Ly ub

for a.a. x € Q and for all y > u > 0. From hypothesis H; (i) we see at once that

F(x,s A .
lim sup M < A1(p) uniformly fora.a. x € Q.
s—+o0 s]?

Then, passing in (3.8) to the limit as y — 400, since g < p, we derive

A G(x, 1
1(p) — PACILD) 2—5—0— fora.a. x € Qand forall u > 0,
p ub p u?

which implies
A N
pF(x,u) — —pu‘f —M(puf <& foraa. x € Qandforallu > 0. (3.9)
q
Inequality (3.1) can be written as
1 p 1 2 +
_||Vun||p+§||vun||2§M1+ G)\. (x,un)dx forallnz 1,
p Q
which, due to (2.2) and (3.9), gives
. ) A .
St 3 < mp+ [ [oF (o) = 22 )" = Ra ) )" | s
=M

with My = M1p + &y|2|y > 0 and for all » > 1. This implies

2M

/ (uf) dx < =—— foralln > I. (3.10)
Q pri(2)

On the other side, from (3.7) and Fatou’s Lemma, we have

/ (u;)zdx — 400 asn — o0. 3.11)
Q
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10 N.S. Papageorgiou and P. Winkert
Comparing (3.10) and (3.11), we reach a contradiction. This proves that (p;' is coercive. [J

In general, coercivity does not imply the PS-condition (see, e.g. Gasiriski and Papageor-
giou [20, Example 5.1.15]). However, for the functionals gpxi and ¢, , this implication is true
as stated in the next proposition, which is a consequence of Proposition 2.2 of Marano and
Papageorgiou [22]. For completeness we provide the proof.

ProposiTioNn 3.2 If goic and @, are coercive, then they satisfy the PS-condition.
Proof The proof will be given only for (,o;L|r , the other ones work similarly. Suppose
(Un)n>1 C Wol’p(Q) is a PS-sequence, that is
\(p;f(un)| < M, forsome M4 > 0, foralln > 1, (3.12)
@) ) =0 in WP (Q)asn — . (3.13)

The assertion in (3.12) along with the coercivity of <p;r implies that (u,),>1 € W(} P(Q)is
bounded. Therefore, we may assume that

Uy, =~ u in W(}’p(Q) and u, — u in LP(Q). (3.14)
From (3.13) it follows

(—Apun, h) + (—Auy, h) —/ g5 (x, up)hdx
Q

E En”h”WJ!’(Q)»
forallh € Wol’p(Q) with &, — 0%, Now, choosing h = u, —u € Wé’p(Q), passing to the
limit as n — o0, and using the convergence properties in (3.14), we obtain
nli)rrgo [(—A[,un, Uy — u) + (—Auy, u, — u)] =0,
which by the monotonicity of —A implies that

lim sup [(_Apun’ Up — u) + (_Au’ Up — u>] = 0.

n—oo

Applying again (3.14) we infer from the last relation

lim sup(—Apun, Uy — u) <0,
n—oo

which by the (S), -property of —A, (see Proposition 2.4) results in #, — u in W(;’p (£2).
Hence, <p;' fulfills the PS-condition. O

ProrositioN 3.3 If hypotheses Hy hold, then we can find A* > 0 such that for all ) €
(0, A™) there exists t* = t*(X) for which

()% (:Et*ﬁl(Z)) < 0.

Proof Given ¢ > 0, by virtue of hypotheses H; (i), (iii), there exists ¢; = c1(g) > 0 such
that

1
F(x,s)> 5 n(x) —¢e) 52— cils|? foraa.x € Qandforalls € R, (3.15)
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By means of (3.15) we have for r > 0
. 2N T S VL A
o i1@) = 2 Vi @] + 5 Vi@l + 2 fa
—/ F(x,tﬁ1(2)) dx
Q

2

= [/ (?\1(2) - n(x)) (ﬁ1(2))2dx + e] + o2 [t + A9 ]
2 e

IA

for some ¢, > 0. Thanks to hypothesis H (iii) and since i1 (2) € int (C(% (§)+) we conclude

b= [ (10 -1@) @@) dx >0,
Q
Choosing ¢ € (0, &) we have

. (ti1(2)) < —c3t® + 2 [17 + A19]

[cz (ﬂ’—z + m—z) - C3] 2 (3.16)

A

for some ¢3 > 0 and for all r > 0.
Let (1) = tP~2 + a9 2 for all t > 0. Obviously, 8, € C!(0,c0) and since
q < 2 < pitfollows

Bi(t) = +oo ast — 0" and ast — +oo.
Hence, we find a number ¢y € (0, +00) such that
B (tp) = inf [B(t) : t > 0] > 0.
Moreover, it holds
Bl = [ (=21 + 2 - 28| =0,
which implies

1
fo = fo(A) = [%]” .
We see that 85 (fo(L)) — 0as A — 0. Therefore, there exists a number A* > 0 such that
B, (10) < z—z for all 1 € (0, %)
Taking t* = *(1) = tp(X), inequality (3.16) gives
a (:tt*ﬁl(Z)) < 0.
g

The next proposition will be helpful in verifying the mountain pass geometry of the
functionals wki and ¢;.
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12 N.S. Papageorgiou and P. Winkert

ProprosiTiON 3.4 Let hypotheses Hy be satisfied and let .. > 0. Then u = 0 is a local
minimizer of the functionals <,0;\—L and ;.

Proof As before we will do the proof only for (p;r. By virtue of hypothesis Hj(iii) there

exist numbers ¢4 > 0 and § > 0 such that
F(x,s) < C4s2 fora.a. x € Q and forall s € [0, §]. (3.17)

Letu € Cé (Q) satisfy ||“||cé(§) < 4. Applying (3.17) it follows

1 1
of ) = —Vully + 5 11Vull3 —f G (x, u)dx
P 2 Q
1 1 A
— Py 2 A 2—q +119
> p||Vu||p+2||Vu||2+[q C4”””cm)] [
> l||Vu||” + l||w||§ T fut]?. (3.18)
P ) q q

1

Choosing § > 0 such that § < (q%)H we infer from (3.18)
o) >0=¢f(0) forallu e Cj(R) with lull ey < 9.

This means that u = Ois alocal Cé (€)-minimizer of (piF and because of Theorem 2.3 u = 0
is also a local WO1 P (Q)-minimizer of <p;f. The proofs for ¢, and @, can be done in the same
way. O

Now, we will apply the mountain pass theorem (Theorem 2.2) and the direct method to
prove the existence of at least four nontrivial constant sign solutions of (P); for all A > 0
sufficiently small whereby two of the solutions have positive sign and the other ones have
negative sign. In what follows 1* > 0 denotes the number obtained in Proposition 3.3.

ProprosiTiON 3.5 Let hypotheses H| be satisfied and let ) € (0, 1*). Then problem (P));,
admits at least four nontrivial solutions of constant sign, namely

uo.it € CYE@+\ (0} and v, 0 € — (CH@+) \ (0}
such that
uo(x), u(x) >0 forallx € 2 and vo(x),0(x) <0 forallx € Q.

Moreover, ug and vy are the local minimizers of ¢;.

Proof Taking into account Proposition 3.1, we know that (p;f is coercive for all
A > 0. Moreover, by applying the Sobolev embedding theorem we easily verify that (p;' is
sequentially weakly lower semicontinuous as well. Therefore, by virtue of the Weierstrass
theorem, there exists an element uq € Wé"’ (2) such that

o (o) = inf [ ) :u € Wy (@] (3.19)
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From Proposition 3.3 it follows that if » € (0, A*) we can find a number t* = r*(A) > 0
such that

o (141 (2)) <0,

which ensures, due to W|Cl(§)+ = o and fi1(2) € int (C}(Q)4), that
0

|c5 @)+
o (r*i1(2)) < 0.
Hence, because of (3.19), we obtain
@5 (o) < 0=, (0),
implying ug # 0. Since uy is a critical point of <pr we have
(¢7)" (wo) =0,

that is,

(—Apuo, h) + (—Aug, h) = <Ng;f(u0), h> forall h € W(}’p(Q). (3.20)

Taking h = —u, € Wol‘p(Q) as test function in (3.20) gives ug > 0. Therefore, (3.20)
becomes

(= Ao, h) + (—Aug, h) = (Nf(uo) — ol h> forall h € W) (%),
meaning that ug solves our original problem

—Apug — Aug = f(x,up) — 2l inQ,

21
u=>0 on 0%2. 3.21)

Note that ug € L*°(2) (see Ladyzhenskaya and Ural’tseva [16, p.286]) and by means of
the regularity results of Lieberman [17, Theorem 1] we infer that ug € Cé (§)+ \ {0}.

Now, let a : RY — RY be the map defined by a(&) = ||g||fé;2g +&. Since p > 2itis
easy to see thata € C' (RV, R"). There holds

E®§

IE N3

Va(§) = IISIII@;2 [1 +((p -2 } +1 forallé e RY

and

(Va()y, y)gy > €]y forallé, y e RV,

Thanks to hypothesis H; (iv) we may apply the tangency principle of Pucci and Serrin [23,
p.35] which gives

uo(x) >0 forall x € Q.

Claim  uy is alocal C} (€)-minimizer of ¢;. B
Arguing by contradiction, suppose we can find a sequence (u,),>; C Cé (£2) such that

U, —> ugp in C(l)(ﬁ) and @) (un) < @y (uo).
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14 N.S. Papageorgiou and P. Winkert

Since @;, and because of (3.19) it follows

|C(])(§)+ = ‘»"ﬂq‘,(ﬁ)+

0 > @3 (uy) — @a(ug)
= @3(un) — ¢ (o)
> @ (un) — @ (un)

lIIV I+ 1IIV I3 + )LII ¥ / F( )d
= —||Vu —||Vu —||lu — X, Uy)dx
P nlip ) nli2 q nlig o n
1 1 A q
- ;“wnn; g IVunly = 2 o (15 + fg F(x,u)dx
Ay _
== fuz |7 - / F (x, —u, ) dx. (3.22)
q Q
By virtue of hypotheses Hj (i)—(iii), there exist numbers c5, ce > 0 such that
F(x,s) < 6552 + cgls|? fora.a.x € Qand forall s € R. (3.23)
Applying (3.23) in (3.22) yields

0 > @ (un) — @ (uo)
> = fuy | = es luy |3 = 6 uy |

>

Q>R >

_ — 12— — 1 p— _
a1 = [es s 15y + 6l [ 2 ] i 2 (3.24)

Since up > 0 we note that u,, — 0in C (). Therefore, (3.24) implies the existence of a
number ng > 1 such that

0 > @ (up) — @a(ug) =0 foralln > no,

which is a contradiction. This proves the Claim.

Taking into account the Claim and Theorem 2.3, we obtain that ug is a W(; P (Q)-
minimizer of w;j‘.

From Proposition 3.4, we know that # = 0 is a local minimizer of (p;f. We may assume
that it is an isolated critical point of <,0A+ or otherwise we have a whole sequence of distinct
positive solutions of (P),. Then, from Aizicovici et al. [24, Proof of Proposition 29] (see
also de Figueiredo [25, Theorem 5.10, p.42]) we can find a number p € (0, ||u0||W|,p(Q)
sufficiently small such that ‘

+ + : +(1) - +
@, (o) <0 =g, (0) <inf [gok (u) : ||u||W01,p(Q) = p] =m,. (3.25)
Recall that wz' is coercive (see Proposition 3.1). So, Proposition 3.2 implies that wz' fulfills

the PS-condition. This fact along with (3.25) permit the usage of the mountain pass theorem
stated in Theorem 2.2 to obtain an element & € Wé’p (€2) such that

ue KV’f and m;“ < (p;' (ﬁ) (3.26)
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Since i € K(p; we have ((p;')/ (ﬁ) = 0, that is
(= pit, h) + (= Ait, h) = (N @), b} forall h € Wy (). (3.27)

Taking h = —i~ € W,"(Q) in (3.27) gives [va=|5 + |va=|s = 0. Thus, @ > 0.
From (3.25) and (3.26), it follows that & & {0, ug} and i is a positive solution of (P); with
A € (0, A™). As before the nonlinear regularity theory and the tangency principle imply that
i€ CH(Q)4 \ {0} withii(x) > 0 forall x € Q.

Similarly, working with ¢,  instead of (p;f, we show the existence of two negative
constant sign solutions vy, 0 € — (Cé (§)+) \ {0} with vg(x), 0(x) < Oforallx € Q. [J

4. Five nontrivial solutions

In this section, we have to strengthen the hypotheses of the nonlinearity f : @ x R - R
in order to prove the existence of a fifth nontrivial solution of problem (P), forall A > 0
sufficiently small. We suppose the following conditions.

Hy: f: Q2 x R — R is a measurable function such that f(x,0) = 0 for a.a. x € Q,
f(x,) € CHR) and

(i) [f(x.9)] < a(x) (1+]s|772) for aa. x € Q, forall s € R, and with
aeL®(Q)y; A
(i1) limsup,_, 4o If I(;*’;)s < X1(p) uniformly for a.a. x € Q and there exists

&y > 0 such that

f(x,s)s — pF(x,s) > =& fora.a.x € Qand forall s € R,

where F(x,s) = [; f(x,0)dt;
(iii) there exist an integer m > 3 such that

Fl(x.0) € [im(z), St (2)] ae. in Q,

with f](-, 0) # An(2), f{(,0) # Any1(2) and
f(x,s)

N

fi(x,0) = lim uniformly for a.a. x € ;
s—0
v) |F(x,s)| < )\”’*Tl(z)sz + %M” for a.a. x € Q and for all s € R.

Remark 1  The differentiability of f(x, -) along with hypothesis H(i) imply that f(x, -)
is locally Lipschitz.

Let

m
Vo =EDE (i,- (2)) and W, = WoP(Q) N VL.
i=l1
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16 N.S. Papageorgiou and P. Winkert
Then we have

Wo (@) = Ve @ W and  dyy = dim V,, < 0.
In what follows let

) {u € Vil gy = p}, p > 0.

ProposiTioN 4.1 If hypotheses Hy hold, then we can find 1 € (0, A*], where A* > 0 is
as in Proposition 3.3, such that for all ). € (O, kg) there exists a number p = p(L) > 0 for
which

sup [@a(u) :u € 9B)'] < 0.

Proof Letn(x) = f/(x,0). Given ¢ > 0, by virtue of hypotheses Ha(i),(iii), there exists
a number ¢7 = ¢7(e) > 0 such that

1
F(x,8) = 5 (n(x) = €)s?> —cy|s|P foraa.x € Qandforalls e R.  (4.1)

Taking into account (4.1), we obtain foru € Vj,

1 1 A
@i.(u) = —IIVMIIZ + —IIVMII% + 6—1”””3 —/ F(x,u)dx
Q

< 1||v I+ 5 IVl + S ul 1[ (u’d
< —||Vu - —Nullg — = [ n(x)u“dx
p Pt g 2 g
£

o+ S lul + ol

1

E[nwnz /W(X)ude+8llu||§}

Q

A
—IIVullp 5|IM|IZ + C7||uI|Z} - (4.2)
Because of u € V,, and due to hypothesis H»(iii) along with Lemma 2.5(b) we verify that
2 2
IVul3 - f neldx < &l o -

Since V,, is finite dimensional, it is clear that all norms of V,,, are equivalent. Therefore,
from (4.2) and for ¢ > O sufficiently small, we have

< _ q p
() < —cgllul? 1p(9)+09 <)»||M|| 1,,(Q)+||M|| 11,(Q)>

[—Cs +c9 (W”q P o Q))} el g

for some cg = cg(e), cg > 0.

We consider the function 8, (f) = Ar7~2 4+ tP~2 and recall that g <2 < p.Asin
the proof of Proposition 3.3 we can find A* > 0 such that for all A € (0, i*) there exists
p = p(x) > 0 for which

0. (u) <0 forallu e aB/’)".
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Applicable Analysis 17
Taking A{; = min {)A\* A*} proves the assertion of the proposition. ]
We have another useful result.

ProprosiTiON 4.2 Let hypotheses H, be satisfied and let .. > 0. Then there holds
w)“Wm > 0.

Proof Taking into account (2.2), (2.4), as well as hypothesis H»(iv) we have for u € W,
1 p o1 s AL g
o) = —IVullp + IVully + —llullg — | F(x, u)dx
p 2 q Q

1 p_ 2 p] ] 2 2 2
> ; (IVullp = A1 (p)llullp | + 3 IVulls = Apms1 (2)llull;
> 0.

O

Now we are ready to prove the complete multiplicity theorem concerning problem (P);
for all A > 0O sufficiently small.

Tueorem 4.3 If hypotheses H, hold, then there exists A > 0 such that for all . € (0, A(";]
problem (P); admits at least five distinct nontrivial solutions

uo. it € CHE@4 \ 0}, vo. 9 € — (CHE+) \ (0}, and yo € CH@\ (0}
such that

uo(x), u(x) >0 forallx € 2 and vo(x),0(x) <0 forallx € Q.

Proof As it is always the case in multiplicity theorems, we assume that the energy
functional ¢, has a finite critical set or otherwise we already have a fifth solution and
so we are done (recall that the critical points of the energy functional are solutions of
our problem). From Proposition 3.5, we know that we can find A* > 0 such that for all
A € (0, A*) problem (P); has at least four nontrivial constant sign solutions

uo.it € CHE@+\ (0} and vo, i € — (CHE+) \ (0}
such that
uo(x),u(x) >0 forallx € 2 and wvo(x),v(x) <0 forallx € Q.

From Proposition 3.5, we know that u#( and vg are local minimizers of ¢, . Hence, due to
(2.5),

Ck (@3, up) = Cr (3., v0) = .02 forall k > 0. 4.3)

Furthermore, the proof of Proposition 3.5 shows that a € Cé (Q)4 \ {0} and

v E — (Cé (§)+) \ {0} are critical points of (,0;r and ¢, , respectively, of mountain-pass
type such that
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18 N.S. Papageorgiou and P. Winkert

0< mj,' < @ (ﬁ) and 0 <m, <@ (13) . (4.4)

Since ¢, is coercive (see Proposition 3.1), it is bounded from below. This fact along

with Propositions 4.1, 4.2 imply the existence of A € (0, A*] such that for all A € (0, Af)

@;. fulfills the assumptions of Theorem 3.1 in Perera [12]. Hence, we can find yg € WO1 P(Q)
such that

Yo € Ky, 01 (yo) <0=¢:(0), and  Cq,—1(¢x, yo) # 0. 4.5

From (4.5), it follows that yo is a nontrivial solution of (P);, forall A € (0, A}). Sincem > 3
we note that d,, — 1 > 2. Therefore, from (4.3) and (4.5), we conclude that yg & {uq, vo} and
from (4.4) and (4.5) it follows that yg & {12, f)}. Finally, as before, the nonlinear regularity
theory implies yo € C} () \ {0}. This finishes the proof. O

Remark 2 In contrast to the problems where the concavity enters in the nonlinearity with
a positive sign (see Gasinski and Papageorgiou [6] and Hu and Papageorgiou [8]), here
we are unable to show that the fifth solution yg is nodal. It is an interesting open problem
whether yg has changing sign. Finally, we mention that we could have used the differential
operator —A pu — uAu with u > 0 without any problem. For simplicity in the presentation,
we have assumed that & = 1.
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Abstract

We study a nonlinear parametric elliptic equation (nonlinear eigenvalue problem) driven
by a nonhomogeneous differential operator. Our setting incorporates equations driven by
the p-Laplacian, the (p, g)-Laplacian, and the generalized p-mean curvature differential
operator. Applying variational methods we show that for 4 > O (the parameter) suffi-
ciently large the problem has at least three nontrivial smooth solutions whereby one is
positive, one is negative and the last one has changing sign (nodal). In the particular case
of (p,2)-equations, using Morse theory, we produce another nodal solution for a total of
four nontrivial smooth solutions.
2010 Mathematics Subject Classification. 35120, 35160, 35J92, 58E05.
Key words. Constant sign and nodal solutions, nonlinear regularity, critical point of mountain pass type, extremal solutions, local minimizers,

maximum principle.

1 Introduction

Let Q € R" be a bounded domain with a C?-boundary dQ and let 1 < g < p. We study the following
nonlinear nonhomogeneous eigenvalue problem

—diva(Vu) = Aul?u — f(x,u) in Q,

P
u=0 on 09, P
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566 N. S. Papageorgiou, P. Winkert

where the mapping a : RV — RY is supposed to be continuous and strictly monotone with (p — 1)-
growth. The precise regularity conditions are presented in hypotheses H(a) (see Section 2). These
conditions incorporate in our framework of analysis some important differential operators, such as
the p-Laplace differential operator (1 < p < 00), the (p, g)-differential operator (1 < g < p), and the
generalized p-mean curvature differential operator (1 < p < o). Furthermore, A > 0 is a parameter
to be specified later and the perturbation f : QxR — R is a Carathéodory function (i.e., x — f(x, s)
is measurable for all s € R and s — f(x, s) is continuous for a.a. x € Q) whereby it is assumed
that f(x,-) exhibits a (p — 1)-superlinear growth near +oo for a.a. x € Q. We note that in case
f(x,s) = f(s) = |s]2s, q £ p <r <o, and —diva(V(-)) = —A, (the negative p-Laplacian),
problem (P), becomes the so-called p-logistic equation which is important in mathematical biology
and describes the dynamics of biological populations whose mobility is density-dependent. If ¢ < p,
then we have the subdiffusive case while the equidiffusive case occurs for g = p . Since the solution
of these applications describes population density, positive solutions are of concern (see Gurtin-
MacCamy [24]). Our aim is to prove a multiplicity theorem for problem (P), describing the number
of solutions as the parameter 4 > 0 varies. Moreover, we provide sign information for all the
solutions produced.

Problem (P), was first studied by Ambrosetti-Lupo [2], Ambrosetti-Mancini [3], and Struwe
[32], [33, p. 147]. In all these works the differential operator involved is the Laplacian (i.e. a(§) = &
for all ¢ € RY) and the perturbation f is x-independent satisfying either f € C'(R) (see [2], [3], [32])
or f is Lipschitz continuous (see [33]). Therein, it is proved that if 1 > A, where 1, denotes the
second eigenvalue of (—A, Hé (Q2)), then the problem has at least three nontrivial solutions. However,
they do not provide sign information for these solutions. An extension to the study of p-Laplacian
equations (1 < p < oo) was done by Averna-Motreanu-Marano [5], respectively, by Papageorgiou-
Papageorgiou [29]. In the present paper we prove a similar three-solutions-theorem for problem
(P), providing sign information for all solutions obtained. Moreover, in the particular case of (p, 2)-
equations (i.e., a(&) = ||€]|P72¢ + & for all £ € RY with 2 < p < oo is the sum of a p-Laplacian and a
Laplacian), we obtain the existence of four nontrivial solutions with complete sign information. In
fact, as the results of Dancer [16] suggest (see also Struwe [33, p. 147]), one cannot expect more
than four nontrivial solutions without any symmetry condition on the perturbation, even for 4 > 0
large.

Our approach is variational based on the critical point theory coupled with the usage of suitable
perturbation and truncation techniques and with comparison principles. In the last section we also
employ Morse theory (critical groups) dealing with the special case of the (p,2)-equation. The
main mathematical tools which will be used in this paper are recalled in the next section for the
convenience of the reader.

2 Mathematical background and hypotheses

We start with some basic definitions and facts about critical point theory which we will need in the
sequel. Let X be a Banach space and X* its topological dual while (-, -) is taken for the duality
brackets to the pair (X*, X). We have the following definition.

Definition 2.1 The functional ¢ € C'(X) fulfills the Palais-Smale condition at the level ¢ € R (the
PS.-condition for short) if every sequence (u,),>1 C X satisfying ¢(u,) — c and ¢'(u,) — 0 in X*,
admits a strongly convergent subsequence. We say that ¢ satisfies the Palais-Smale condition (the
PS-condition for short) if it satisfies the PS.-condition for every ¢ € R.

Using this compactness-type condition, we can prove the following minimax theorem known in
the literature as the Mountain Pass Theorem.
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On a parametric nonlinear Dirichlet problem 567

Theorem 2.2 If o € C1(X),ur,ur € X, |luz — 1|l > p > 0,
max{g(u,), p(uz)} < infle@) : |lu— |l = p} =: 1,
and ¢ satisfies the PS.-condition where
c= iyrg max o(y(1))
withI' = {y € C([0,1],X) : ¥(0) = u;,y(1) = up}, then ¢ > n, and c is a critical value of ¢.
Given g € C 1(X) and ¢ € R, we introduce the following sets

o ={ueX:pu<cl (the sublevel set of ¢ at ¢),
K,={ueX:¢ =0} (the critical set of ),
K, ={ueK,:pu)=c} (the critical set of ¢ at the level ¢).

Another result from critical point theory, which will be needed, is the so-called Second Defor-
mation Lemma (see, for example, Gasiniski-Papageorgiou [23, p. 628]).

Lemma 2.3 Ifo € C'(X),a € R,a < b < +0, ¢ satisfies the PS.-condition for every c € [a,b), ¢
has no critical values in (a,b) and ¢~'(a) contains at most a finite number of critical points of ¢,
then there exists a continuous map h : [0, 1] X (gob \ Kf;) — ¢ such that

(a) h(O,u) =uforallue goh \ K?;

(b) h(1,¢" \ K?) C ¢*;

(c) h(t,u) = uforall (t,u) € [0, 1] X ¢*;

(d) o(h(t,u)) < o(h(s,u)) forallt,s €[0,1],s <t andallu € <p” \ Kg.
Remark 2.4 In particular, Lemma 2.3 implies that ¢ is a strong deformation retract at ¢” \ K2.

As usual, we denote by C(') (Q) the ordered Banach space
CHQ) = {ue C'(Q) : ul,, =0}
with positive cone
Ccl@), = {u €CHQ) :u(x) =0 Vxe 5},

which has a nonempty interior given by
int (Cg(§)+) = {u € CHQ) : u(x) > 0 Vx e Qand ?(x) <0Vxe ag},
n

where n = n(x) is the outer unit normal at x € Q.

Let g,h € L™(Q). We write g < h if for every compact set K C Q there exists £ > 0 such that
g(x) + & < h(x) for a.a. x € K. Clearly, if g, h € C(Q) and g(x) < h(x) for all x € Q, then g < h.

In order to accommodate the extra linear term —Au, an easy modification of the proof of Lemma
3.7 in Filippakis-O’Regan-Papageorgiou [20] (see also Arcoya-Ruiz [4, Proposition 2.6]) leads to
the following strong comparison principle.
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Proposition 2.5 Lete > 0,p <r < oo, and g,h € L*(Q). Ifu,v € C(l)(ﬁ) are solutions of

—Apu— Au+ euPu=g inQ,

—Apy —Av + e v=h inQ,
and v € int (CH(Q), ), then v — u € int (CH(Q). ).

Now, we are ready to introduce the hypotheses on the map a(-). Let # € C'(0, +0) be a function
satisfying

<co and o <) <1+ 2.1
for all # > 0 and with some constants ¢, ¢y, ¢i, ¢ > 0.
Then the hypotheses on a(-) are the following.
H(a): a(¢) = ap(||€])é for all ¢ € RN with ag(¢) > 0 for all > 0 and
(i) ag € C'(0,0),1 > tay(t) is strictly increasing, lim,_,o+ ta(t) = 0, and

tag (1)
m
1=0* a(t)

(i) [IVa(@ll < c3

> —1;
(€D
lI€]]

J (llE1D
€1l

for all £ € RV \ {0} and some c3 > 0;

(iii) (Va(€)y, y)gy > III? for all £ € RN \ {0} and all y € RY.

Remark 2.6 From hypothesis H(a)(i) we see at once that a € C! (RN \ {0},RY ) nc (RN JRY ) im-

plying that hypotheses H(a)(ii), (iii) make sense. Let Gy(f) = fot sap(s)ds and consider the function
G : RY — R defined by G(¢) = Go(J|€]]) for all £ € RY. Then

VG(©&) = Gé(llfll)nfa = ao(lEIDE = a¢)  forall £ e RM\ {0).

Note that by virtue of hypothesis H(a)(i), we have VG(0) = 0 as well. Evidently G(-) is convex and
G(0) = 0, VG(¢) = a(¢) for all £ € RV. Hence we have the estimate

G(é) < (a(),&)pn forall € e RV, (2.2)

The hypotheses H(a), (2.1) and the integral form of the mean value theorem lead to the following
lemma, which summarizes the main properties of the map a(:).

Lemma 2.7 Let the hypotheses H(a) be satisfied. Then, there hold
(a) & — a(é) is maximal monotone and strictly monotone;

(b) lla@®)ll < cq (1 + ||§||”’1)f0r all ¢ € RN and some ¢4 > 0;

(c) @), Erv 2 35 IE for all ¢ € RY.
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As adirect consequence of Lemma 2.7 we obtain the following growth estimates for the potential

G().

Corollary 2.8 If hypotheses H(a) hold, then

Cc

! ElIP < G(&) < es (1 +||EllP)  forall £ € RN and some cs > 0.
p(p—1)

Example 2.9 The following maps satisfy hypotheses H(a):

(a)

(b)

()

(d)

Let a(¢) = ||§||”’2§ with 1 < p < oo. This map corresponds to the p-Laplace differential
operator defined by

Apu = div (|IVulP2Vu)  for all u € Wy”(Q).
The potential is G(¢) = %Ilfllf' for all £ € RV.

The function a(€) = ||€]|P72& + ullél|72€ with 1 < ¢ < p and g > 0 compares with the
(p, q)-differential operator defined by Apu + uAgu for all u € W(;"" (). The potential is
G¢) = §||§||/’ + §||.f||‘1 for all ¢ € RV, Equations driven by a (p, q)-differential operator arise in
mathematical physics such as quantum physics (for existence of soliton solutions, see Benci-
D’ Avenia-Fortunato-Pisani [6]) and in plasma physics and biophysics (see Cherfils-Il"yasov
[11]). Recently, there have been some existence and multiplicity results for such operators. We
refer to the works of Cingolani-Degiovanni [12], Medeiros-Perera [27], Papageorgiou-Smyrlis
[30], and Sun [34].

p=2
Ifa¢) = (1 + ||§-‘||2) * ¢ with 1 < p < oo, then this map represents the generalized p-mean
curvature differential operator defined by

div [(1 + ||Vu||2)%vu] for all u € W7(Q).
The potential is G(¢) = 1 [(1+1igl?)% = 1] for all £ € RY.

Let a(¢) = ||€|P7%¢ + % with 2 < p < oco. Then, the potential is given by G(¢) =

%||§||1’ + é]n(l + ||€]1P) for all & € RN, It should be mentioned the work of Clément-Garcia-
Huidobro-Mandsevich-Schmitt [14] where the authors also consider nonlinear nonhomoge-
neous equations using tools from the theory of Orlicz spaces producing solutions of constant
sign for a different nonlinearity than ours.

Now, let fy : Q X R — R be a Carathéodory function with subcritical growth in the second
argument, that is

lfo(x, s)| < a(x) +c|s|”™"  fora.a. xeQ, forall s € R,

witha € L*(Q),,c > 0,and 1 < r < p*, where p* is the critical exponent of p given by

b = L ifp<N,
+00 if p>N.
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Let Fo(x, s) = fos fo(x, H)dt and let ¢ : Wé’p (€) — R be the C'-functional defined by

wo(u) = fG(Vu)dx - f Fo(x,u)dx forallue W(;‘p(Q).
Q Q

The following result is essentially due to Motreanu-Papageorgiou [28] (see also Brezis-Nirenberg
[7], Garcia Azorero-Peral Alonso-Manfredi [21] and Winkert [35] for earlier results in this direc-
tion). The result is a consequence of the nonlinear regularity theory (see [25], [26]).

Proposition 2.10 Let the assumptions in H(a) be satisfied. If uy € WS”’ Q) is a local Cé(ﬁ)-
minimizer of @, i.e., there exists py > 0 such that

eo(u0) < polutg +h)  for all h € CH@) with [Ihly g < po.

then ugy € C(l)’ﬁ Q) for some B € (0, 1) and uy is also a local WS”’ (Q)-minimizer of @y, i.e., there exists
p1 > 0 such that

wolup) < @olug +h) forallh e W(;’p(Q) with ||h||W(;,p(Q) <pr.

Let % + # =1landletA: W(;”’ (Q) - W2 (Q) be the nonlinear map defined by

(A(w),v) = f (@(Vu), Vv)gvdx  for all u,v € W, (Q). (2.3)
Q

The following result summarizes the basic properties of A (see, for example, Gasiriski-
Papageorgiou [22, p. 562]).
Proposition 2.11 [f hypotheses H(a) hold, then A : WS"’ (Q) —» WP (Q) defined by (2.3) is con-
tinuous, monotone (hence maximal monotone), and of type (S)s, i.e., if u, — uin Wé’p Q) and
lim sup,_, ., (A(uy), u, — u) < 0, then u, — u in Wé’p(Q).

By A,, 1 < r < oo, we denote the special case of the map above corresponding to the r-Laplacian,
i.e.,

(A(u), vy = f IVull"™(Vu, Vv)gvdx  for all u,v € Wy" ().
Q

If r = 2, it reduces to the Laplacian and we write A, = A€ L (Hé (Q), H‘l(Q)).
Next let us recall some basic facts about the spectrum of the negative Dirichlet r-Laplacian, i.e.,
of (—Ar, Wé”(Q)) with 1 < r < co. We consider the following nonlinear eigenvalue problem

—Au = Aulu inQ,

2.4
u=0 on 0Q. 24)

A number 1 € R is an eigenvalue of (—Ar, Wé”(Q)) if problem (2.4) admits a nontrivial solution
ite W(;’p (Q) which is called an eigenfunction corresponding to the eigenvalue A. By 6-(r) we denote

the set of eigenvalues of (—A,, Wé’r(Q)). It is known that the set &(r) has a smallest element A, (r),
which has the following properties:

o 4(r)is positive;
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e 1,(r) is isolated, that is, there exists & > 0 such that [/All(r), 400 + e) No(r) = 4(r);

e A;(r) is simple, that is, if u, v are two eigenfunctions corresponding to A;(r), then u = kv for
some k € R;

5 IVull;,
1) = inf [ — s u e Wi @Q),u#0]. 2.5)
Il

In (2.5) the infimum is realized on the corresponding one dimensional eigenspace. Regarding
(2.5) it is also clear that the eigenfunctions corresponding to A;(r) do not change sign. In fact it turns
out that A(r) is the only eigenvalue with eigenfunctions of constant sign. All the other eigenvalues
have eigenfunctions which are nodal (i.e., sign changing). In what follows by i, () we denote the
L"-normalized (i.e., [|&t;1 ()|l = 1) positive eigenfunction corresponding to A1(r). The nonlinear
regularity theory and the nonlinear maximum principle imply that &;(r) € int (C(l)(ﬁ)+) (see [25],
[26] and [23, pp. 737-738]). Furthermore, the set 6(r) is closed and since ;ll(r) is isolated the
second eigenvalue A,(r) is well-defined by

A (r) = inf [2 eH(r): 1> Ql(r)] .

Now, let 0BY = {u € L'(Q) : |lullr = 1} and M, = WS”(Q) N OBL. Then, A(r) admits the
following variational characterization (see Cuesta-de Figueiredo-Gossez [15]).

Proposition 2.12 There holds

Ap(r) = inf max VIOl q, »
el 1

r) —lst<

where T(r) = {§ € C (=1, 11, M,) : (=1) = =iy (), 3(1) = & (r)}.

The Lusternik-Schnirelmann minimax scheme gives a whole strictly increasing sequence (/Alk(r))k>1
of eigenvalues, but it is not known if this sequence exhausts the whole set 6(r). Indeed, this is true
if N = 1 (ordinary differential equations) or if r = 2 (linear eigenvalue problem). In the latter case
by E (flk(Z)) ,k > 1, we denote the eigenspace corresponding to the eigenvalue Ax(2), k > 1.

Next, let us recall some basic facts about Morse theory. Let X be a Banach space and let (Y7, Y>)
be a topological pair such that ¥, C ¥; € X. For every integer k > 0, the term Hy (Y}, Y>) stands for
the k Zrelative singular homology group with integer coefficients. For k < 0, we have H (Y}, Y>) =
0. Let ¢ € C!'(X) and let u € X be an isolated critical point of ¢ with p(u) = ¢ (i.e., u € Ky). The
critical groups of ¢ at u € K, are defined by

Cr(p,u) = Hi(o° N U, N U\ {u}) forallk >0,

where U is a neighborhood of u such that K, N ¢° N U = {u}. The excision property of singular
homology implies that this definition of critical groups is independent of the particular choice of the
neighborhood U.

Suppose that ¢ € C'(X) satisfies the PS-condition and inf @(K,) > —oo. Let ¢ < inf ¢(K,). The
critical groups of ¢ at infinity are defined by

Ci(p, ) = Hi(X,¢°) forall k > 0.
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This definition is independent of the choice of the level ¢ < inf ¢(K,) which is a consequence of
the Second Deformation Lemma stated in Lemma 2.3.
We assume that K, is finite and introduce the following series in 1 € R:

M(t,u) = )" rank Cy(g, )" forall u € K,
k>0

P(t, 0) = Z rank Cy (¢, 00)t*.
k>0

Then, the Morse relation reads as follows:

Z M(t,u) = P(t,00) + (1 + HQ(t) forallt € R, (2.6)

uek,

where Q(7) is a formal series in ¢ € R with nonnegative integer coefficients.

It is well-known that if a functional satisfies the PS-condition or the C-condition and it is bounded
below, then it is coercive (see Caklovié-Li-Willem [9] and Gasiniski-Papageorgiou [23, p. 614]). The
converse is in general not true. However, in the setting of this work the converse is true.

More precisely, let f : Q x R — R be a Carathéodory function such that

[fx.9) <at)(1+]s/") foraa. xeQ, forall s €R,

with a € L*(Q);, and p < r < p*. We set F(x,s) = fos f(x, 1)dt and consider the C!-functional
@ : WyP(Q) — R defined by

o) = f G(Vidx - f Flxude.
Q Q

Proposition 2.13 If  is coercive, then it satisfies the PS-condition.

Proof. Suppose (u,),>1 € W(l’p () is a PS-sequence, that is
|p(u,)| < M for some M > 0, foralln > 1, 2.7)
@) » 0 in WHP(Q). (2.8)

The statement in (2.7) along with the coercivity of ¢ implies that (u,),>1 C WS’P () is bounded.
Therefore, we may assume that

uy = u in WyP(Q) and u, —u in LP(Q). (2.9)
From (2.8) it follows

& .

n”V”W(; P(Q)

< — 20 "
T+ Tl

‘(A(un), V) — f F(x, up)vdx
Q

J(Q)

forallv e Wé’p (Q) with &, — 0. Now, choosing v = u, — u, passing to the limit as n — oo, and
using the convergence properties in (2.9) we obtain

lim (A(u,), u, —uy = 0,
n—oo

which by the (S).-property of A (see Proposition 2.11) gives u, — u in W(;’p (€2). Hence, ¢ fulfills
the PS-condition. O
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Finally we conclude this section by fixing our notation. Throughout this paper we denote the
norm of W(; ?(Q) through ||-||Wé.p @ and thanks to Poincare’s inequality we have IIMIIW(;,,;(Q) = [|IVullpr o
for all u € Wé”’ (Q). The norm of R is denoted by || - || and (-, -)gv stands for the inner product in

RY. For s € R, we set s* = max{+s, 0} and for u € Wé’p(ﬂ) we define u®(-) = u(-)*. It is well known
that

u* e Wé’p(Q), ul=u"+u", u=u"-u.

The Lebesgue measure on R is given by |-|y. Finally, for any Carathéodory function /2 : QxR — R,
we define the Nemytskij operator corresponding to the function % by

Ny@)(-) = h(-u(-)) for all u € W7 ().

3 Three solutions

This section is devoted to the study of problem (P), with 4 > O appropriately large. We prove the
existence of at least three nontrivial smooth solutions including complete sign information for these
solutions. Precisely, it will be shown that the first solution is positive, the second one is negative,
and the last one has changing sign (nodal).

Before we start with our results we state some stronger hypotheses on the map a(-) as in H(a)
which will be needed in our proofs.

H(a)’: a(&) = ao(||€]))é for all £ € RN with ag(f) > 0 for all £ > 0, hypotheses H(a)’(i)—(iii) are the
same as the corresponding hypotheses H(a)(i)—(iii) and

(i) if Go(r) = [! sao(s)ds for all 1 > 0, then > Gy (ré) is convex in (0, +00) and

t
lim sup ) < 400

-0+

Remark 3.1 The examples presented in Section 2 still satisfy hypotheses H(a)’. Note that hypoth-
esis H(a)’(iv) implies

G(&) < co (17 + 1I€1P)  forall & e RV, (3.1
with some cg > 0.
The hypotheses on the perturbation f are the following:
H{);: f: QxR — Ris a Carathéodory function such that

(i) for every p > 0, there exists a, € L>(Q).. such that

[f(x,5)] <a,(x) fora.a. xe€Qandforall|s| < p;

flx,9)

(ii) lim = = +oo uniformly for a.a. x € Q;
s—zoo |s|P2s

(iii) liI% {(;7; ) _ 0 uniformly for a.a. x € Q.
Rd ) R}
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Remark 3.2 We point out that no growth restriction is imposed on f(x, -). This is in contrast to the
considerations in [5] and [29], where it is required that f(x, -) has subcritical growth for a.a. x € Q.

Example 3.3 The following functions satisfy hypotheses H(f);:
filx,s)=a@)sI™2s  and  f(x,s) = a@)lsP2sIn(1 +|s])
witha € L*(Q) and p < r < 0.
Given any 77 > 0, by virtue of hypothesis H(f), (ii), there exists M| = M (n) > 1 such that
f(x,s)s > n|s|’ fora.a. x € Qand for all |s| > M. (3.2)
Letu = ¢ € [M}, +0). Taking into account (3.2), ¢ < p, and M; > 1, we conclude for n = A4
0> ™" - f(x,u) foraa. xeQ. (3.3)
Similarly, if v = —¢, then
0 <AW" % - f(x,v) fora.a. xeQ.

Applying u and v, we introduce the following truncations of the reaction in problem (P),:

0 if s <O,
hi(x,s) =4 As77! = f(x,5) if0<s<u, (3.4)
- fw) ifu<s,
and
A2y = f(x,v) if s <v,
hy(x,s) = Alsl972s = f(x, s) ify<s<0,
0 if 0 < s.

It is easy to verify that both mappings are Carathéodory functions. We set Hy(x, s) = fOX hy(x, Hdt
and consider the C'-functionals oy Wé’p (Q) — R defined by

s = [ 6uax- [ mioas
Q Q

Now, we are ready to produce two nontrivial constant sign solutions of (P), for suitable 4 > 0
large enough. In what follows, we use the notation

[0.7] = {u € Wy"(Q): 0 < u(x) <uae. in Q)
[v,0] = {u € Wy(Q) : v S u(x) < O ae. in Q.
Proposition 3.4 Suppose that hypotheses H(a)’ and H(f) are fulfilled and assume that
S {‘106;11(61) ifqg<p,
2qcedi(q)  ifqg=p

with the positive constant ce¢ of Remark 3.1. Then problem (P), has at least two nontrivial constant
sign solutions

up € [0,u] Nint (C3(Q),) and vo € [v,01n (- int(CHQ))).
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Proof. We start with the existence of the positive solution. Thanks to the truncation in (3.4) and
Corollary 2.8, it is obvious that ¢7 is coercive and taking into account the Sobolev embedding
theorem we verify that ¢? is sequentlally weakly lower semicontinuous as well. Hence, by virtue of

the Weierstrass theorern, we find ug € W0 *P(Q) such that
i(uo) = inf [@7(w) : u € WyP(Q)] = i}, (3.5)
Given & > 0, from hypothesis H(f)(iii), we can find 6 = 6(¢) € (0, u) such that

F(x,s) < f|s|‘1 for a.a. x € Q and for all |s| < é. 3.6)
q

Recalling i1 (g) € int (C}(Q), ), we choose 1 € (0, 1) such that ity ()(x) € [0, 6] for all x € Q. Then,
due to (3.1), (3.4), (3.6) combined with ||&t;(¢)l|z««) = 1 and the fact that 6 < u, we obtain

Zitin@) = [ GVeit@nds— [ Hicrin@ds
At
=fawwwmkéwmmm+ﬁnmwww

A q
< 6 (V@@ + PIV G @I 0) = - + 3.7

/l —
¢s (tq/h(q) + t"IIV(ul(Q))“mQ)) Tgtq

c6/l()+s A .
F o + sV @)L g

Now, we choose ¢ such that

0<e< /l—qcf)/li(q) %fq<p,
A—=2gcedi(q) ifg=p.
In both cases the right-hand side of (3.7) can be estimated above by zero. This gives (see also (3.5))
@a(uo) = iy <0 = §;(0),

which means that #y # 0 is nontrivial. Since u is the global minimum of @j, we have (@j), (up) =0
which results in

A(ug) = Np (uo). (3.3)
Taking —u; € Wé’p (Q) as test function in (3.8) and applying Lemma 2.7(c) and (3.4), it follows

LA <0

| | Lr(Q) =

ensuring that ug > 0. Next, we choose (4 — u)* € WS”’ (Q) as test function in (3.8). With the aid of
(3.3) and (3.4), we get

mwuwﬁm=ﬁﬂmmw—ww

= f A (g — w)*tdx — f Fx, W) (uo — 1) dx
Q Q
<0.
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From this we see that
f (a(Vugp), Vug)rvdx < 0
{ug>u}

meaning that, in combination with Lemma 2.7(c),

< f IVaolPdx < 0.
p-1 {uo>T1}

We conclude that |{zg > u}|y = 0, thus uy < u. Recalling that uy > 0 we get ug € [0, u] with uy £ 0.
Then, thanks to the definition of the truncation function in (3.4), relation (3.8) becomes

Alug) = uf™" = Ny(uo)
which can equivalently be written as

—diva(Vug) = wl™" - f(x,up)  inQ,
up=0 on 9Q.

Since up € L*(Q) (see Ladyzhenskaya-Ural’tseva [25, p. 286]) we can apply the regularity results
of Lieberman [26, p. 320] to obtain that uy € Cé(Q) \ {0}. Given ¢ € (0, 2), owing to hypotheses
H(f);(i),(iii), we find a constant ¢, > 0 such that

f(x,s) < s +c.sP7! foraa. xeQandforall0< s <
Hence, one has
div a(Vug(x)) < coup(x)P~! ae. in Q. (3.9)

Then, the strong maximum principle of Pucci-Serrin [31, Theorem 2.5.1] yields up(x) > 0 for all
x € Q. Applying the Boundary Point Lemma (see again Pucci-Serrin [31, Theorem 5.5.1]) gives
uy € int (CHQ).)-

Similarly, working with ¢; instead of ¢*, we establish the existence of a nontrivial negative
solution vg € [v,0] N (— int (C(l)(ﬁ)+)). O

Our next proceeding is the proof of the existence of extremal solutions of (P),; with 4 > 0 large
enough as before. That means, we prove the existence of a smallest positive solution and a greatest
negative solution, both of them are nontrivial and smooth.

To this end, let S, (1) be the set containing all nontrivial positive solutions of problem (P),. As
shown in Filippakis-Kristdly-Papageorgiou [19, p. 431], exploiting the monotonicity of a(:) (see
Lemma 2.7(a)), we have that S, (1) is downward directed, i.e., if u;,u; € S ,(A), then there is an
element &t € S, (4) such that & < uy,% < up. Therefore, without loss of generality, we can restrict
our treatment to the set

S+ =S, N0,ul.

Likewise, if S _(A) is the set of all nontrivial negative solutions of problem (P),, we can focus on the
set

S_(1)=85_(1)N[vo0l.
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By means of Proposition 3.4, we know that both sets are nonempty, i.e., S, (1) # 0 and S_(1) #
0. Additionally, by truncating f(x, -) at v (from below) and u (from above), we may assume without
loss of generality that

If(x,s)] < a(x) fora.a. x € Qandforall s € Rwithae L*(Q),

(see hypothesis H(f);(i)). Using this observation and hypothesis H(f),(iii), we see that for a given
e>0andr e (p,p*), we can find ¢; = c7(g,r) > 0 such that

f(x,8)s < gls|? + ¢7|s|” fora.a. x € Qand for all s € R. (3.10)
Let A > 0 and € € (0, 1). We consider the following auxiliary Dirichlet problem

—diva(Vu) = (A - &)l %u — c7lul >u  inQ,

3.11
u=0 on 0Q2. ( )

Our next result is about the uniqueness of constant sign solutions of problem (3.11).

Proposition 3.5 If hypotheses H(a)’ hold and if

. qcedi(@)  ifq<p,
2qcedi(q)  ifg=p

is satisfied, then problem (3.11) has a unique nontrivial positive solution u, € int (Cé(§)+) and by

virtue of the oddness of (3.11), v. = —u, € —int (C(l)(ﬁ)+) is the unique nontrivial negative solution.

Proof. First, we establish the existence of a nontrivial positive solution for problem (3.11). To this
end, we consider the C'-functional /588 Wg”’ (©2) — R defined by

A-—¢
—[lu|

lﬁjl(u)=fG(Vu)dx—
Q

7

q |

e R G ZTE

Since g < p < r and due to Corollary 2.8, we easily see that i} is coercive. In addition, one verifies
its property to be sequentially weakly lower semicontinuous. Hence, its global minimizer exists,

namely u, € Wé’p (Q) satisfies
Wi = inf [y @) : ue Wy"(©)]. (3.12)
As in the proof of Proposition 3.4, the choice of A > 0 leads to
Yy (u) <0 =y3(0)
meaning that u, # 0. From (3.12) we obtain (1//;), (u,) = 0 which results in
Aw) =@ =) @)™ —e7 (u). (3.13)

Acting on (3.13) with —u, € Wé’p(Q) and using Lemma 2.7, we check at once that u, > 0 and
u, # 0. Then, (3.13) becomes

A(u,) = (A - s)uz_l — L.
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Hence, u. is a nontrivial positive solution of (3.11). Moreover, as before (see the proof of Proposition
3.4) using the nonlinear regularity theory (see [25], [26]) and the nonlinear maximum principle (see
[31]), it holds . € int (C}(Q), ).

It remains to show the uniqueness of this solution u... For this purpose, we consider the integral
functional o, : L'(Q) — R=RU {co} defined by

fG(Vué)dx if u>0,ui € Wy (Q),
oy (u) = Q
+00 otherwise.

Let uy,u; € domo, and let u = (tu; + (1 — t)uz)% with ¢ € [0, 1]. From Diaz-Saa [17, Lemma 1] we
have

IVu()l| < (z”wl(x)é “ra- t)Hvuz(x)%qu ae. in Q,

thus,
q);)

thanks to hypothesis H(a)(iv) and the fact that G is increasing. Since G(£) = Go(||&])) for all £ € RV,
it follows that

Go (IVu)) < Go ((: 7o

i - t)“vuz(x)%

<tGy (HVul(xﬁ

)+ (1 =Gy (||vu2(x)$

G(Vu(x)) < 1G (Vul(x)i) +(1 -G (Vuz(x)i) ae.in Q

proving that o, is convex. Using Fatou’s Lemma we infer that o, is lower semicontinuous as well.
Letu,v e Wé’p (€2) be two nontrivial positive solutions of (3.11). As done in the first part of the

proof, we know that u, v € int (Cé(§)+), thusu,v € domo,. Leth € Cé(ﬁ). For ¢ € (0, 1) sufficiently

small we have u? + th,v? + th € int (C(')(ﬁ)+) which implies that o, is Gateaux differentiable at u?
and V7 in the direction 4. Moreover, via the chain rule, we obtain

o ) () =+ f Lﬁ_’fv”)hdx, (3.14)
q Ja ud

o () () = + f _d“’—f’fv")hdx. (3.15)
q Ja v

Since o, is convex, it is clear that o, is monotone. Therefore, using (3.14) and (3.15), it holds

0 < (o, W) — o, ), u? =),

1 f (—divaEVu) N diva(Vv)) i
q Jo ud= va~l

_ 1 f ((/l - s)uq’il— ™! _(a- s)vq’jl— C7v’1)(uq )y da
q Jo u4 vq

_— f V= u) (u? —v?) dx.
q Ja
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Since s — s"77 is strictly increasing in (0, c0), it follows that # = v, hence u, € int (C(')(ﬁ)+) is the
unique nontrivial positive solution of (3.11).

Evidently the oddness of (3.11) implies that v, = —u, € —int (C(l)(ﬁ)Jr) is the unique nontrivial
negative solution of (3.11). O

Now, these two solutions u, € int (C(l)(ﬁ)Jr) and v, = —int (C(l)(ﬁ)+) of the auxiliary problem
(3.11) lead to the existence of extremal nontrivial constant sign solutions for problem (P), when
A > 01is sufficiently large. We obtain the following result.

Proposition 3.6 Let hypotheses H(a)’ and H(f)| hold and suppose

, Jacshi@ g <p,
2qcei(q)  ifq=p.

Then problem (P), has a smallest nontrivial positive solution u, € int (C(')(ﬁ)+) and a greatest

nontrivial negative solution v_ € —int (Cé(§)+).

Proof. As we already noted, it suffices to establish the existence of a smallest nontrivial element in
S, =8,()N0,u] Cint (Cé(Q)J,) and the existence of a greatest nontrivial negative solution in

$_() =S_()N[v,0] € —int(C}(Q), ).
Claim: u, < u for all u € §,(2).
Let it € $.(2) and consider the Carathéodory function

0 ifs <0,
Yi(x, ) =31 —g)s?™! —c75! if 0 < s < ii(x), (3.16)

(A —&)ia(x)T" — cyia(x) " if i(x) < s.

We set I'(x, 5) = fos ¥ (x, )dt and consider the C'-functional /¥ : W(;’P (Q) — R defined by

i) = f G(Vu)dx — f TH(x, u)dx.
Q Q

Thanks to (3.16) it is obvious that l,@j{ is coercive and it is also sequentially weakly lower semicon-
tinuous. Thus, we find &1, € Wé’p (Q) such that

P = inf [ @) : ue Wy(©)]. (3.17)
As before (see the proof of Proposition 3.4 and recall the choice of 4 > 0), we have
g1 (@) < 0 = 43(0),
hence i, # 0. From (3.17) we have
A (i) = Nyt (@) . (3.18)

Applying again —it; € Wé’p () as test function to (3.18), it follows from Lemma 2.7(c) that &, >

0, &, # 0. Furthermore, we act on (3.18) with (i, — i1)* € Wé’p(Q). Then, from (3.10), (3.16) and
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the fact that it € S (), it follows
(A, G - )Y = f Vi Gt (6 — i) dx
Q
= f ((/1 - - cﬁt’_]) (i, — )" dx
Q

< f (A" = f (u.@)) (@0, — )" dx
Q
=(A®@), @@ —w)').
We deduce

f (a(Vir,) —a(Vir),Vir, — Vi)gy dx < 0,
{i. >0

fL. >}

which implies that |{@t. > #1}|y = O due to Lemma 2.7(a). Hence
0 i, € [0, = {ue Wy"(Q): 0 < u(x) < (x) ae. in Q.

By virtue of (3.16) and (3.18), we see that i, is a nontrivial positive solution of (3.11), hence i, =
u, € int (Cé(ﬁﬁ) (see Proposition 3.5). Therefore u, < i and since i € S +(A) is arbitrary, we have
proved the claim.

Let C € §,(1) beachain, ie., a totally ordered subset of S .. According to Dunford-Schwartz
[18, p. 336], there exists a sequence (u,),>1 C S‘+(/l) such that

inf C = inf u,,.
n>1
We have
AGy) = ™ = Np(up),  wo<u,<u foralln>1. (3.19)
Therefore, (u,)ns1 C W(;”’(Q) is bounded and we may assume that
U, = uin WyP(Q) and  u, — uin LP(Q). (3.20)

Acting on (3.19) with the test function u,, —u € Wé’p (Q) and passing to the limit as n — oo combined
with (3.20), we obtain

lim (A(u,), u, —u) = 0. (3.21)

By means of Proposition 2.11, we know that A fulfills the (S, )-property which in view of (3.21) and
the weak convergence in W(;’p (Q) gives u, — u in W(;’p (Q). Then, we directly obtain from (3.19)
that

Adu) = ™" = Ny(u), u, <u<u

meaning that u € §,(1) and u = inf C. Since C is an arbitrary chain in S, (1), the Kuratowski-Zorn
Lemma implies that $.() has a minimal element u, € §,(2). Since §,(2) is downward directed,
we conclude that . is the smallest nontrivial positive solution of (P),.

Similarly, working with the set §_(1) and using again the Kuratowski-Zorn Lemma, we obtain
that v_ € —int (Cé(ﬁ)Jr) is the greatest nontrivial negative solution of (P),. ]
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Finally, we will prove the existence of a sign-changing solution y, of (P), lying between these
two extremal nontrivial constant sign solutions obtained in the last proposition.

Proposition 3.7 If hypotheses H(a)’ and H(f), hold and if

J Jaes@ ifa<p,
2qcea(q)  ifq = p,
is satisfied, then problem (P), has a nodal solution y, € Cé (5)

Proof. Letu, € int (C(l)(ﬁ)Jr) and v_ € —int (Cé (§)+) be the two extremal nontrivial constant sign
solutions of (P), produced in Proposition 3.6. We introduce the following truncation function of the
reaction of problem (P),

AP-@v_(x) = fxv-(x)  if s < v_(x),
ha(x,s) =3 A|s]"% s — f(x,5) ifv_(x) < s < uy(x), (3.22)
A, ()97 = £ (%, up (%)) if u,(x) < s.

Of course, i : QxR — R is a Carathéodory function. In addition, we need the positive and negative
truncations of /,(x,-), namely the Carathéodory functions hj(x, s) = hy(x,+s%). Let Hy(x,s) =

i ha(x,0ydt and H% (x,5) = [ h% (x,1)dr. We consider the C'-functionals 3, 8% : WyP(Q) - R
defined by

ﬁl(u)=fG(Vu)dx—fH,l(x,u)dx,

Q Q

Bi(u) = f G(Vu)dx — f H(x, u)dx.
Q Q

Claim 1:

Kg, Cv_,us] = {u € Wé’p(Q) cv_(x) < u(x) <uy(x)ae. in Q} ,
Kg: ={0,us}, Kp ={v_,0}.

Letu € Kg,. Then
A(u) = Np,(u). (3.23)

Taking (u — u,)* € WS”’ (Q) as test function in (3.23) we derive thanks to (3.22)
A=) = [ =) dx
Q

= f [/luz_l - f(x, u+)] (u—uy) dx
Q
=(A(uy), (u—u)"y,

hence,

f (a(Vu) —a(Vuy),Vu — Vu gy dx = 0.
{u>u,}
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This gives [{u > u,}|y = 0 (see Lemma 2.7(a)), thus u < u..
Similarly, acting on (3.23) with (v_ —u)* € Wé’p (Q) we obtain v_ < u. Hence

Kﬂa - [\L,ILL].
In the same way, we show that

Kp: C10,u,] = {u € Wy"(Q): 0 < u(x) < u(v) ae. in Qf,
Kg. C[v-,0] = {u € W(;’p(Q) :v_(x) <u(x) <0ae.in Q}.

Since u, and v_ are the extremal constant sign solutions of (P), and due to the fact that the positive
and negative solutions of (P), are exactly the critical points of 8} and 87, respectively, we infer that

Kp ={0,u;} and Kz = (v_,0}.

This proves Claim 1.

Claim 2: u, € int (Cé(ﬁ)Jr) and v_ € —int (Cé(ﬁh) are local minimizers of ;.

Clearly, the functional 87 1s coercive and sequentially weakly lower semicontinuous. Then we
find & € W, (€) such that

B () = inf (B () : u € Wy(Q)} .

As in the proof of Proposition 3.4, we can show that ,Bj () <0 = ,8;’(0), hence it # 0. Therefore

it = u, € int(C}(Q),) (see Claim 1). Note that 4,| @, = Jipd ci@, Then. u. € int(C(Q). ) is a

local C(l)(ﬁ)-minimizer of B8, and by virtue of Proposition 2.10 u, is a local Wé’p (©)-minimizer of
Ba. Similarly, using 37 instead of 8%, we obtain the assertion for v_ € —int (C(l)(ﬁﬁ). This proves
Claim 2.

Without loss of generality, we may assume that 8,(v_) < B,(u;) (the analysis is similar if the
opposite inequality holds). Furthermore, we may assume that u, is an isolated element of Kjp,
(otherwise we have a whole sequence of distinct nontrivial solutions of (P),). Then, there exists
p € (0, 1) such that ||v_ — u+||Wé,p(Q) > p and

Ba(v-) < B () < inf [Baa) e = wsllyrog, = p| = ) (3.24)

(see, for example, Aizicovici-Papageorgiou-Staicu [1, Proof of Proposition 29]). Since 8, is coercive
it satisfies the PS-condition (see Proposition 2.13). This fact and (3.24) permit the application of the
Mountain Pass Theorem (Theorem 2.2), which ensures the existence of an element yy € Wé’p Q)
such that

Yo € Kp, € [v—,u,] (see Claim 1) and 17} < Ba(yo). (3.25)

From (3.25) it follows that yy is a solution of (P), (see (3.22)) and yo ¢ {v_, u} (see also (3.25)). The
nonlinear regularity theory implies that yg € C é (ﬁ). Since yg € [v_, us] \ {v_, u;}, the extremality of
v_ and u, implies that y, is nodal provided yy # 0.

Thanks to Theorem 2.2 we also have that

B1(yo) = inf max B,(y(2)), (3.26)
vell 0<t<1
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where I' = {y eC ([O, 1], WS"’ (Q)) cy(0) =v_,y(1) = u+}. In order to show the nontriviality of yy it
suffices to produce a path .. € I" such that 8,(y.(¢)) # 0 for all 7 € [0, 1] (see (3.26)).
By means of hypothesis H(f); (iii), given € > 0, we find § = d(g) > 0 such that

If(x, )| < gls|"”!  fora.a. x € Qandforall |s| <6,

which implies that
F(x,s) < E|s|q for a.a. x € Q and for all |s| < 6. (3.27)
q
Recall (see Section 2) that 9B = {u € LUQ) : ||ull o) = 1} and M, = Wé’q(Q) N OB, Defining

M; =M, ﬂCé(ﬁ), we endow M, with the relative W(;’p (€Q2)-topology and M; with the relative Cé(ﬁ)—

topology. Evidently, M is dense in M, which implies that C ([~1, 11, M¢) is dense in C ([-1, 11, M,
as well. We consider the following two sets of continuous paths

(@) = {y € C(I-1,11.M,) : (=1 = =in(9). 9(1) = & (@)} . (cf. Section 2),
Fe(q) = {7 € C(I-1,11, M5) : 9(=1) = =11 (q), 7(1) = i (g)}.

Note that fc(q) is dense in f"(q). Taking into account the variational characterization of the second
eigenvalue /Alg(q) (see Proposition 2.12), we find ¥ € I'(g) such that

max V50, g, < @) + 5. (3.28)
The density of I (q@) in f(q) implies that for a given £ > 0 there exists yy € I +(¢) such that

max [§() = FoDllyq) < &
from which we derive that

max [IVy() = VIoOllaq) < & (3.29)
Combining (3.28) and (3.29), there holds, for every ¢ € [-1, 1],

IVIoDllzay < IVI(®) = VIOllLy@) + IVYDllLaq)

<e+ (ﬁz(q) + g)a )

1

T N
Choosing 0 < € < (/Alg(q) + 6)‘1 - (/lg(q) + %)" , we obtain

V90l < (a(g) +6)"  forallt e [~1,1],

meaning that

~ q 4
max [[Vio®llsq) < A2(q) + 0. (3.30)

Since ¥, ([-1,1]) C C(l)(ﬁ) is compact and due to u, € int (C(l)(ﬁ)+),v_ € —int (C(')(ﬁ)+), we can
find n7 € (0, 1) such that

lpu(x)| < 6 (3.31)
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for all x € ﬁ, all u € 99 ([-1,1]), and nu € [v_,u,] for all u € yo ([-1, 1]).
First let us suppose that g < p. Then, thanks to Corollary 2.8, |lull«q) = 1, (3.27), (3.30), (3.31),
and u € yo ([—1, 1]), it follows

Bl = fg G(V(qu))dx - fg (e, mudx

q
< s (pUVull?, o + 77| Vull? - /li + | F(x,nu)dx
s\ L1(Q) n LP(Q) q o >
(3.32)

At e
<c¢s (nqlqullzq(Q) + n"IIVull’L’,,(Q)) - + 5;7‘1

- &

<n! [Cs (;12(4) + 5)

+ C517”||Vu||ip(g).

Since yo([—1, 1]) C C(l)(ﬁ) is compact, there exists £ > 0 such that
||VM||[Z,,,(Q) <g" forallu € §o([-1,1]).
We choose &€ > 0 and § € (0, £) such that gcsé + & < A — gesAa(g). Then, due to (3.32), it holds
Ba(qu) < —n&* + nPe*  for some & > 0.
Because g < p, by choosing 7 € (0, 1) even smaller if necessary, we get
Ba(nu) <0 forall u € 9o([-1, 1]).

If ¢ = p, the above argument works for A > 2gcs ().
Setting v = 190, we see that vy, is a continuous path in Wol’p(Q) (since vo([-1,1]) € C(')(Q)),
which connects —nii; (g) and nit;(g) satisfying

Bi,, <0. (3.33)
Recalling that Kﬁ: = {0, u,} (see Claim 1), we have

Bilu) = inf Bl <0=5;0) (3.34)

(cf. the proof of Claim 2). Invoking the Second Deformation Lemma (see Lemma 2.3) with a =
Bi(uy) <0=p3(0) = b, we find a homotopy 4 : [0, 1] X ((ﬁ;)o \ {0}) — (ﬁjl)o such that
R(1,8D°\(0)) = {us) (3.35)
(see (3.34) and Claim 1) and
Bi(h(t,u)) <B5(u) forallze[0,1]and all u € (ﬁj)o \ {0} (3.36)

We set y,(f) = (h(t,ni1(g)))* for all ¢t € [0,1] (see (3.33)). Obviously, y, is a continuous path in
W(;”’ (Q) and we have

¥+(0) = (h(0, nity (@) = nit1(q)
y+(1) = (WL, pin ()" = us,
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due to (3.35). Furthermore, (3.36) and (3.33) imply that
Bi(y.(0) < Bi(nii(g)) <0 forall 7 € [0,1].
Hence, 7| < 0.1 WY = (u € Wy"(Q) : u(x) 2 0 ae. in Q) then
Bilyy = Bily, and imy. c W,

which yields

Bi|, <o. (3.37)

Y+

In a similar fashion, we produce another continuous path y_ in W(;”’ (€2) which connects —nit; (¢) and
v_. Furthermore, we have again

B, <oO. (3.38)

Y-

We concatenate y_, v, and 7y, to obtain a continuous path y, € I" such that

ﬁa'

<0,
Vs

due to (3.33), (3.37), and (3.38). This implies that yy # 0, so yg € C(l)(ﬁ) is a nodal solution of
(P)a. o

Now, we can state the following multiplicity result for problem (P),.

Theorem 3.8 If hypotheses H(a); and H(f); hold and assume

. qceda(q)  ifq<p,
2gceda(q)  ifqg = p,

then problem (P), has at least three nontrivial solutions, namely uq € int (C é (§)+) ,Vo € —int (C(l)(ﬁ)Jr)
and a nodal solution yq € [vg, ug] N C(l)(ﬁ). Furthermore, (P), has a smallest nontrivial positive so-
lution u, € int (C(l)(ﬁ)+) and a greatest nontrivial negative solution v_ € —int (C(l)(ﬁ)+).

Remark 3.9 Note that if ¢ = p and a(€) = ||€]|P2¢& for all £ € RV, then ¢¢ = qu and consequently
2qc6;12(q) = ;lz(q). Therefore, Theorem 3.8 recovers the multiplicity results of [2], [3], [33], [34]
(where p = 2) and [5], [8], [29] (where p > 1). In fact, even in this special case, our result is more
general than those in the aforementioned works. Indeed, in the semilinear works (i.e., p = 2), the
perturbation f(x,s) = f(s) is either C U (see [2], [3], [33]) or Lipschitz continuous (see [34]). In
the quasilinear works (i.e., p > 1, see [5], [29]), the perturbation f(x, s) is assumed to have strictly
subcritical growth in the variable s € R. In contrast here no growth restriction is imposed on f(x, -)
(see hypothesis H(f);(1)).

4 The (p,2)-equation
In this section we consider the special case a(¢) = ||€]|P72¢ + & for all ¢ € RY with 2 < p < oo and

g = 2. Then, problem (P), becomes

—Apu — Au = Au — f(x,u) in Q,

u=0 on 0Q. (O
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Applying Morse theory (critical groups), we are going to show that for all 4 > 0 sufficiently
large not being in the spectrum of (—A, Hé(Q)), problem (Q), has at least four nontrivial smooth
solutions whereby two of them have constant sign and the other ones have changing sign. To do so,
we need to strengthen our hypotheses on the perturbation f : Q X R — R in the following way.

H(f),: f: QxR — R isameasurable function such that f(x,-) € C'(R) for a.a. x € Q and

@) |f;(x, s)| < cls/"? fora.a. x € Q, forall s € R, withc > 0,and p < r < p*;

f(x, )

(i) lim s +oo uniformly for a.a. x € Q;
§—x00 |§ S
(i) £(x,0) = lim F& 9 6 uniformly for a.a. x € Q.
5= S

Remark 4.1 These hypotheses are similar to those in H(f);. However, we now require that f(x, )
is differentiable for a.a. x € Q and exhibits strictly subcritical growth. Note that we can find €* > 0
such that s - As — f(x, s) + £*|s| s is nondecreasing on R for a.a. x € Q.

We have the following multiplicity theorem for problem (Q),.

Theorem 4.2 Let hypotheses H(f)» be satisfied and let 1 > 15(2), A ¢ 6:(2), then problem (Q)a has at
least four nontrivial solutions whereby two of them have constant sign, namely u, € int (C(l) (Q)+) ,Vp €

—int (Cé(ﬁ)Jr), and two of them have changing sign, namely yy,y € Cé(ﬁ).
Proof. Taking into account Theorem 3.8 we already know the existence of three nontrivial solutions
up € int (C(Q), ), vo € —int (CH(Q). ), and yo € [vo, uplN € CHQ).

Moreover, we may assume that ug, vy are extremal constant sign solutions. In the present case we
have a(¢) = ||€||P72& + & for all € € RV, Hence,

£e¢
l1€11*

Va() = ||¢P2 (1 +(p—-2) )+ [ forall £ € RV \ {0}.

It follows that
(Va@y,y)ev 2 IyIP forall &,y € R™.
Invoking the tangency principle of Pucci-Serrin [31, Theorem 2.5.2], we have
vo(x) < yo(x) < up(x) forall x € Q. 4.1)
As already observed in Remark 4.1, there exists €* > 0 such that

s As — f(x,5) + s

s is nondecreasing on R for a.a. x € Q. 4.2)
Applying (4.1) and (4.2) we derive

—Aptto(x) = Aug(x) + & up(x)™" = Aup(x) — £(x, ug(x)) + & up(x)"™"
> Ayo(x) = f(x,0(x)) + & yo(x)2yo(x)
= —A,yo(x) = Ayo(x) + &*[yo () yo(x)
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almost everywhere in Q. Since o, ug € C(')(ﬁ) and (4.1) holds, we infer from Proposition 2.5 that

Yo € int [vo, up]. 4.3)
i@

The energy functional of problem (Q),, namely ¢, : W(;”’ (Q) — R, is defined by
— 1 \vj p 1 v/ 2 % 2 F d
90/1(”) - ;” MHL[)(Q) + E” u||L2(Q) - EHMHLZ(Q) + o (xa u) X.

Evidently, ¢, € CZ(W(;”7 (Q)). Let B, : Wé”’ (©2) — R be the functional obtained by truncating the
reaction of (Q), at {vy(x), ug(x)} as in the proof of Proposition 3.7. We have 3, CZ‘O(WS"’ (Q)) and
'8/l|[V0,140] = ‘p’l|[VU,M0]

(see (3.22)). Both functionals are coercive, consequently they satisfy the PS-condition (see Propo-
sition 2.13). We consider the homotopy

h(t,u) = 18, (u) + (1 —t)p (u) forallr e [0,1]and all u € W(;”’(Q).
Suppose that we can find (#,),>1 C [0, 1] and (#,,),>1 € Wé’p (Q) such that

ty = i, = yoin Wy(Q)  and  K(ty,u,) =0 foralln > 1. 4.4)

Then, we have
Apun + Auy, = tnNh,l(un) +(1 - t)Nf(un)

meaning that
_Apun = Auy = thy(x,u,) + (1= t)f(x, Up) in Q,

u, =0 on 0Q,

for all n > 1. From Ladyzhenskaya-Ural’tseva [25, p. 286] we know that the solutions of (4.5) are
essentially bounded, i.e., there exists M, > 0 such that

4.5)

lletyllro) < My foralln > 1.

Then, the regularity results of Lieberman [26, p. 320] imply the existence of y € (0,1) and M3 > 0
such that

u, € Cy7(Q) and ltallis iy < M5 foralln > 1.
Since C}”(Q) is compactly embedded in C}(%2), it follows from (4.4) that
U, — Yo in C(l)(ﬁ).
Due to (4.3) we conclude that
U, € [vo,up] \ {0} forall n > nyg.

Hence, the sequence (u,),3,, contains only nodal solutions of (Q), and from there we are done.
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Accordingly, we may assume that there exists p € (0, 1) small such that
B,(y0) N Koy = {yo) forallz € [0,1]
with
By(yo) = {u € Wy"(Q) : llu = yoll < p}.
Invoking the homotopy invariance property of critical groups, we have

Ci(@a,¥0) = Cr(Ba,yo) forall k > 0. (4.6)

Owing to the proof of Proposition 3.7 we know that yj is a critical point of 5, (i.e., yo € Kg,) of
mountain pass type. Therefore, due to Chang [10],

Ci(Br.y0) #0
which combined with (4.6) yields
Ci(e,y0) # 0. (4.7)
Since ¢, € CZ(WS"" (Q)), from (4.7) and Papageorgiou-Smyrlis [30], we have
Ci(@a,y0) =0x1Z forallk >0
which thanks to (4.6) gives

Cr(Ba,y0) = 0k 1Z forall k > 0. 4.8)

Because of hypothesis 4 > 1:(2), A ¢ 6(2), there is a number m > 2 such that 1 € (;l,,,(Z), Al (2)).
Lete (0, ;lm(Z)). By virtue of hypothesis H(f),(iii), we find 6 = 6(&) > 0 such that

|f(x,s)| < é&l|s| fora.a. xeQand forall|s| <6.
It follows that

F(x,s) < gsz for a.a. x € Q and for all |s] < 6. 4.9)

Let®, : Wé 7(Q) — R be the C?-functional defined by

1 1 A
®mo=?ww@m+yww@m—?wgm

Apparently, ® is coercive, hence, it satisfies the PS-condition. Then, from (4.9) and Chang [10,
Corollary 5.1.25 (p. 336)], we verify that

Ci(1,0) = C (©,,0) forall k >0,
which implies (see (4.6)) that

Ci(B2,0) = C (©,,0) forall k > 0. (4.10)

168



On a parametric nonlinear Dirichlet problem 589

By reason of 4 € (ﬁm(Z), At 1(2)) and due to Cingolani-Vannella [13, Theorem 1.1] one has
Cr(0,,0) = 6x4,Z forallk >0,

where d,,, = dim EB;L E (fl,-(Z)) > 2. Owing to (4.10) we derive that
Ci(B82,0) = 64, Z forall k > 0. 4.11)

From the proof of Proposition 3.7 (see Claim 2), we know that ug, vy are both local minimizers of
B.. Hence

Ci(B,, ttp) = Ci(Ba, vo) = S oZ for all k > 0. 4.12)
Recalling that 8, is coercive, it follows that
Ci (B, ) = 64 0Z forall k > 0. (4.13)

Suppose that Kg, = {0, up, vo, yo}. Then, from (4.8), (4.11), (4.12), (4.13) and the Morse relation
(2.6) with t = —1, we have

2=1"+ (=D + (=1 = (1),

which gives (—1)% = 0, a contradiction. Therefore, we can find § € Kg,,9 ¢ {0,ug,vo,yo}. Since
K, C [vo,uo] (see the proof of Claim 1 in the proof of Proposition 3.7), one gets $ € [vo, up] \ {0}.
The extremal property of ug and vo implies that § has changing sign. The nonlinear regularity theory
(see [25], [26]) yields § € C(l)(Q). That finishes the proof.
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—diva(Vu) = —x|ulP"2u — f(x,u) in $£2,
ou
ang

(1.1)
= Mul?%u — h(x,u) on 92,

where du/dn, denotes the conormal derivative with respect to the mapping a : RV —
RN which is supposed to be continuous and strictly monotone with (p — 1)-growth.
The nonlinearities f : 2 x R — Rand & : 92 x R — R are assumed to be
Carathéodory functions being (p — 1)-superlinear near 00 and bounded on bounded
sets while x, A are real parameters to be specified. The aim of this paper is to establish
the existence of at least three nontrivial solutions provided A > 0 is sufficiently large
depending on the first two eigenvalues of the negative g-Laplacian — A, with Steklov
boundary condition. In addition we give complete sign information of the solutions
obtained, that is, the first solution is positive, the second one is negative and finally,
the third one has changing sign.

Such results are known for quasilinear elliptic equations involving the p-Laplacian
and were obtained by a number of authors in the last years with different meth-
ods. Without guarantee of completeness we refer to the papers of Abreu-Marcos do
O-Medeiros [1], Fernandez Bonder-Rossi [6], Fernandez Bonder [7,8], Li-Li [14],
Liu-Zheng [16], Martinez-Rossi [18], Winkert [23,25], Zhao-Zhao [27], and the ref-
erences therein. To the best of our knowledge, the results presented here are the first
one concerning multiplicity of solutions for equations involving a nonhomogeneous
operator with nonhomogeneous Neumann boundary condition.

Our paper extends the results of Winkert [23] in different ways. On the one hand we
can replace the p-Laplacian used in [23] by a more general nonhomogeneous operator
and on the other hand we can drop a hypothesis on the function f : 2 x R — R
required in [23], namely:

fx. ) > 0 forall 0 < |s| < 7 and for

(H) There exists a number é y > 0 such that >
|s|P=2s

aa.x € 2.

Assumption (H) implies that the function f must change sign near zero. Now, we
do not need this condition on f. It is also worth pointing out that we do not need
differentiability, polynomial growth or some integral conditions on the mappings f
and h. Our approach is based on variational methods coupled with truncation and
comparison techniques.

2 Preliminaries and hypotheses
In this section we recall some basic facts about critical point theory which will be

needed in Sect. 3. For this purpose, let X be a Banach space with norm | - ||x and
denote by X* its dual space equipped with the dual norm || - || x=, that is

€1 x+ = sup {(&, v)(x=x) : v € X, |lvllx <1},

where (-, -)(x*, x) stands for the duality paring of (X*, X).
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Definition 2.1 The functional ¢ € C'(X) fulfills the Palais-Smale condition at the
level ¢ € R (the PS.-condition for short) if every sequence (u,),>1 € X satisfying
©(uy) — cand ¢’ (u,) — 0in X*, admits a strongly convergent subsequence. We say
that ¢ satisfies the Palais-Smale condition (the PS-condition for short) if it satisfies
the PS.-condition for every ¢ € R.

This compactness-type condition on ¢ leads to a deformation theorem which is the
main ingredient in the minimax theory of the critical values of ¢. A basic result in that
theory is the so-called mountain pass theorem.

Theorem 2.2 Ifp € C'(X),ui,u € X, |luo —uillx > p > 0,

max{g(u1), pu2)} <inf{o@) : [lu —uillx = p} =1m,

and ¢ satisfies the PS.-condition where
= inf t
c y“ér (max, (y (1)

with I' = {y € C([0,1],X) : y(0) = uy,y(1) = uz}, thenc > m, and c is a
critical value of ¢.

Given ¢ € C!'(X) and ¢ € R, we introduce the following sets:

o ={ueX:pu) <c (the sublevel set of ¢ at ¢),
Ky, ={ueX:¢u =0} (the critical set of @),
K(‘; ={uecKy:pu)=cj (the critical set of ¢ at the level ¢).

The following result is the so-called second deformation theorem (see, for example,
Gasiriski and Papageorgiou [11, p. 628]).

Theorem 2.3 If g € C'(X),a € R,a < b < 400, ¢ satisfies the PS.-condition for
every ¢ € [a,b), ¢ has no critical values in (a, b) and (p_l (a) containf at most a
finite number of critical points of ¢, then there exists a continuous map h : [0, 1] x
(gob\Ké’) — ¢ such that

(a) /Az(O, u) =uforallu e (pb\Kb;

(b) h(1, 9"\Kb) <

(¢) h(t,u) = u forall (t,u) € [0, 1] x ¢*;

(d) o(h(t,u)) < @(h(s,u)) forallt,s € [0,1],s <t,andallu € (pb\Kg.

By L?(£2) (or L? (£2; RY)), LP(32),and WP (£2) we denote the usual Lebesgue
and Sobolev spaces with their norms || - || 5.2, || - | p,as2» respectively, || - ||1,, which
is given by

1
lullip = (||W||[1j’Q + ||u||$79)" forall ue WP (%2).
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The norm of RY is denoted by || - lgnv and (-, -)pn stands for the inner product in RN,
In addition to the Sobolev space WP (£2), we will also use the ordered Banach space
C'(£2) with norm || - ||C1(§) and its positive cone

cl(@), = {u e C'(®) : ux) = Oforall x E} ,
which has a nonempty interior given by
int (C1(§)+) - {u e C' ()4 :u(x) > 0forall x € 5} .

Now let w € C!(0, +-00) be a function satisfying

to' (1)

<c; and otV <) <es(141P7h
w(t)

0<co <

for all # > 0 and with some constants cg, c1, ¢2, ¢c3 > 0. The hypotheseson a : RN —
RN read as follows.

H(a): a(¢) =aop (||$||RN)E for all £ € RN with ag(r) > 0 forall r > 0 and
(i) ap € C1(0,00), 1 > tap(r) is strictly increasing, lim,_, o+ rag(r) = 0, and
ta)(t)
im
=0t ap(t)

>

(i) [Va@)llgy < C4—w EEHHRN) for all £ € RV\{0} and some ¢4 > 0;
RN
(i) (Va(€)y, y)py > %M%N forall £ e RV\{0} and all y € RV.
]RN

Itis easy to see that condition H(a)(i) implies thata € C 1 (RN \{0}, RN ) nC (RN ,RN )
and so, the assumptions in hypotheses H(a)(ii), (iii) are reasonable.
Let Go(1) = fot sag(s)ds and let G(§) = Go ([|€|gy) for all € € RV, Then

VG(E) = G (I ) ﬁ — ao (Elax) & =a®) forall & e BM\(0),

which means that G(-) is the primitive of a(-). Obviously, G(-) is convex and since
G (0) = 0 we have the estimate

G() < (a(E), &gy forall & e RV, Q2.1)

The following lemma gives some basic properties of the mapping a : RN — RV,

Lemma 2.4 Under the hypotheses H(a) there holds

(1) & — a(&) is maximal monotone and strictly monotone;
@) fla@)llgy <cs (1 + IIEIIH[%;I)for all € € RN and some c5 > 0;

@ Springer

176



Parametric nonlinear nonhomogeneous Neumann

(iii) (a(8), Opy = 27 §llgy forall§ € RY.

Taking into account Lemma 2.4 combined with (2.1) we infer the following growth
estimates for the primitive G(-).

Corollary 2.5 If hypotheses H(a) hold, then

1)
p(—p -1 ”E”]%N <G(¢)=<cs (1 + ||§'||]§N) forall & € RY and some ce > 0.

It should be mentioned that the operator a : RN — R¥ defined through hypotheses
H(a) contains several interesting differential operators as special cases.

(1) Letl < p <oocandleta(§) = ||$||fé;2$ with 1 < p < oo. Then a(-) represents
the well-known p-Laplace differential operator defined by

Apu = div (||Vu||§;2w) forall ue W'P().

The corresponding potential is given by G(§) = %Hé ||]§N forall £ € RV,

(i) Let 1 < g < pandleta(§) = ||§||f§;2$ + ||€||EIR7\/2§- Then a(-) becomes the
(p, g)-differential operator defined by

Apu + Aqu = div (||Vu||]§;2w) + div (IIWIIEJW)

for all u € W!P(£2). The associated potential is G (&) = %IIEII&N + %III.’EII%N
forall € € RV.

p=2
(iii) Let1 < p < oo andleta(é) = (1 + ”‘5”112@1\/) : &. In this case a(-) represents

the generalized p-mean curvature differential operator which is defined by

p=2
div|:(1+||Vu||@2RN) ’ Vu:| forall ue W'P(Q).

»
The potential is G(§) = % |:(l + ”5”1%%1\’) - l] forall £ € RV.

Now, let fo : 2 xR — R, hp : 32 xR — R be Carathéodory functions satisfying
the subsequent growth conditions

[fo(x, )| < cp (1 + |s|”71) fora.a.x € £2 and all s € R,

ho(x, $)| < chy (1 4 |s|r2—1) foraa. x € 382 and all s € R,
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with cgy,cpy > Oand 1 < 1| < p*, 1 < rp < ps, where p*, p, denote the critical
exponents of p given by

N-1 .

ﬁ ifp<N

. NN—j, ifp<N
P= +oo  ifp=N’

and =
400 ifp>N P [

Setting Fo(x,s) = [y fo(x,t)dt, Hy(x,s) = [j ho(x,t)dt we define the C'-
functional gy : Wh?(2) > R through

wo(u) =/G(Vu)dx—/Fo(x,u)dx—/Ho(x,u)da.
2 2 082

The following result concerning local minimizers is originally due to Brezis-Nirenberg
[2] and was extended by Garcia Azorero-Peral Alonso-Manfredi [9], Motreanu-
Papageorgiou [20], Winkert [24], and Khan-Motreanu [12].

Prom)sition 2.6 Let the assumptions in H(a) be satisfied. If ug € WLP(2) is a local
CY(2)-minimizer of o, i.e., there exists py > 0 such that

o (uo) < po(uo+h) forall h e C'(2) with ||hllc1 g, < o,
then uq is also a local WP (2)-minimizer of g, i.e., there exists p1 > 0 such that
po(uo) < go(uo +h) forall h € WP () with ||hl|1,p, < p1.

Proof The theorem follows directly from the abstract result obtained by Khan-
Motreanu [12]. Indeed, let X = C1(2), Y = W!-P(£2), and let

J(u):/G(Vu)dx and E(u):/Fo(x,u)dx+/Ho(x,u)d0.
a0

2 2

Setting

’

s ) max(ry,r2)
o) = (I} o+ 1ul? )

it is straightforward to verify that the assumptions in [12, Theorem 2.1] are satisfied.
This completes the proof. O
Now, let A : WhP(§2) — (W”’(.Q))* be the nonlinear map defined by

(A(u),v) = / (a(Vu), Vu)gn dx forallu,v € Wl’p(.Q). 2.2)
2

The next proposition gives the main properties of A (see, for example, Gasinski-
Papageorgiou [10, p. 562]).
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Proposition 2.7 Let hypotheses H(a) be satisfied. Then A : WP (£2) — (WP (2))"
defined by (2.2) is continuous, monotone (hence maximal monotone) and of type (S)+,
ie,ifu, = uin WP (£2) and lim SUp, o0 (A(uy), uy —u) <0, then u, — uin
whr().

Given | < r < 0o, we denote by A, : W"(2) — (W“(.Q))* the r-Laplacian
which is defined by

(Aru,v) = / ||Vu||ﬁ{,\,2 (Vu, Vu)py dx forall u,v e Wl (£2).

If r = 2, then A, = A becomes the well-known Laplace operator and we have
A e L (H)(2), H(£2)), where £ (Hj (2), H~'(£2)) denotes the vector space of
all bounded linear operators from HO1 (£2) into H1(2).

A main role in our treatment plays the spectrum of the r-Laplacian with a Steklov
boundary condition. To this end, we consider the following eigenvalue problem

—Au=—u""2u in £,

9 R 2.3)
||Vu||£@2£=,\|u|’—2u on 9%,

where du/0dn is the outer normal derivative of u at d§2. A number A € Risan
eigenvalue of (—Ar, W”(.Q)) if problem (2.3) admits a nontrivial weak solution
i € WHP(£2) which is called an eigenfunction corresponding to the eigenvalue A
The set of eigenvalues is denoted by & (r) which has a smallest element il(r). The
spectrum of (2.3) were intensively studied by Lé [ 13] and Martinez-Rossi [17] whereby
the main facts read as follows:

° ):1 (r) is positive, isolated, and simple;

[ ]

()= inf /Vur dx—l—/urdx: ulae =114
weWhr (@) IVullpy |ue] lully 50
2 2

e 4 (r) is closed.
We further point out that every eigenfunction corresponding to the first eigenvalue
A1(r) does not change 51gn in £2. In fact it turns out that every eigenfunction associated
to an eigenvalue A A(r) changes sign on 952.

In what follows we denote by i1 (r) the normalized (i.e., ||it1 (r) |02 = 1) positive
eigenfunction corresponding to A1(r). As shown in L& [13], thanks to the nonlinear
regularity theory and the nonlinear maximum principle, we can suppose that 11 (r) €
int (C!(£2)4 ). Additionally, due to the fact that A1(r) isisolated, the second eigenvalue
A2(r) is well-defined by

So(r) = inf [i €é(r) i > il(r)] .
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Now, let dB?? = {u € L"(32) : ||ull,pe = 1} and S, = W' (2) N aB*<.
Thgn, due to Martinez-Rossi [19], we have the following variational characterization
of Ao (7).

Proposition 2.8 There holds

A2(r) = inf max /||V)9(t)||fRNdx+/|)?(t)|rdx ,
pel(r) —1=t=l 2

where I'(r) = {7 € C (=1, 11, 8,) : p(=1) = =1 (r), p(1) = a1 (") }.

Recall that if a functional satisfies the PS-condition (or the C-condition) and it
is bounded below, then it is coercive (see Caklovi¢-Li-Willem [3] and Gasifiski-
Papageorgiou [11, p. 614]). The converse assertion is in general not true, but in our
setting we can give a positive answer.

Indeed, let f c2xR—> R, h:02xR— Rbe Carathéodory functions satisfying

|f(x,s)| <cy (1 + |s|”71) fora.a.x € 2 and all s € R,
h(x, )| < ¢ (1 + |s|’2—1) foraa. x € 362 and all s € R,

with Cpcjp > 0,1 <r; < p*and 1 < ry < p,. We set F(x,S) = f(; f(x,t)dt,

ﬁ(x, s) = fos ﬁ(x, 1)dt and consider the C'-functional Q: WhP(£2) — R defined
by

g@(u):/G(Vu)dx—/ﬁ(x,u)dx—/ﬁ(x,u)da.
2 2 082

Proposition 2.9 If ¢ is coercive, then it satisfies the PS-condition.
Proof Let (up)n>1 € WLr(2)bea PS-sequence, that is

|¢(un)| < M forsome M > 0, foralln > 1, (2.4)

() () > 0 in (Wl’P(.Q))

*

2.5)

Since ¢ is coercive and due to (2.4) we easily verify that (u,),>1 is bounded in
WP (£2). Because of that we may assume

up = u inWhP(2) wu, —u inLP(2) and u, — u in LP(32). (2.6)

The assertion in (2.5) implies that

/(a(Vun),Vv)RN dx—/f(x,un)vdx—/ﬁ(x,un)vda < enllvlli,p,
2 2

82
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forall v € Wh-P () with ¢, — 0%. Now, choosing v = u,, — u, passing to the limit
as n — 00, and using the convergence properties in (2.6), we have

lim (A(u,),u, —u) = lim /(a(Vun), V (up —u))gy dx =0,
n—0oo n—0oQ
Q

which by the (S) -property of A (see Proposition 2.7) gives u, — u in W7 (£2)
proving that ¢ satisfies the PS-condition. O

Finally, for s € R, we set st = max{=+s, 0} and for u € WLP(2) we define
u () = u(-)*. Recall that

utewh?(2), lul=ut4+u", u=ut—u".

The Lebesgue measure on RY is given by | - |y.

3 Three solutions depending on Steklov eigenvalues

We are now interested in the existence of weak solutions to Eq. (1.1) depending on
Steklov eigenvalues of the g-Laplacian with 1 < ¢ < p < oo. In order to prove this
we need some additional assumptions on the map a : RN — R¥.

H(a)i: a(§) = ao (& |lgw) & for all & € RN with ag(r) > 0 for all # > 0, hypotheses

H(a); (i)—(iii) are the same as the corresponding hypotheses H(a)(i)—(iii) and
1

@v) ifGo(t) = fol sag(s)ds forallt > 0,thent — Gy (ﬁ) is convex in (0, +00)
and

Go(1)

lim sup
t—0F

< 400

Remark 3.1 The examples presented in Sect. 2 still satisfy hypotheses H(a);. Note
that by hypothesis H(a); (iv) we find ¢7 > 0 such that

G(©) < c7 (Il +1815,) forall & e RY. (.0

The hypotheses on the Carathéodory functions f : 2 xR — R, h: 92 xR — R
and the number yx read as follows.

(H1) f is bounded on bounded sets;

(H2) limg_s 400 |];|(I)’C—_2 = +o0o uniformly for a.a. x € £2;
(H3) limg_.q % =0 uniformly for a.a. x € £2;

(H4) his bour|15d|ed Oil bounded sets;

(HS5) limg_ 100 r;i);—’_iz = 400 uniformly fora.a. x € 3§2;
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h(x, .
(H6) limg_,q |(|;c__;) =0 uniformly for a.a. x € 042;
S S

(H7) h satisfies the condition
|h(x1,s1) — h(x2, 82)| < L[IXl —x2|% + |51 — s2|“],

for all pairs (x1, s1), (x2,52) in 982 x [—K, K], where K is a positive constant
and a € (0, 1];
(H8) x is areal fixed number such that

<400 ifg<p
0<x . ,
<2pc7 ifg=p
where c7 is the positive constant given in Remark 3.1.

Remark 3.2 Note that hypothesis (H7) is needed for the usage of the C!-regularity
results of Lieberman [15]. It is obvious that s > A|s|¢~2s fulfills condition (H7) for
A >0and 1 < g < p. We also point out that no growth condition is imposed on f, i
and thanks to (H3), (H6) we easily verify that f(x,0) = h(x,0) = 0 for a.a. x € 2,
resp., x € d52. Hence, u = 0 is a solution of problem (1.1).

A function u € WhP(£2) is said to be a (weak) solution of (1.1) if it satisfies the
equation

/ (a(Vu), Vo)rn dx
2

:/(—X|u|q*2u—f(x,u)) godx+/(k|u|q72u—h(x,u)) pdo

2 a2

for all test functions ¢ € WP (§2) while do denotes the usual (N — 1)-surface
measure.

The conditions in (H2), (H5) imply the existence of constants M1, My = M>(A) > 1
such that

f(x,s)s > |s|? foraa.x € £2 andall |s| > M,

3.2
h(x,s)s > Als|P fora.a. x € 2 and all |s| > M>. (3:2)

Let M3 = max (M, M>). Taking u = ¢ € [M3, +00) and applying (3.2),q < p, and
M3 > 1, we conclude

0> —f(x,u) ae.inf2 and 0> PR - h(x,u) ae.in 052. 3.3)
In the same way, choosing v = —¢, we obtain

0<—f(x,v) ae.in 2 and 0§k|y|q_zy—h(x,y) a.e.in 052.
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Now, we introduce the truncation functions

K ifs <0
bt(x,s)=1—f(x,s) if0<s<u,
—fx,u) ifu<s
: (3.4)
0 ifs <0
b (x,s) = {as? ! —h(x,s) if0<s<u,

At — h(x,w) ifu <

and

—fx,v) ifs<uv

b= (x,s)=3—f(x,s) ifv<s=<0,
0 if0<s
Mplf%v — h(x,v) ifs <v

by, (x,5) = Als|972s —h(x,s) ifv<s<O,
0 if0 < s

which are well-known to be Carathéodory functions. Setting B* (x, s) = f(; bE(x, t)dt,
B (x,s) = I b (x, 1)dt, we consider the C'-functionals ¢ : WIP(2) — R
defined by

(p)jf(u)=/G(Vu)dx~|—%/|u|pdx—/Bi(x,u)dx—/Bf(x,u)da.

2 2 2 82

Furthermore, we write F(x,s) = fos f(x,t)dt and H(x,s) = fos h(x, t)dt. Recall
thatii; (¢) € int (C'(£2)4) denotes the normalized eigenfunction (i.e. [|i11(¢)ll4,02 =
1) corresponding to the first eigenvalue 11(q) of the Steklov eigenvalue problem of
the g-Laplacian given in (2.3).

We start with the existence of constant sign solutions to problem (1.1) provided
A > 01is sufficiently large.

Proposition 3.3 Let the assumptions in H(a), and (H1)—(H8) be satisfied and suppose
that

qcﬂ{(q) t:fq <p 3.5)
2pcrhi(p) ifg=p

with the positive constant c7 given in Remark 3.1. Then problem (1.1) has at least two
nontrivial constant sign solutions

up € [0, @] N int (cl(§)+) and vy € [v, 0] N (— int (c1(§)+)) .
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Proof Let us begin the proof with the existence of the positive solution. By means of
the truncation in (3.4) standard arguments ensure that (piF is coercive and sequentially
weakly lower semicontinuous. Therefore, the Weierstrass theorem yields the existence
of ug € WHP(£2) such that

o (ug) = inf [wj(u) ue WI’P(.Q)] = mj . (3.6)

Given ¢1, &2 > 0, from Hypotheses (H3), (H6) we find §; = 81(e1), 82 = 82(e2) €
(0, ) such that

3
F(x,s) < —]|s|17 for a.a. x € §2 and for all |s| < 1,
p

o (3.7)
H(x,s) < —|s|? fora.a.x € 352 and for all |s| < &>.
q

Let § := min(8;, &3). Since 11(g) € int (C1(§)+), we may choose ¢ € (0, 1) small
enough such that tii1 (¢) (x) € [0, 8] forall x € 2. Because of (3.1), (3.4), (3.7) along
with [|l#1(q) 4,02 = 1 and § < u it follows

wf(tﬁl(q))=/G(V(tﬁl(q)))dx+%/Itﬁ1(q)|pdx—/B+(x,tﬁ1(q))dx
Q 2 Q

— / B (x,ti1(q))do

082
P
= / G (V ity (¢)))dx + ’Tanq)n;Q +/F (x. 1it1 (q)) dx
22 2
a4 .
-—+ / H (x, tul(q)) do
1 082

< 7 (119G @I o + PIVGL @I o) + K@l o (39)
< o7 (1IV@@g @ + P IVE@)I, o) + =Pl @l o G
e1tP . » a1 gyt

lar @l o ==+ =~
p Peg g
< o7 (<N @I g+ @+ IV @] ;)

eqtP . P a1 gyt
il o — — +—
p P2 g q

LAY qerr (@) — A+ &2
— 19 (T) lir (@9 g +19 (q

+

1PX
+7||u1<q>||§,9 +

+ €1
p

4¢P (c7||v(in(q))||gQ +2 ||121(q)||£,:2) :
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If ¢ < p we may choose €1, & such that
O<egr<oo and 0 <& < )»—qcﬁtl(q)
(see (3.5)), then (3.8) becomes
o (th1(q)) < —19My + 1P Ms (3.9)
with some My, M5 > 0. Since g < p, (3.9) implies
(p;'(tﬁl(q)) < 0 for all sufficiently small ¢ > 0. (3.10)

If ¢ = p, (3.8) reduces to

R —2pcr+xter\, -
@ty (p)) <t? (f ”“1(17)“;9

o 3.11
+tp(2l7€7?»1(19)—l+82) GAD
p

If 2pc7 > x we may choose
O<ep <2pc7—x and O <& <A —2p075\1(p)

(see (H8) and (3.5)) to obtain again (3.10). Finally, if 2pc7 = x, (3.11) becomes

. el . 2¢7pM(p) — A+ &2
mﬂmmm>sﬂ(;wmumﬁg+ : .

Choosing 0 < &3 < A — 2pC7)A»1(p) we find a constant Mg = Mg(X) > 0O such that

A €1~
@am@»sw(;wumﬁﬂ—MQ.

Mep
lar(ml} o
the choices of &1, &y above lead to (see also (3.6))

Taking 0 < &1 < provides inequality (3.10) again in this case. In summary

¢ (ug) < 0= ¢ (0),
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implying ug # 0. Moreover, as ug is the global minimizer of (p;r, there holds

((p;’)/ (u0) = 0 meaning that

/ (a(Vup), Vo)py dx + x / luol?2ugpdx
22 22

:/b*(x,uoypdx—i—/b;f(x,uo)wda,
2 EY)

(3.12)

for all p € WhP(£2). We take ¢ = —u, € WP (£2) as test function in (3.12) and
by virtue of Lemma 2.4(iii) in combination with the definition of the truncations (see

(3.4)), we obtain

) ( &)
min
b

l,x) (1vug 15 + g 15 ) <.

which means that ug > 0. Choosing ¢ = (ug —u)* € WP (£2) in (3.12) and making

use of (3.3) as well as (3.4), it follows

/ (a(Vuo), V(ug — ﬁ)+)RN dx + x / ué’il (o —u) T dx

2 2

= /b+(x, uo)(ug — W)t dx + / b;‘(x, uo)(uog — ) do
2 982

= / (—f(x,w) (uo —w)Tdx + / (Wi—l - h(x,ﬁ)) (ug —w)Tdo
2 982

<0.

This gives, due to Lemma 2.4(iii),

0> / (a(Vug), Vug)pny dx + x / ué’fl (ug —u) dx

{uo>u} {uo>u}

C
> 2 [ ulfdxt [ wo-mras

{uo>u} {uo>u}
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Hence |{ug > u}|y = 0, that is ug < u. We conclude that ug € [0, u] with ug = 0.
Then, by means of the truncations in (3.4), Eq. (3.12) becomes

/ugflq)dx

/ (a(Vuop), Vo)ry dx + x
2 2

:/(—f(x,uo))wdx +/ (Aug_l —h(x,uo)) pdo
2 92

which means that ug € W7 (£2) solves the problem

—diva(Vug) = —xul ' = f(x,up) in @,
Ju

ong

— ™! —h(x,u G139
= Aug ,ug) on 052.

Since ug € [0, u] we have ug € L% (£2) (see also Winkert-Zacher [26, Corollzgy 1.2])
and from the regularity results of Lieberman [15] it follows that ugp € C L(§2)\{0}.
Taking into account (H1), (H3) we find a constant M7 > 0 such that

fx,s) < M7s1’_1 fora.a.x € 2 andforall0 <s <u. (3.14)
Combining (3.13) and (3.14) yields
diva(Vug) < (x + M) ul™" aein Q.
Now, we may apply the strong maximum principle (see Pucci-Serrin [21, Theorem
2.5.1]) to obtain ug(x) > 0 for all x € £2.
Let xo € 952 be such that ug(xp) = 0. Applying the boundary point lemma (see

again Pucci-Serrin [21, Theorem 5.5.1]) gives

dug
ong

dup
() = ao (I Vuollzx) S x0) <0, (3.15)

where (dug/dn)(xp) stands for the outer normal derivative of ug at xo € 952. Since
h(xo, uo(x0)) = h(xp,0) = 0 we get a contradiction from (3.13) and (3.15). Hence,
ug(x) > 0 for all x € £2 and consequently ug € int (C'(£2)4.). That finishes the first
part of the theorem.

The second assertion can be shown similarly using ¢, instead of (p):F to obtain the
existence of a nontrivial negative solution vy € [v, 0] N (—int (C'(2)4)). ]

Now we are going to prove the existence of extremal constant sign solutions of
(1.1) provided A > 0 is large enough as before.

To thisend, let S (1) (S— (1)) be the set of all nontrivial positive (negative) solutions
of problem (1.1). Thanks to the monotonicity of a (see Lemma 2.4(i)) one can show
that S+ (A) (S—(1)) is downward (upward) directed, that means if u, up € S+(A)
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(S—(1)), then there is anelement v € S; (A) (S—_(A))suchthatt < (>)uy, 0 < (>)us.
Therefore, without loss of generality, we can focus on the sets

Sy =8;0)NM0.1,  S-() =85 N[0l.

_ As a consequence of Proposition 3.3 we know that both sets are nonempty, i.e.,
St (A) # P and S_(1) # @. We can further suppose, without loss of generality, that

|f(x,s)] < Mg fora.a.x € £2 andall s € R, (3.16)
|h(x,s)] < My foraa.x € 92 andall s € R, '

with positive constants Mg, Mo which can be seen by truncation of f(x, -), h(x, -)
at v (from below) and u (from above) combined with (H1), (H4). Then, taking into
account hypotheses (H3), (H6) along with (3.16) we find for given ¢1, &, > 0 and
ry € (p, p*),r2 € (p, px) numbers Mg = Myo(s1,71), M11 = Myi(s2,72) > 0
such that

f(x,s)s < eqls|? + Myg|s|" foraa. x € 2andalls € R, 317
h(x,s)s < e|s|?+ Myy|s|™? foraa.x € 2andalls € R. '

In order to prove the existence of a smallest positive and a greatest negative solution
to (1.1) we will consider an auxiliary problem. To this end, let . > 0,&1 > 0, & €
(0, 1) and consider the subsequent equation

—div(a(Vu)) = —(x +eDul”*u — Myolu|" 2u  in £,
ou
ong

(3.18)
= —e)|ul?%u — My |ul?2u on 982

We are going to prove the uniqueness of constant sign solutions of problem (3.18).

Proposition 3.4 Let hypotheses H(a), and (HS8) be satisfied and suppose

- qeim(q)  ifq < p,
2pcrri(p) ifg = p.

Then, problem (3.18) has a unique positive solution u, € int (C 1 (§)+) and a unique
negative solution v, € int (C1 (§)+).

Proof Due to the oddness of (3.18) it suffices to prove the existence of a unique
positive solution u, € int (C 1(!2)+), the existence of a unique negative solution

follows directly by setting v, = —u, € —int (C ! (§)+).
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Let lI/;r : WhP(£2) — R be the C'-functional defined by

X €1 Mo
2
A—& M
Ty 711G a0 + 7llu+llfi’m.

Sinceg < p <r; < p*,q < p < ry < px we note that 11/;“ is coercive and sequen-
tially weakly lower semicontinuous. Hence, its global minimizer u, € W7 (£2) exists
and as in Proposition 3.3, the choice of A > 0 yields

U (uy) <0 =1 (0)

guaranteeing u, 7~ 0. Since u, is a global minimizer of lI/;' we have (w; )/ (uy) =0,
that is

/(a(Vu*), Vo)ry dx + x / sl P2 uspdx
2 2

= _gl/(u:)”‘lwx—Mlo/(ui)”_lwdx (3.19)
Q 2
+ (- 82)/ (u:)q_l pdo — M / (u:)rz_l pdo,
982 082

forall 9 € WP (£2). Taking ¢ = —u, € WP (£2) and applying Lemma 2.4(iii), we
get u, > 0 (cf. the proof of Proposition 3.3). Then, (3.19) becomes

/ufflgadx

/ (@(Viey), Vo)gn dx + x
2 2

:—81/uf_l(pdx—Mlo/u:}_lwdx—()»—sz) /ui_ltde—Mu/u:}_l(pdo,
2 2 R R

meaning that u, is a nontrivial positive solution of (3.18). Moreover, the nonlinear
regularity theory (see Winkert-Zacher [26] and Lieberman [15]) combined with the
nonlinear maximum principle (see Pucci-Serrin [21]) yields u, € int (C1 (§)+) (sim-
ilar to the proof of Proposition 3.3).

We are done with the proof provided u, is shown to be the unique positive solution
of (3.18). Let Ty : L'(£2) — R U {00} be the integral functional defined by

1 My r . 1 1
G(Vw)dx+— |7 do ifu>0,us € Wr(Q),
r
082

Ty (u) =

+00 otherwise.
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Letuy, us bein the domainof Y4, i.e.uy, up €dom(Yy) ={u e L' (£2): 1 () <+o0}

1
and let further u = (fu; + (1 —t)un) 4 witht € [0, 1]. Applying Lemma 1 in Diaz-Saa
[4] there holds

q

=D sz(xﬁ

1
1 9 \a
1Vu() gy < (z Vi RN) ac.in 2.

Since Gy is increasing and thanks to condition H(a)1(iv) it follows

1))

)+ =06 (| views

Go (IVu(x)lipy)

< Go((r [V

< 1Go (|vur o

q 1
o+ (1= | Vi)

]RN) a.e.in £2.
By definition G(£) = Go(||€]) for all & € RV, hence
1 1
G(Vu(x)) < 1G (wl(x)?) +(1-nG (wz(x)a) ae. in 2.

Therefore, 7. is convex and due to Fatou’s lemma it is also lower semicontinuous.

Now, taking two positive solutions u, v € WP (£2) of (3.18) and recalling that
u, v € int (C'(£2)4) (see the first part of the proof) we have u, v € dom(7y). For h €
C'(2) andt € (0, 1) sufficiently small we see that u? +th, v? +th € int (C1 (§)+).
Thus, 7 is Gateaux differentiable at #¢ and v? in the direction 4. Applying the
chain rule and the nonlinear Green’s identity (see, for example, Gasinski-Papageorgiou
[11, p. 210]) yields

1 [ —diva(v -
T, (1) (h) = — / Mhdwr G / hdo, (3.20)
q ud= q
982
1 [ —diva(v A —
T, () (h) = —/#lv)hdx+—82/hda. (3.21)
q ve q
2 082

Since Tjr is monotone (follows from the convexity of 7. ) and thanks to (3.20) as well
as (3.21), we obtain

0 < (7 (u?) = 7L (v9), u? - vq>L1(Q)

. 1 —diva(Vu) —diva(Vv) q q
_5/( e — o )(u —v?)dx
Q
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1 —(x+eDuP ' =Miout =1 —(x+envP = Mgv 1!
_ 2 — (u?—v?)dx

q uqfl U‘I*I
2
= 20 [ oo (o) ded ZE [ (@t o) a
q q
) 2

Since s > 5177 and s > s~ are strictly increasing in (0, co) we obtain that u = v
and therefore, u, € int (C'(£2).) is the unique positive solution of (3.18). ]

With the aid of these solutions obtained in the last proposition we are now in the
position to prove the existence of extremal constant sign solutions of our original
problem (1.1) provided A > 0 is sufficiently large.

Proposition 3.5 Let the assumptions in H(a )1 and (H1)—(H8) be satisfied and assume

- geim(q)  ifq < p,
2pcihi(p) ifq = p.

Then problem (1.1) has a smallest positive solution u € int (C ! (§)+) and a greatest
negative solution v_ € —int (C1(§)+).

Proof As mentioned before it is enough to prove the existence of these extremal
solutions in the sets S1 (%) = S+(») N[0, 7] C int (C'(2)4) and S_(1) = S_(}) N
[v,0] € —int (C'(£2)4).

First, we are going to prove that u,, < u forallu € 3’+ (A). For this purpose, let 0 €
3‘+ (1) and define the Carathéodory functions ¢ : 2 x R — R, {)f 02 xR—R
through

0 ifs <0
CT(x,s) = —e1sP~1 — Myps™ ! if0o<s <dx), (3.22)
—e10()P~L — Mypo(x) ! ifd(x) < s

and

0 ifs <0
&I, s) = (0 — e2)s97! — M5! if0<s <d(x). (3.23)
r—e)d)I = Mo ifd(x) <s

Moreover, we define the C!-functional Ej{ : WhP(£2) — R given by

B () :/G(vu)dx+1/|u|f’dx—/z+(x,u)dx—/zj(x,u)da
p
2 2

2 82
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with Z*(x, s) = [; ¢T(x, 1)dt and Z" (x, 5) = [; &;7 (x, t)dt. Thanks to the trunca-
tions we easily verify that E;f is coercive and sequentially weakly lower semicontin-
uous. Hence, there exists the global minimizer of E;\" on Wh.p (£2), i.e.

&1 (i) = inf [Ej{(u) ‘ue WI’P(Q)]. (3.24)
As in the proof of Proposition 3.3 we can show that
g (4x) < 0= E](0),

meaning i, # 0. Moreover, due to (3.24), there holds

/ (a(Vﬁ*)s V‘P)RN dx + x / |ﬁ*|p_212*90dx
2 2

(3.25)
= /;Jr (x, 12*) pdx + / {;’ (x, 12*) pdo,
2 082

forall p € WP (£2). Taking ¢ = —ii; € WHP(£2) in (3.25) and applying Lemma
2.4(iii) we derive

. &) o -
min (p — laX) (IIVu* .0 + llig ”p-ﬂ) <0,
which implies i, > 0. Since 9 is a positive solution of (1.1) it satisfies

a (V0),Ve)uydx + x [ 07 pdx
(a (VD). Vo)p

2 2

= [ woppdx+ [ (47— (x.5) gaor

052

(3.26)

for all ¢ € WP (£2). Choosing (itx — 0)" € W'P(£2) in (3.25) and (3.26), sub-
tracting (3.26) from (3.25), and making use of (3.17), (3.22) as well as (3.23) we
derive

/(a (Vit)=a (V$) . V (.= 9)7)_, dx—i—x/ (@r="=577) (- 0) " dx

$2 2
= [t s (5.8) (@~ )
2
+ / (;;(x, i) — 2097 4 b (x, f;)) (s — 0) " do
982
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:/(_elfm—l ~ Migd" " 4 f (x, ) (s — 9) " dx
2
+/((,\—82) 0971 — My = A0+ (x, {))) (i1 — 0) " do
982

<0.

This implies for iz, > 9, due to Lemma 2.4(i),

which is a contradiction. Therefore i1, < 0. To sum up, we have shown that i, € [O, ﬁ]
and i1, # 0. Then, by definition of the truncations, we obtain that i, is a positive
solution of (3.18) which by Proposition 3.4 implies that i, = u, € int (Cl(.Q)Jr).
Hence

uy <u forall ueS,(0). (3.27)

Now letC C 3+ (1) be a chain, thaE means, a totally ordered subset of 3+ (A). Then
there exists a sequence (u,)n>1 S S+(A) (see Dunford-Schwartz [5, p. 336]) such
that inf C = inf,,> u,. As u,, is a positive solution of (1.1) we have

/(a(vun)v V(D)IRN dx
Q

(3.28)
= / (—xufz’*l - flx, un)) pdx +/ (Auzfl — h(x, un)) wdo,

Q2 EX?;
forall p € WhP(£2) with uy, < u, < foralln > 1 (see (3.27)). Since f and h are
bounded on bounded sets we obtain the boundedness of u,, in W17 (£2). Therefore,
we may assume that
up — uin Wh7(£2), u, — uin LP(£2), u, — uin LP(3£2). (3.29)
Taking ¢ = u, —u € WHP(£2) in (3.28) and passing to the limit as n — oo, one

gets, thanks to the convergence properties in (3.29),

lim
n—0o0

(A(up), uy —u) = nl;rr;o/ (@(NVuy), V(u, —u))py dx = 0. (3.30)
Q
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Since A satisfies the (S )-property (see Proposition 2.7), (3.29) and (3.30) imply
u, — u in WHP(£2). Using this fact we can pass again to the limit in (3.28) which
gives

/(a(Vu), Vo)gpy dx = /(—Xup_] — f(x,u)pdx + /()»uq_1 — h(x,u)pdo
19) 17 EY?)

with uy, < u < u. That means u € $+ (1) and u = inf C. Then, the Kuratowski-Zorn
Lemma implies that 3+ (A) has a minimal element u, € 3+ (1) and since 3+ Q) is
downward directed, we infer that u is the smallest positive solution of (1.1).

The existence of a greatest negative solution v_ € —int (C!(£2)) of (1.1) can be

shown in the same way, working with the set S (A) instead of S‘Jr (A). The proof is
complete. o

Now, we are going to prove the existence of a nontrivial solution yg of (1.1) which
turns out to be a sign changing solution.

Proposition 3.6 If hypotheses H(a)| and (H1)-(HS8) hold and if

geraa(q)  ifg < p
2pcira(p) ifg=rp

is satisfied, then problem (1.1) has a nodal solution yy € C' (ﬁ)

Proof Recall thatu € int (C'(£2)4) and v_ € —int (C'(£2).;) are the two extremal
constant sign solutions of (1.1) obtained by Proposition3.5.Let ¥ : 2 xR — R, 9, :
082 x R — R, be truncation functions defined by

—f (x,v_(x)) ifs <v_(x)
P s) =1 =fs) o) <5 Sup@) (3.31)

—fup(x) ifug(x) <s

and
MMo— ()42 v_(x) — h(x, v_(x)) ifs < v_(x)
D(x,8) = 4 A s 25 — h (x,5) ifo_(x) <s <uy(x). (3.32)
Ay ()97 — b (x, ug (x) ifu,(x) <s
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Furthermore, let 9% (x, 5) = 9 (x, £s%), 19;t(x, s) = 9, (x, &%) and define

N N

O (x,s) =/z9(x,t)dt, O, (x,9) =/z9;L (x,1)dt,

0 0

N N
OF (x,5) :/ﬁi(x,r)dt, OF (x,5) :/ﬁ;‘t (x,1)dt.
0 0

We consider the C!-functionals @, @f : WLP(£2) — R defined by

¢A(u)=/G(Vu)dx+£/|u|pdx—/@(x,u)dx—/@k(x,u)da,
p
2 2

2 082

O (u) :/G(W)dx+5/|u|ﬂdx—/@i(x,u)dx—/@f(x,u)da.
p

2 2 2 82

First, we will prove that
K(DA g [U_, MJ,_], K¢)L+ = {07 I/t+} 9 K¢; = {U_, 0} N (333)

To this end, let u € K¢, , that is

/(a(Vu), Vo)gy dx + X/|u|1’—2mpdx
2 2

(3.34)
= / U (x, u)pdx + / M(x, u)pdo forall ¢ € WP ().
Q 082
Since u is a positive solution of (1.1), we have
/ (@(Vuy), Vo)pn dx + x / uh " pdx
« « (3.35)
= / (—f (. uy))pdx + / (™ = ) pdo,
Q Y,
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for all p € WP (£2). Choosing ¢ = (u — u;)* € WP(£2) in (3.34) and (3.35) and
subtracting (3.35) from (3.34) results in

/ (a(Vuy=a(Vu), V (u — up) ) gy dx+x / (117 2= ™") 0 = ) * dx
2 2

= / O (o) + f (o)) u—ug)t dx
2

+/ (ﬂk(x, u) — Aui_l + h(x, u+)) (u—up)tdo
El)
= O’

due to the definition of the truncations in (3.31) and (3.32). Since a : RY — R¥ is
strictly monotone (see Lemma 2.4(i)), we derive for u > u4

O:/ (a(Vu)—a(Vu+), V(u— ”+)+)RN +X/ (Iulpfzu - ui_l) (u—uyp)tdx
Q2 Q
> 0,
which is a contradiction. This gives u < u.
Acting on (3.34) and (3.35) with ¢ = (v_ —u)™ € W17 (£2) and subtracting again
we obtain v_ < u. Hence
K@)L g [vfﬂ M+].
Following the same ideas we can prove that

K(p;r C[0,uy] and Kg- C[v-, 0L

By Proposition 3.5 we have that 4 and v_ are the extremal constant sign solutions
of (1.1). Therefore

Kq);r = {0, M+} and K(p; = {U_, 0}

This proves (3.33).
Next, we are going to show that

uy eint (C'(2 andv_ € —int (C'(2 are local
+ ( ( )+) ( ( )+) (3:36)
minimizers of @;.

We easily verify that the functional @;f is coercive and sequentially weakly lower
semicontinuous. Then, by the Weierstrass theorem, there exists & € WP (£2) such
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that
o (i) =inf @ @) :ue W (2)].

Applying the same arguments as in the proof of Proposition 3.3, we can show that
@ (4) < 0 = &;7(0) which implies &i # 0. Hence, because of (3.33), il = uy €
int (C'(£2)4). Since <1§;\|C1(§)+ = <Dﬂcl(§)+ we know that u; € int (C1(2)4) is
a local C!(£2)-minimizer of ®; and thanks to Proposition 2.6 it follows that u is a
local W7 (§2)-minimizer of ;. The assertion for @, can be shown using similar
arguments. This proves (3.36).

Now, we may assume, without loss of generality, that @) (v_) < @, (1) and that
uy is an isolated element of K¢,, otherwise we would have a whole sequence of
distinct nontrivial solutions of (1.1). Then, we can find a number p € (0, 1) such that
lo- —uslli,p > p and

B) (v2) < By (ug) < inf [Br) : lu —uslyp = p] = mh. (3.37)

From Proposition 2.9 we have that @, satisfies the PS-condition because it is coercive.
This fact along with (3.37) allow us the application of the mountain pass theorem stated
in Theorem 2.2 which guarantees the existence of yy € WP (£2) such that

Yo € K¢, and m) < @, (y0). (3.38)

Note that the first assertion in (3.38) combined with (3.33) and the definition of the
truncations in (3.31), (3.32) implies that yy is a solution of problem (1.1). The second
assertion in (3.38) along with (3.37) gives yo & {v_, u4} and the nonlinear regularity
theory yields that yo € C!(£2). Since v_ and u are the extremal constant sign
solutions of (1.1) we know that yo € [v—, u4]\{v—, u} has changing sign provided

yo # 0.
Moreover, since yo is of mountain pass type, we obtain, due to Theorem 2.2,

@;.(yo) = inf max @, (y (1)), (3.39)
yel 0<r<1

where I' = {y eC ([O, 1], lep(.Q)) Q) =v_,y() = u+}. In order to com-
plete the proof we have to show that yg is unequal zero which is satisfied if there exists
a path y, € I" such that (see (3.39))

D, (y«(t)) #0 forall ¢ € [0, 1].

Taking hypotheses (H3), (H6) into account, for given &1, &2 > 0, there exist numbers
81 = 81(g1), 82 = 82(g2) > 0 such that

[f(x,s)] <eis|P~" foraa. x e 2 andall |s| <&,

lh(x,s)] < 82|s|‘1_1 fora.a. x € 952 and all |s| < &,
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which implies that

F(x,s) < “Ls|P foraa x € 2 andall |s| < 5.
; (3.40)

&
H(x,s) < 2|s|? foraa. x €9 andall |s| < 5.
q

Let S, = Wh4(2) N aB{"*? and S& = Sq N C!($2) be equipped with the rel-
ative W17 (£2)-topology and the relative C!($2)-topology, respectively. Recall that
aBT™ = {u e L10R) : |ulgae =1} and

L@ ={peC(=1,11,8,) : p(=1) = =it (q), p(1) = @1 ()} .

Moreover, we consider the set of continuous paths
@) = {p e € (I-1.11.5) : (=) = =i @), 7 (1) = i @)}

LetAcS := min {31, §7}. From the variational gharacterization of the second eigen-
value A2 (q) (see Proposition 2.8), we find y € I'(g) such that

[P0, <o +2 (3.41)
max ||y g < 2(q +2. .

—1<r<1

It is well known that S; is dense in S,;. This implies the density of Igc(q) inl" (q) (see,
for example, Winkert [22, Proof of Theorem 3.1.16]). Therefore, for a given ¢ > 0,

there exists yy € I, (g) such that

“max [P0 =], , <e (3.42)

1 1
Selecting ¢ € (0, (iz(q) + 5) - (kz(q) + %) q) we derive from (3.41) and (3.42)

0], = 100 -70l,, + 7ol

<&+ ():z(q) + g)q

1
< (iz(q) +5)q forall ¢t e[—1,1],

which results in

max 0@, < ia(g) +38. (3.43)

—l<r<1
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Recallthatu € int (C'(£2)4) andv_ € —int (C'(£2)). Then, since 7o ([—1, 1]) €
Ccl()is compact, there exists a number & € (0, 1) such that

|Eu(x)] <8 forall x e £2, forall uepy([—1,1]), (3.44)
and
Euelv_,uy] forall uepy(—1,1]).

Due to (3.1) along with |[ull4,52 = 1, (3.31), (3.32), (3.40), (3.43), (3.44), and
u € yp ([—1, 1]), it follows

(D,\(Eu)z/G(V(fEu))dx—l—%/|é§u|pdx—/@(x,éu)dx—/@x(x,fu)da
2

2 2 082
< 9NvVull PIVull? ﬁ p
< 7 (11Vull] o +E719ul] o) + =l o
LEY
+ | F(x,éu)dx — — + | H(x,&u)do
2 i 082

< 1 (E7IVuI] o + 7 1ull] o +E7IVuI) o) = E0erllulll o (345)

x&" e1&r AT e
+ 7 ||”||ZQ + 7”””59 - 7 + ;‘5(1
qcr ():z(q) + 5) — A+ .
<& —glerul?

q

x t+é
+EP(C7||VM||§,9+ » IIMIIIIZ,Q)-

Furthermore, since yp ([—1, 1]) € C 1(2) is compact, we find a number £* > 0 such
that

lull? < &* forall ue po([—1,1]). (3.46)

1,p =

First, suppose that g <p. We choose g1 € (0,00),e2 > 0and § € (0, &7) such that
qc76 + €3 < A — qcra(q). Taking (3.46) into account, (3.45) becomes

®; (Eu) < —E9Myp +EPMy3 forsome My, Mi3 > 0.
Since g < p, by choosing & € (0, 1) small enough, we obtain

@, (u) <0 forall u e po([—1,1]). (3.47)
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If g = p, by applying (3.46) and again (3.43), estimate (3.45) becomes

pcr ():2(17) + 8) )

Py (6u) < &7 . —&Perlull) g
87 (1 (IVull? g+ 1ul? o) =erllull? o+ 25 jul? ) 3.48)
7 p.R2 p.2 ) T p 2 P X3 ASE
2per (Fa(p) +8) =2 +e2 _
< ¢r +$px+€1 2PC7§*'

p

If 2pc7 > x, we choose 0 < €1 < 2pcy7 — x aswellas ¢ > 0 and § € (0, &3) such
that pc76 + 62 < A — pC7)AQ(p) which proves (3.47). If 2pc7 = x, then we select
again &2 > O and 6 € (0, &7) such that pc78 + &, < A — pC75»2(p) for which (3.48)
results in

Oy (Eu) < EP [—MM + %s] (3.49)

with some M4 > 0. Choosing 0 < g1 < pgﬁ“‘ proves (3.47) in this case, too.

Now, we set y9 = &7 which is a continuous path in W17 (£2) connecting —£ii1(g)
and &1 (q) and which fulfills

q§k|y0 <0. (3.50)

Recall that, due to (3.33), K o = {0, u}. Moreover, the proof of (3.36) shows
that

& (uy) = inf @ (u) <0=d;(0). (3.51)
A ueWwlr () » »

Now we may apply the second deformation theorem stated in Theorem 2.3 with
¢ =@, a= q§;‘(u+) < 0= (15;'(0) = b to find a continuous map /& : [0, 1] x

((qb;)o \{0}) — (@;")" such that, because of (3.51) and (3.33),

i (1 (@) \0) = () (3.52)
and

& (h(t,u)) < ®; () forall 1€0,1] andall ue (])°\{0}.  (3.53)
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A +
Defining y (t) := (h (t, &y (q))) forallt € [0, 1], itis clear that y4 is a continuous
path in W17 (£2) satisfying

~ R + R
7+(0) = (A0, 8in@)) " = &it1(q)

and, due to (3.52),

A +
ye() = (A1 g1 (@) =us.
In addition, thanks to (3.53) and (3.50), one gets
D (y4 (1) < @ (Eit1(g)) <0 forall 1 €0, 1]
implying @)‘f |V+ < 0. Moreover, since
¢A|WJI: = ¢;|W£ and 1H17/+ g Wﬁ,

with W2 = {u € WP () : u(x) > 0 ae. in 2}, we have

@A|y+ <0. (3.54)

Following the same ideas we can construct a continuous path y_ in W7 (£2) which
joins v_ and —&ii(g) satisfying

@], <0. (3.55)

The union of the curves y_, yp, and y; forms a continuous path y, € I" such that,
because of (3.50), (3.54), and (3.55),

@)\ < 0.

Vx
This implies that yo € C'(£2) N [v_, u ] is a nodal solution of (1.1). o

Combining the results in Propositions 3.3, 3.5, and 3.6 we have the following
multiplicity result.

Theorem 3.7 Let hypotheses H(a), and (H1)—(HS) be satisfied and assume

gerna(q)  ifq < p,
2pcira(p) ifqg = p.

Then problem (1.1) has at least three nontrivial solutions ug € int (C 1 (§)+) ,V0 €
—int (C1(22)+) and a nodal solution yo € [vo, uol N C'(2). Additionally, (1.1) has
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a smallest nontrivial positive solution u4 € int (C ! (§)+) and a greatest nontrivial
negative solution v_ € —int (C1(§)+).

Remark 3.8 As mentioned in the Introduction recall that the results in Theorem 3.7
recover those ones obtained in Winkert [23]. Indeed, if ¢ = p and a(§) = ||& ||fé;,2$

for all & € RV is the p-Laplacian, then c¢; = ﬁ and 2pC7)A»2(p) = ):z(p) being the
second eigenvalue of the p-Laplacian with Steklov boundary condition. In this case
problem (1.1) becomes

—A,,u:—)(|u|p_2u—f(x,u) in £2,

MulP2u — h(x,u) on 9%2.

p—2 au
IValigy™ -

with
0<yx<I.

In contrast to [23] we have on the one hand a more general operator being possibly
nonhomogeneous and on the other hand we do not need a sign-changing condition on
f near the origin.
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even under small perturbations of nonhomogeneous Neumann boundary conditions, is
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inequality

Non-smooth critical point theory

p-Laplacian

1. Introduction

The aim of this paper is to investigate variational-hemivariational inequalities with a nonhomogeneous Neumann bound-
ary condition. Precisely, let £2 be a non-empty, bounded, open subset of the Euclidean space RN, N > 1, with C!-boundary
352, let p € IN, 4o0o[, and let g € L*°(£2) satisfy q > 0,q = 0. Our purpose is to study the following problem: Find u € K
such that, for all v € K,

f}Vu(x)|p Vu(x) - V(v(x)—u(x))dx+-/q(x)|u(x)\p u()(v(x) —ux)dx

/Aa(X)F (u@); v —ux) dX+/Mﬂ(X)G (Yu@; yv® — yu®)do (P)

2

where K is a closed convex subset of W1-P(£2) containing the constant functions, and o € L'(£2), B € L1(3£2), with ar(x) >0
for a.a. xe€ 2, a#0, B(x) >0 for a.a. x € 352, and A, u are real parameters, with A > 0 and u > 0. Here, F° and G°
stand for Clarke’s generalized directional derivatives of locally Lipschitz functions F, G : R — R given by F(¢) = fOE f@dt,
G¢E) = j(f g(t)dt, £ e R, with f,g:R — R locally essentially bounded functions, and y : WLP(2) — LP(3£2) denotes the
trace operator. If 2 =]a,b[C R and h: {a, b} — R, then jasz h(x)do reads h(b) + h(a), so problem (P) makes sense even for
N=1.

* Corresponding author.
E-mail addresses: bonanno@unime.it (G. Bonanno), motreanu@univ-perp.fr (D. Motreanu), winkert@math.tu-berlin.de (P. Winkert).
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A prototype of (P) for K = W1-P(£2) is the following boundary value problem with non-smooth potential and nonhomo-
geneous, non-smooth Neumann boundary condition

Apt —qX)[uP"2u € xa(x)dF (1) in 02,
_,du ‘ (N)
|[VulP P € —uB(x)0G(yu) onds.

The main result of this paper is Theorem 3.1, which establishes, under an appropriate oscillating behavior of F and a suitable
growth of G at infinity, the existence of a precise interval for the real parameter A such that, provided p is small enough,
problem (P) admits infinitely many solutions. Some consequences and applications are also pointed out (see Theorems 3.6,
3.8 and Section 4). Just as an example, we illustrate the applicability of our approach by stating the following consequence
of our results in the special case of ordinary differential equations.

Theorem 1.1. Let f : R — R be a non-negative, locally essentially bounded function and set F(§) = f(f f () dt for all ¢ € R. Assume
that

F F
liminf@ =0 and limsup @ =400
§—>+oo & E>+too &
Then, for each non-negative, continuous function g : R — R such that
1)
8o = M == < oo,
and for every p € 10, Sg%[, there is a sequence of pairwise distinct functions {u,} C W22(10, 1[) such that for alln € N one has
—up (%) +un(X) € [f (un®), fH(un(®)] foraa xe]lo, 1l
up(0) = ng(un(0)), (ON)

(1) = —pg(un(),

where f~(t) = limg_, o+ essinfir—z <5 f(2) and f*(t) = lims_, o+ ess SUP|r_zj<s f(2) forallt e R.

Clearly, if f is a continuous function, then Theorem 1.1 ensures the existence of infinitely many classical solutions to
the Neumann boundary value problem (ON). It is worth noticing that our results are completely novel, even for continuous
nonlinearities f and g, because of the presence of nonhomogeneous Neumann boundary condition (see (N)). We refer
to [2] and [3], and the references therein, for smooth Neumann problems in the homogeneous case. Moreover, we also
observe that our results and those of [11] are different since in [11] the Neumann boundary condition is homogeneous
and the type of oscillating behavior at infinity required for f implies that f cannot be of constant sign, which is not
necessary the case here. Regarding the existence of infinitely many solutions for non-smooth Neumann-type problems we
also mention the paper of Candito [5] and the work of Kristdly and Motreanu (see [9]) where in the second paper the
authors don't require that WP (£2) is continuously embedded into C%(§2). Recently, Kristdly and Morosanu have described
a new competition phenomena between oscillatory and pure power terms (cf. [8]) while existence results for variational-
hemivariational inequalities of type (P) were established in [15] applying an abstract non-smooth critical point result given
in [11].

2. Preliminaries

In this section we give a brief overview on some prerequisites on non-smooth analysis which are needed in the sequel.
Let (X, | -]|) be a real Banach space. We denote by X* the dual space of X, while (-,-) stands for the duality pairing between
X* and X. A function h : X — R is called locally Lipschitz continuous when to every x € X there correspond a neighborhood
V, of x and a constant Ly > 0 such that

[h(2) — h(W)| < Lyllz— wll, Vz,w € Vy.
If x, z € X, we write h°(x; z) for the generalized directional derivative of h at the point x along the direction z, i.e.,
h(w +tz) — h(w)

h°(x;z) := limsup ;

w—x,t—0t

(see [7, Chapter 2]). If hy, hy : X — R are locally Lipschitz functions, we have

(h1 +h2)°(x,2) <hj(x,2) + h3(x,2), Vx,zeX. (2.1)

The generalized gradient of the function h at x, denoted by dh(x), is the set
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dh(x) == {x* € X*: (x*,2) <h°(x;2), Vz € X}.
We say that x € X is a (generalized) critical point of h when
h°(x;z) >0, VzeX,

that clearly means 0 € dh(x) (see [6]).

When a non-smooth function I: X — ]—o0, +00] is expressed as a sum of a locally Lipschitz function, h: X — R, and a
convex, proper and lower semicontinuous function, j: X — ]—o0, +0o0], that is I :=h + j, a (generalized) critical point of I
is every u € X such that

h°(u; v —u) + j(v) — j(u) 20,

for all v € X (see [13, Chapter 3] and [14]).

From now on, assume that X is a reflexive real Banach space, @ : X — R is a sequentially weakly lower semicontinuous
functional, 7 : X — R is a sequentially weakly upper semicontinuous functional, A is a positive real parameter, j: X —
]—00, +00] is a convex, proper and lower semicontinuous functional and D(j) is the effective domain of j. Write

U.="—j and [ =@ — AV =(DP — A7)+ Aj.
We also assume that @ is coercive and

D(j)N &~ (1—o0,rl) #0 (2.2)
for all r > infx @. Moreover, by (2.2) and provided r > infx &, we can define

(SqueCD*](]—oo,r[) ‘I/(V)) - lI/(u)

r) = inf s
v ued—1(]—oo,r[) r—o(u)
and
ot :=liminfe(r), ¢~ := liminf ().
r—>+00 r—(infy @)+

Assuming also that @ and 7T are locally Lipschitz continuous functionals, in [4] it is proved the following result, which is a
version of [11, Theorem 1.1].

Theorem 2.1. Under the above assumptions on X, @ and ¥, one gets:

(a) If o+ < +oo then, for each A € 10, w%[, the following alternative holds:

either

(a1) Ja possesses a global minimum,

or

(a) there is a sequence {uy} of critical points (local minima) of ] such that limp_, oo @ (un) = +00.
(b) If = < o0 then, for each A € ]0, wi_[, the following alternative holds:

either

(bq) thereis a global minimum of ® which is also a local minimum of |,

or

(by) there is a sequence {uy} of critical points (local minima) of J;, with limy_, o @ (up) = infx @, which weakly converges to

a global minimum of ®.

We recall that the previous theorem is a non-smooth version of Ricceri’s variational principle (see [16]).
On the space W1-P(£2) we consider the norm

1
lull == (/(|Vu(x)}" +q(x)|u(x)|")dx> g
2

which is equivalent to the usual one (see for instance [12, Section 1.1.15]). Set

ci=  sup LIS (2.3)

uewp(2no) Ul

where ||| := max, g |u(x)|. From (2.3) we infer that c”||q|l; > 1. If £2 is convex, an explicit upper bound for the constant
cin (2.3)is
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p—1
p=1 1 d -1 T
c<2Fma L 4 (P21} " Mle] (24)
P NVP\p—N llallx
llally
where |£2| denotes the Lebesgue measure of the set £2 and d :=diam($2) (see, e.g., [1, Remark 1]). Finally, we set
max —F(t —F
A:liminfM, B =limsup (é),
§—+o0 é:p E—>+o0
and
gl 1
1= s 2= 7}3 . (25)
lleell1pB lleell1pcP A

3. Main results

Our main result is the following.
Theorem 3.1. Let o € L' (£2) and 8 € L' (8£2) be non-negative and non-zero functions. Let f : R — R be a locally essentially bounded
function and set F (&) = fOE f(t)dt for all ¢ € R. Assume that

1
<
cPliqlly

Then, for each A € 111, A2[, where A1, Ay are given by (2.5), for each locally essentially bounded function g : R — R, whose potential
GE) = f(f g(t)dt, & R satisfies

(3.1)

maxj s (—G (1))

Goo :=limsup < 400, (3.2)
E—>+o0 &P
liminf(—G(E)) > —00, (3.3)
§—>+o0
and for every € [0, §[, where

§=46 71 1 ~ =4xifG 0)

= = - — =400 =0),

ERT B PG\ 2 >

with g* = fa:z B(x)do, problem (P) admits a sequence of weak solutions that is unbounded in W1-P(£2).

Proof. Our aim is to apply Theorem 2.1. To this end, fix X €1r1, Azl and let g be a locally essentially bounded function
satisfying our assumptions. Since A < A,, one has § := g5 >0, so we can consider 0 < & < §. It follows that Aljee||pcP A +
1B*pcP Gy < 1, which implies

r< L _ ) (3.4)
llorll1pcP A + & B*pcPGog
Let X be the Sobolev space W1-P(£2) endowed with the norm ||-||. For any u € X, set
1 _
& (u) = E||u||P7 T (u) ::/a(x)[—F(u(x))]dx+ %/ﬂ(x)[—c(yu(x)]da,
Q 882
. 0, ifuek, .
J(U)={ . ) =7 — jw), L) =2 ) — A% (u).
+o00, otherwise,
Therefore,
1 - _ .
Ji(w) = E||u||p +A/a(x)F(u(x)) dx + [ / BX)G(yux)do +1j) forallue X. (3.5)
Q EYe)

Now, we claim that ¢ < +o0. Let {on} be a real sequence such that limy_, ;o on = +0c and

max —F(t
lim 7'”@;,( ©) _ 4
n—+o00 Pn
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Denote m, = %('%")1’ and let v € @ 1(]—o0, r[). Then, taking into account that ||[v|P < pry and ||V]le < c||V]l, one has
[v(x)| < py for every x € §2. Therefore, it follows

SUP | e <pr, (S € (X)[—F(w(x))]dx + % L3 BOI=G(yw(x)ldo — j(w))

<
@ (rn) "
- lleell1 maxiej< p, (—F () + %ﬂ* maxe < p, (=G (t))
X T'n
maxi¢|< p, (—F(t)) @, Maxi < p, (—G(t))
=pcP |l mpip _,_pcp%ﬂ*%_
n n

Hence, ¢ <limsup,_, ;o ¢ (ra) < pcPllal1A + pcp%ﬁ*(;oo. From (3.1) and (3.2) we obtain

ot < +oo,
and our claim is proved. Moreover, taking into account (3.4), we get
A< (,07"'
Next, we show that the function J; in (3.5) is unbounded from below. Let {d;} be a real sequence such that
limy— 400 dn = +00 and

I (=F(dn))
im ————~ =

Jm B. (3.6)

Set wy(x) =d, for all x € 2 and n € N. Clearly, w, € K ¢ W-P(£2) for each n € N. We see that

wnllP = di gl

and
_ wal? - A M
0wy — ity — 1wl _A</a(x)[_F(wn<x>)]ax+ T / ﬁ<x>[—c(ywn<x>)]do) +j(wn)
o a2
; _
_ dy |anl 7;\(“0[“](71:(‘1”)) + %ﬁ*(fc(dn))>v
thus
d? : !
J (W) = % - x(nanl (—F(dn) + %ﬂ*(—G(dw))- o7

If B < 400, by (2.5) and since A > A1, we can take € €10, B — p\lx‘g‘\‘ﬂi [. From (3.6) there exists ve such that

—F(dy) > (B—e)d?, Vn> ve.
Combining with (3.7), one has

Ji(wn) <dj (@ — Ml (B *6)) — AB*(—G(dn)).

Since @ — Alefl1(B — €) < 0 and, as known from (3.3), {(—=G(d,))} is bounded from below, it follows that

limy s 100 J5(Wn) = —o00. If B =400, fix M > %. Then from (3.6) there exists vy such that

(=FWdn) > Md}, Vn>vy.
Arguing as before, one obtains

J; (W) <d? (@ - inan]M) A (~G(dn).

By the choice of M, we have lim,_, 1 J;(wp) = —o0, which completes the proof that J; is unbounded from below. Then,
from part (a) of Theorem 2.1, we know that the function J; admits a sequence of critical points {u,} C X such that ||u,| —
0o as n — oo. The fact that u, € X is a critical point of J; reads as
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(® — X7)°(ln; v — i) + Aj(v) — Aj(ily) >0 forallveX. (3.8)
It remains to prove that u,; solves problem (P). From (3.8) it follows that u, € K and

(@ —AY)°(iip; v —ily) >0 forallveKk. (3.9)
By (3.9) and (2.1) we infer that

&' (lin; V —1ip) + A(=Y)°(lln; v —lig) >0 forallvek

or, equivalently,

/ |Vitn (0P Vilg (%) - V(v (%) — lin(0)) dx
2
+ / 40 |1 |20 () (v(X) — 7 (X)) dx + A(—1)°(lin, v — ig) >0, V¥veK. (3.10)
2
By using (2.1) and formula (2) on p. 77 in [7], we have

A(=T)°(lin; v — i) <A / @ (0 F° (il (X0); v(X) — lin (X)) dx + / BX)G (yiin(x): yv(x) — yiln(x)) do.
2 EY)
Inserting this into (3.10) leads to

/ |Vitn (0P Viig(x) - V(v(%) — lin (0)) dx + / 400 |1 ()" 20 (%) (v(x) — a (%)) dx

2 2

+5\[/(x(x)F°(ﬁn(x); V(X) — Up(®)) dx + % / BROG (Yun(x); yv(x) — yﬁn(x))d(f] >0
2 EYel

for every v € K, which completes the proof. O

The solutions obtained in Theorem 3.1 for problem (P) corresponding to the parameters A and f are local minima of the
functional J; in (3.5) which is associated to (P). The following corollary demonstrates that, if the functional Jj satisfies the
Palais-Smale condition, there are solutions to (P) which are not local minima of Jj.

Corollary 3.2. Under the hypotheses of Theorem 3.1, assume in addition that
1 1
min:F(t) — —(=F)°(t; t),G(t) — —(—G)°(¢t; t)} >—ct)f —dqy forallteR, (3.11)
s s

with constants 1 <6 < p <sand ¢y,d1 > 0. Let u € W1P(2) be a solution provided by Theorem 3.1 for (P) corresponding to
A€, A2l and 0 < o < 8, so u is a local minimum of the functional J3 in (3.5). If u is isolated, there exists another solution
w e WP () for (P) corresponding to X and ji which is not a local minimum of J5.

Proof. Let us check that the functional J; : W1P(2) — ]—o0, +00] given in (3.5) satisfies the Palais-Smale condition in the
sense of [13, p. 64]. This amounts to saying that whenever a sequence {u,} C K is such that J(u,) is bounded and

j;(un; V—1up) > —¢&p|lv—uy| forallvek, (3.12)

with &, — 07, contains a convergent subsequence. Setting v =0 in (3.12) and combining with the inequality J;(u;) <M,
for a constant M > 0, yield

1

1 - 1

(— - —)Hunll” +A/a(X)[F(un(X)) — = (=F)°(up; un)] dx

p s s
2

1
+i / ﬁ(X)[G(Vun(X)) - ;(—C)(’(Vun; V”n)] do <M+ %"IlunlL
a2

Using hypothesis (3.11), it is straightforward to prove that the sequence {u,} is bounded in W!-P(£2). Furthermore, since
—Ap on WP (£2) fulfills the (S;) property, by handling (3.12) we find that {u,} contains a convergent subsequence, so
the Palais-Smale condition for the functional Jj; is satisfied. We are thus in a position to apply [10, Theorem 4.2] to the
functional J; from which we achieve the desired conclusion. O
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Remark 3.3. Relation (2.4) is useful to verify inequality (3.1) and to estimate the numbers A, and § in Theorem 3.1 provided
the bounded domain £2 is convex.

Remark 3.4. Actually, Theorem 3.1 ensures that the sequence {u,} of solutions of problem (P) satisfies the following sharper
inequality:

/ |Vitn (0P Vilg (x) - V(v(x) — iin (0)) dx + / 400 | ()" 20 () (v(X) — 2 (%)) dx
2 2
+)_»U0(ﬁn§v_L_ln)'f‘,avo(ﬁn;v_ﬁn)207 Vv ek,

where U(u) = [, a(®)F(u(x))dx and V(u) = [;, B®)G(yu(x))do for all u e WP(R2).

0

Remark 3.5. In Theorem 3.1 the function g may not have an oscillating behavior at infinity (see, for instance, Example 4.3
where g(u) = +/[u]). On the other hand, g must satisfy (3.2), namely it must have a suitable growth at infinity. It is worth
noticing that when (3.2) fails, that is,

maxj s (—G(t)) — too

lim sup , (3.13)
E—+400 SIJ
the existence of infinitely many solutions to (P) can be again guaranteed, provided that
max —G(t
Gy = lim inf 13X CCO) L (3.14)

£—>+00 &P

(for which g is then oscillating at infinity) and assuming that f, possibly even not oscillating at infinity, satisfies the
following conditions:

—F(t
B, :=limsup TS CFO) o iminf(—F(©) > —co. (3.15)
&E—+00 &P §—+oo

To be precise, the following result holds: Let «, B, f be as in the statement of Theorem 3.1 and assume that f satisfies
(3.15). Then, for each A €10, m[, for each locally essentially bounded function g: R — R satisfying (3.13) and (3.14),
and for each u €10, §[, where

§:=0g) i= ———
o G

the problem (P) admits a sequence of weak solutions which is unbounded in W1-P(£2).

(1= 2lelipcPBy) (§=+o0if G5, =0),

Now we point out two significant special cases of Theorem 3.1.

Theorem 3.6. Let o € L'(£2) and B € L(3£2) be non-negative and non-zero. Let f : R — R be a non-positive, locally essentially
bounded function, and set F (&) = fOE f(t)dt for every & € R. Assume that

Jim inf —5) U imsup L&)

< (3.16)
§—>+oo &P cPlqllt esyo0 &P

Then, for each A € 111, A2[, where 11, A, are given by (2.5), for each non-positive, locally essentially bounded function g : R — R,
whose potential G(§) = f§ g(t)dt, & € R, satisfies

-G
Goo := limsup ()
E—+o00

< 400, (317)

and for every € [0, §[, where

1
(30 B®)do)pcPGog

problem (P) admits a sequence of weak solutions that is unbounded in W1-P(£2).

§= ag.)» =

<1 — All|l1pcP liminfﬂ)
E—>+o0 S
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Remark 3.7. In Theorem 3.6 the assumption (3.16) can be written

o FE) e FE)
liminf —= < c?||q||; limsup ——,
E—>+o0 EP tsto0 &P
as well as
llallx 1
]}Lh}LZ[:}_ . F(§) s T P i F(£)
lellipliminfy 100 5~ llellipeP limsup;_, oo 55
and
1 . F
§=— — 5 <1+A||a||1pcpllmsup g)
(fyq B o) peP (liminfs, 400 5% t>too &

Theorem 3.8. Let o € L'(£2) and B € L'(3£2) be non-negative and non-zero. Let f : R — R be a non-positive, locally essentially
bounded function and set F (§) = fos f(t)dt for every & € R. Assume that

liminf_F(s) =0 and limsup —F&) =
£—+00 Estoo &P

+0o0

Then, for each non-positive, locally essentially bounded function g : R — R such that

_ —g(®)
&oo '_§—>+oo %-p—l

< 400,

and for every € [0, §[, where
_ 1
£ ([0 B do)CP g’

there is an unbounded sequence {u,} C W1-P(£2) such that

§=96

fIVun(X)Ip_ZVun(X)V(V(X) —un(X))dX+[q(X)Iun(X)Ip_zun(X)(V(X)—un(X)) dx
2 2

+/a(><)F°(un(X); (v — un())) dx + / BEOG (yun®); (¥ v(X) — yun(x)))do >0
2 a2
forallv e K.

Remark 3.9. We explicitly observe that in Theorem 3.1 no symmetry assumption on the nonlinear term is done. On the
other hand, the case N < p cannot be studied by this method since the embedding of WP (£2) in C(82) fails and ¢+
cannot be upper estimated, without further assumptions on the nonlinear term.

Remark 3.10. An example of application of previous results is given in the next section (see Example 4.3).

If F oscillates at zero, we can give an analogous result as in Theorem 3.1. To this end, let

ma —F(t —F
A:liminfM, B =limsup (S),
£—0+ &P £—0+ p
and
1
= llgll1 ’ hoy = . (3.18)
lleellipB lleellipcP A

Then, our result reads as follows.
Theorem 3.11. Let o € L'(£2) and B € L'1(3£2) be non-negative and non-zero functions. Let f : R — R be a locally essentially
bounded function and set F (§) = /5 f(t)dt for all ¢ € R. Assume that

1
cPliqlly

A< B.
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Then, for each A € A1, A2[, where A1, Ay are given by (3.18), for each locally essentially bounded function g : R — R, whose potential
G(&) = [§ g(t)dt, & € R satisfies

maxj s (—G(1))

Go := limsup < 400,
£—0t %‘P
liminf(—G >0,
iminf(~G(©))
and for every € [0, 8[, where
§=34 71 1 * b =4o0ifGo=0)
= = _—— = o0 = )
&4 BrpcPGo A2 0

with g* = fa.o B(x)do, problem (P) admits a sequence of distinct weak solutions converging uniformly to zero.

Proof. The proof can be done similarly as the proof of Theorem 3.1 by applying part (b) of Theorem 2.1 instead of part (a),
thus obtaining the assertion. O

4. Applications and examples
Here we present an application of Theorem 3.1 to an ordinary differential problem with discontinuous nonlinearities.
Theorem 4.1. Let o € L (]0, 1[) be a non-negative and non-zero function and let By, So be non-negative constants such that at least

one of them is positive. Let f : R — R be a non-positive, locally essentially bounded function and set F (§) = foS f(t)dt forevery & e R.
Assume that

e 1. —F
liminf ) < — limsup ié). (4.1)
E>+oo & 2 t5t00 £
Then, for each A €] - 1 —F@ — 1 —& | for each non-positive, continuous function g : R — R, whose po-
lleell12limsupg _, 4 oo =z lloell14liminfe— oo 7

tential G(£) = [(f g(t)dt, & e R, satisfies
-G()

52

Goo :=limsup
§—+00

< 400,
and for every € [0, §[, where

1
0= :m<

there is a sequence of pairwise distinct functions {u,} C W22(10, 1[) such that for all n € N one has
u(x) — up() € [Aa () f~ (un(®), A ) f T (un®))] fora.a xe10,1[,
u,(0) = wBog(ua(0)), (N1)
up (1) = —pprg(un(1)).

—F
1 — Allee|[14liminf (é:)) (6 =400if Goo =0),
I 1

Proof. The result is a consequence of Theorem 3.6. For the sake of clarity, we first point out three facts specific for the
ordinary differential case that enable us to adapt the proof of Theorem 3.1 to this situation. The first one is the inequality

/ B[~G(yu@)]do = BM[-G(uD)]+ BO[-GC(u(0)]

<A -G 0 —-G(&)]= (B 0 -G
A1) max [~G(©)] + O max [-G(©)] = (B(1) + p©) max [-G(&)]

[§1<pn

for all ||u||P < pry, from which we derive

¢* <limsupp(m) < pe’lal A+ pcp%(ﬂm +B(0))Goo-
n——+oo

The second one is the estimate
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/ BX[=G(ywn®)]do = (B(1) + B(0))[-G(dn)] > (B(1) + B(0)) éiinlrolof(—G(S)) 20,
82

from which we deduce limp_, oo J5(Wy) = —oc0. The last one is

Uﬂ(x)c(yﬂnoo; (yvx) — yﬁn(x)))da} = [B)G(itn(1); v(1) = (1)) + BO)G (@ (0); v(0) — in (0)]°
a2
< B (n(1); v(1) — lin(1) + BO)G (in (0); v(0) — in(0)),
from which it turns out
1 1
f WP W () - (V%) — Wa(x)) dx + / 400 T (0P80 (0 (v(0) — Tn (1)) dx

0 0
1

+X/a(x>F°(ﬂn<x>; V() — fIp (0) dx + A[B(1)G® (En(1); v(1) — tin(1)) + BO)G°(tn(0); V(0) — iin(0))] >0,
0
Vv eK.

The proof of Theorem 4.1 is carried out as follows. Fix X and ji as in the conclusion of Theorem 4.1. We may apply
Theorem 3.6 (see also Remark 3.4) by choosing £2 =10,1[, p=2, g=1, K = W!2(]0, 1[), and noticing that hypothesis (4.1)
in conjunction with (2.4) implies that (3.16) holds true. Then there exists an unbounded sequence {ii,} € W12(]0, 1) such
that

1 1
/L?n(x)v/(x) dx + / Un () V(X) dx + AU (iIn; v) + [ B1G° (i1n (1); v(1)) + BoG° (n(0); v(0))] > 0,
0 0
vve w'2(10,11),
where By = B(0) and By = B(1), while the function U was introduced in Remark 3.4. Setting
1 1

Tn(V):[/wn(x)v/(x)dx+/ﬁn(x)v(x)dxi| — [Br1g(n (D) v (1) + og(iin(0))v(0)]
0 0

for all v e W12(]0, 1[), we see that T, is linear and continuous on W1-2(]0, 1[), and T, € AdU (ii,,). Taking into account that
W12(10, 1)) is continuously and densely embedded in L%(]0, 1[), from [6, Theorem 2.2] we know that there is h, € L%(]0, 1)
such that

1 1 1

—|:/Jn(x)vl(x)dx‘f‘/ﬁn(x)v(x)dxj| — A[Br1g(@n(D))v(D) + Bog(in(0))v(0)] :/hn(X)V(X)dX

0 0 0
for all v e W12(J0, 1[). This ensures that i, is the unique solution of the problem
u” —u=hy(x) in]o,1[,
u'(0) = —Lfog (u(0)),
u'(1) = prg(u(1))
and, in addition, ii, € W22(]0, 1[). Moreover, since T, € 20U (il), we deduce through [6, Corollary, p. 111] that
ha () € [Aa(®) f~ (Un(x)), 2 (x) f T (in(x))] fora.a.x €10, 1[.

Hence the conclusion regarding problem (N1) is obtained with u, =u,. O
Remark 4.2. Theorem 1.1 in the Introduction is a direct consequence of Theorem 4.1.

Example 4.3. Set

20421 2042+ 1
TT4m+Dr YT Am+ 1)
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for every n € N and define the non-negative (discontinuous) function f, : R — R by

fp(t) = { 24+ D!IMP I+ )P—(n— 1P~ nP] ifte U.neN]an’ bal,
0 otherwise.

Denoting F,(§) = f(f fp®)dt for every & € R, a simple computation shows that liminfg_,ﬁ_oo% =0 and

limsupg_, 1 Fgf) = +00. Owing to Theorem 3.8, there is a sequence of pairwise distinct functions {u,} ¢ W1P(£2) such
that

/ |Vu,,(x)|p_2Vun(x) V(v — up(x) dx +/ |un(x)|p_2un(x)(v(x) —up(x)) dx

2 2

-1
+/(—F)°(un(x); v(x) — un(x)) dx + /[—|yun(x)|p7](yv(x) —yup())do >0, VYvek.
2 EYel

In particular, Theorem 4.1 ensures that there is a sequence of pairwise distinct functions {u,} ¢ W22(]0, 1[) such that for
all n € N there holds

—ul(x) +un®) € [f5; (u®), f5 (u@)] foraa.xe]o, 1,
U (0) = —/|un (0)],
up (1) =,/ |un(1)].
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MULTIPLICITY RESULTS TO A CLASS
OF VARIATIONAL-HEMIVARIATIONAL INEQUALITIES

GABRIELE BONANNO — PATRICK WINKERT

ABSTRACT. This paper deals with variational-hemivariational inequalities
involving the p-Laplace operator and a nonlinear Neumann boundary con-
dition. Based on an abstract critical point result, which is developed at
the beginning of the paper, it is shown the existence of at least three solu-
tions to such inequalities whereby the cases p > N and p < N are treated
separately. The applicability of these results is emphasized with suitable
examples.

1. Introduction

Let © be a non-empty, bounded, open subset of the real Euclidian space R,
N > 1, with C*-boundary T' := 9Q and let ¢ € L>°(f) satisfying ¢ > 0, ¢ Z 0.
We consider the following problem: Find u € K such that, for all v € K

(1.1) /Q V() P-2Vu(z) - V(o(z) — u(z)) do
+ [ )P o) vle) )
+ /Q N(@) F° (u(a); o(x) — u(e)) do
+ [ uB@)G Gula)sola) ~ vula)) do >0,

2010 Mathematics Subject Classification. 35J87, 49J40, 49J52, 49J53.
Key words and phrases. Elliptic variational-hemivariational inequality, nonsmooth critical
point theory, p-Laplacian.

493

217



494 G. BONANNO — P. WINKERT

where K is a closed convex subset of the usual Sobolev space W1P(Q),1 < p <
o0, containing the zero function while a € L*(Q), 8 € LY(T), fulfill a(z) > 0
for almost all x € Q, a # 0 and S(z) > 0 for almost all x € I". The values A
and p are real parameters with A > 0 and g > 0 specified later. By F° and
G° we denote Clarke’s generalized directional derivatives of the locally Lipschitz
continuous functions F, G:R — R given in the form

13 13
F() = / fyd, G = / o(t) dt,

with locally essentially bounded functions f,g:R — R. As usual, we denote by
y: WP(Q) — LP(T) the well-known trace operator being linear and compact.

The aim of this paper is to provide multiplicity results to inequality (1.1).
We present different existence theorems showing the existence of at least three
distinct solutions of (1.1) provided the number A\ belongs to a specific interval
and the parameter y is sufficiently small. Since C(Q) is compactly embedded
into W1P(Q) when p > N, the various cases p < N and p > N are discussed
separately with different assumptions on the data f and g. Our main results
are stated in Theorem 3.1 (p > N, see Section 3) and Theorem 4.1 (p < N, see
Section 4). The main idea in the proofs is the usage of an appropriate abstract
three-critical-point-result for non-smooth functionals which is proved in Section 2
based on results in [8].

Existence and multiplicity results for variational-hemivariational inequalities
have been obtained under different structure and regularity conditions on the
nonlinear functions by various authors. We refer, for example, to [4], [23], [24],
[28] and [36] as well as the references therein. It is clear that problem (1.1) be-
comes a hemivariational inequality if K coincides with the whole space W1P((Q).
Such inequalities have been handled for example in [2], [3], [13], [15], [29], [34]
and [35]. In the context of infinitely many solutions to (1.1) we refer to the
recent results stated in [9] and [41] for p > N while existence results to (1.1) via
the method of sub- and supersolution can be found in [14] and [16].

Let us comment on some relevant special cases of (1.1).

(A) If K = WHP(Q) and F, G are smooth, problem (1.1) reduces to

V()P Vu(z) - V() dx+/ q()|u(@) P *u(z)p(z) dz
Q Q

+ /Q Ao(z) F' (u(z))p(x) do + /Fuﬂ(x)G’(w(x))w(l‘) do =0,

218



(1.2)

(1.3)

MULTIPLICITY RESULTS TO VARIATIONAL-HEMIVARIATIONAL INEQUALITIES 495

for all p € WHP(Q) which means that u € W1P(Q) is the weak solution
of the nonlinear boundary value problem

—Apu(x) + q(2)|u(x) P 2u(z) + Xa(z)F'(u(z)) =0 in Q,
%(.’[}) + uB(z)G (yu(z)) =0 onT,
where (Ou/0v)(z) = |Vul|P~2(0u/dn)(x) with (Ou/dn)(x) being the
outer normal derivative of u at € I'. Regarding existence and multi-
plicity of solutions to (1.2) we point out (without guarantee of complete-
ness) the papers in [20]-[22], [30], [32], [37], [46], [48], and the references
therein. Referring to homogeneous Neumann problems, the existence of
at least three solutions in case p > N was shown with different methods
for example in [1], [5] and [6] (see also [7] for infinitely many solutions)
while the more complicated case p < N was recently studied in [19].
In case f =g =0, (1.1) is a classical variational inequality of the form

wek: /Q|Vu(x)|p_2Vu(x) V(o(@) — u(x)) do

+ /Q q(@)u(@)|""*u(z) (v(z) — u(z)) dz > 0

for all v € K whose treatment is well-known (see for example the mono-
graph of Kinderlehrer in [25]).

As mentioned above, problem (1.1) reduces to a so-called hemivaria-
tional inequality provided K = W1P(Q). This contains as a special
case the subsequent elliptic inclusion

—Apu(z) + q(z)|u(@) [P~ *u(z) + Aa(z)0F (u(z)) 20 in Q,
%(m) + pB(z)0G(yu(x)) 50 onT,
whereby the multivalued functions OF, 0G stand for Clarke’s gener-
alized gradient (see Section 2 for more details). Concerning multiple
solutions such inclusions have been studied in [31] and [47]. Regarding
the existence of infinitely many solutions for homogeneous problems of
type (1.3) we also mention the paper of Candito [11] and the work of
Kristdly-Motreanu (see [27]) where in the second paper the authors do
not require that WP(Q) is continuously embedded into C(Q). Like-
wise, we draw attention to a paper of Kristaly-Moroganu in which a new
competition phenomena between oscillatory and pure power terms has
been described (cf. [26]).
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It should be noted that our variational-hemivariational inequality is equiva-
lent to the multi-valued variational inequality

z) € OF (u(x)) a.e.in Q, £(z) € 0G(yu(x)) a.e. in T,
/ Vu(@)P2Vu(z) - V(o(z) — u(x)) de

(14) uek: +/Qq($)IU(x)IP‘2u(x)(u(x) —u(z)) dz
+ [ Aale)(e)o) — ula) d

+ /r uB(x)é(x)(yv(z) — yu(z))do >0, for allv e K,

provided the elements of OF,0G fulfill a suitable growth condition and K has
lattice structure, which means, if u,v € K, then max{u,v}, min{u,v} € K. In

other words, u is a solution of (1.1) if and only if  is a solution of (1.4). This
interesting result was recently published in [12].

We also would like to mention the recent work in [44] and references therein
concerning three critical points theorems involving smooth functionals. For more
information about (variational-)hemivariational inequalities we refer the reader
to the monographs in [42] and [43].

2. Preliminaries

Let us recall some basic facts on non-smooth analysis which we will need in
later considerations. Let (X, | - ||) be a real Banach space and denote by X*
its dual space while the duality pairing between X and X* is denoted by (-, - ).
A function f: X — R is said to be locally Lipschitz continuous if for every x € X
there exist a neighborhood U, of x and a constant L, > 0 such that

1f(y) = F(2)] < Lally — 2, forall y,z € Us.

The term f°(z;y), x,y € X stands for the generalized directional derivative of
f at the point x along the direction y which is given by

fo(ﬂ?;y) := limsup w

b
z—x,t—07T t

(see [18, Chapter 2]). Let f1, fo: X — R be locally Lipschitz continuous functions.
Then we have

(2.1) (fi+ f2)°(z5y) < fi(z5y) + f5(z;y), forallz,y € X.

The generalized gradient of a locally Lipschitz continuous function f at z, de-
noted by Jf(x), is the set

Of (x) :={a" € X" : (z",y) < f°(x;y), forall y € X}.
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An element z € X is a (generalized) critical point of f if it satisfies the condition
fo(z;y) >0, foralyelX,

or equivalently, 0 € 9f(x) (see [17]).

Let I: X — ]—o00,+00] be a non-smooth function represented as a sum of
a locally Lipschitz continuous function f: X — R and a convex, proper and
lower semicontinuous function j: X — ]—o0, +00], that is I := f+j. An element
u € X is a (generalized) critical point of I if

folusv—u)+j(w) —j(u) >0, forallveX

is satisfied (see [39, Chapter 3] and [40]).

Now, let us give the assumptions concerning our first result. For a reflexive
Banach space X, the functional ®: X — R is assumed to be sequentially weakly
lower semicontinuous and coercive while T: X — R is supposed to be sequentially
weakly upper semicontinuous. By A we denote a positive real parameter, j: X —
|—o00, +o0] is a convex, proper and lower semicontinuous functional and D(j)
stands for the effective domain of j. Then we define

(2.2) U:=T—j and Jy:=P - AU = (D —AT)+ \j:= 0O, + \j,
while it is supposed that

D N® (] —oo,r) #0, forallr> igl(f@.

Now we define

z€P~1(]—o0,r

( sup D\If(w)>_\1:(y)

r) = inf , for all » > inf @,
#i(r) yed—1(]—o00,]) r—®(y) X
respectively,
U(y) — sup \Il(z)>
pa(r) = sup v (zeq)l(]_oom]) for all » < sup @
2 - ) .
ye®—1(]r,+o0) O(y) —r X

We have the following result.

THEOREM 2.1. Assume that there is r € }i&f @,sup@[ such that p1(r) <
X

wa2(r). Further suppose that the functional Jy is bounded from below and satisfies
the (PS)-condition for each A € A :=11/pa(r),1/p1(r)[. Then, for each X\ € A,
Jx has three distinct critical points.

PROOF. First, we observe that, thanks to [40, Corollary 1.3], Jy is coercive.
Now, we want to show that Jy has a local minima u; € ®~1(]—o0, r[) and a local
minima up € ®71(]r, +00[). Let A € A be fixed. We are going to show that there
is uy € D(j)N®~1(]—oo,r[) such that Jy(u1) < Jx(u) for all u € ®~1(] — oo, 7[).

221



498 G. BONANNO — P. WINKERT

Taking into account 1/A > ¢i(r), we find @ € D(j) such that ®(u) < r and
(@) = ®(@) — AV(u) < r— A\ sup ¥(z). Putting L := (r — ®(u))/\ + ¥(u)

(z)<r

yields

(2.3) sup ¥(z) < L.
P(z)<r

Let us take ¥y (u) = min{¥(u), L}. As j is sequentially weakly lower semicon-
tinuous (see [10, Corollary II1.8]), we can easily prove that ¥ is sequentially
weakly upper semicontinuous. We take J = ® — AU and note that J is sequen-
tially weakly lower semicontinuous and coercive which guarantees that its global
minimum, namely wug, exists (see [45, Theorem 1.2]). If J(ug) = J(u), we put
up =, so u; € ®1(] — 0o, 7|) is a local minima of Jy. Let us consider the case
J(ug) < J(@). Then, we obtain

D(ug) — AV (up) < ®(w) — AL (),
thus
D(ug) < AL (ug) + ®(w) — AL(w) <AL+ @(u) — A¥(u) =r.
Thanks to (2.3) we see at once that ¥(ug) < L. Hence, it follows
(2.4) P(up) — AV(ug) = P(up) — AV (ug) < P(u) — AV (u), forallue X.
With the aid of (2.3), (2.4) results in
O(up) — ANV (up) < ®(u) — A(u), for all u € @ 1(]—o0,r[).

Taking u; = ug proves the other case and hence, u; € ®~1(]—oo,r[) is a local
minima of Jy.

Now we prove the existence of a local minima uy € ®~1(]r, 0o[). Since A >
1/¢pa(r), there exists T € D(j) such that ®(v) > r and
(2.5) O(T) —A\¥([W) <r—A sup ¥(z).

P(x)<r

Let us introduce a functional ®@,.: X — R defined by ®,.(z) := max{®(z),r}.
Clearly, @, is sequentially weakly lower semicontinuous and coercive. Then,
J := ®,. — AV has the same properties, so there exists a global minimum vg of J,
that is,

(2.6) D, (vg) — AU(vg) < Pp(x) — AU(z), forall z € X.

Let us show that vy € ®~!(Jr,00[). We argue indirectly and assume that vy €
®~1(]—o00,7]). Then, due to (2.6) with the special choice = ¥ and the fact that
®(w) > r, it follows

r—AU(v) < D(V) — A\U(T).
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Applying (2.5) yields
r—AU(vg) < ®(@) — A\V(T) <7 — AU(vp),

which is a contradiction. Hence, uy := vy € ®~1(]r, 0o[) is a local minima of Jj.
Now, we may apply Corollary 2.1 in [35] to obtain the existence of at least
three critical points of Jy. This completes the proof. O

Now, we present a variant of Theorem 2.1 where the (PS)-condition and
the boundedness from below of J) are not required. To this end, let K be
a non-empty closed convex subset of X containing the zero of X and let j: X —

]—00, +00] be defined as
0 ifueK,
J(u) = { :
400 otherwise.
Clearly, j is convex, proper and lower semicontinuous. So, we can consider the
functionals as defined in (2.2). Assume also that
(1) infx ® = ®(0) = ¥(0) = 0;
(2) ® is convex.
Moreover, for fixed A > 0, suppose that
(3) for all 1,25 € X which are local minima of the functional ® — A\¥ such

that U(xz1) > 0 and ¥(x2) > 0, one has

inf W(t 1—1¢ > 0;
ok (try + (1 —t)x2) > 05

(4) there exist a real Banach space X and a locally Lipschitz function
O,: X — R such that X is compactly embedded in X and @,\]X = 0,.

We obtain the following result.

THEOREM 2.2. Assume that there are r1,70 > 0 and v € K, with 2r; <
O (D) < ra/2, such that

sup T (u) 21(0)
ued—1(]—oo,r1]) v
2.7 = ;
@7) " < 3%(@)
sup T (u)
(2 8) uetbil(]_ocv"'?[) < ET(@)
' o 3 ‘I)(@) ’

Furthermore, suppose that ®(u) > ro for all u € OK. Then, for each \ € A,
where A is given through

30 . ! r2/2
2Y(@) mm sup T(u)’ sup ; T(u) (|

u€P 1 (]—oo,r1[) u€P—1(]—o0,r2
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Jx has three distinct critical points u; € K (i =1,2,3) such that ®(u;) < ro for
ie{1,2,3}.

PROOF. Put p; =11 and py = r3/2. Because of 0 € K and the definition of

J, one has
sup W (u) sup T (u)
ued—1(]—o0, ued—1(]—oo,r
901(P1) < ( p1l) < 4 1[)
P1 1
and
sup W (u) sup Y (u)
u€D 1 (]—00,p2) u€d—1(]—oco,r2|)
< <
1 (pZ) B P2 - 7‘2/2
On the other hand, since (2.7) implies sup ¥(u) < ¥(v) and thanks to

ue®~1(]—o0,p1[)
®(u) > 0 for all u € X, we obtain

. U(v) —U(u) _ 2U(D)
inf sup > ——=,
u€P~1(]—00,p1[) ve®1([p1,p2[) (I)(’U) - (b(u) 3 (I)('U)
Hence,
. V(v) — ¥(u)
max , < inf sup —_— .
{e1(p1),1(p2)} wer- (o) vea b0 B(0) — D(u)

Therefore, owing to [3, Theorem 3.1] the functional J) admits two local minima
u1,uz € K such that ®(u1) < p1 and p; < P(uz) < pa.

Now put T, /25 (u) = min{Y(u),ro/2A} and Fx(u) = ®(u) — A, 20 (u) +
Aj(u) for all w € X. Since ® — AT, /5 is coercive, then [35, Proposition 2.3] en-

sures that §» satisfies the (PS).-condition for all ¢ € R. Pute = 11;% m[g)i] Fa(v(1)),
vel telo,

where I' = {y € C([0,1]) : v(0) = uy,v(1) = uz}. It follows that

¢ < max §a(tug + (1 — t)ug) < max (t@(uq) + (1 — )P (uz2)) < p2.
te(0,1] te[0,1]

Since
Ta(u) = @(u) — ATy, jon(u) > @(u) — Ara/2A > ry/2 > ¢, for all u € K,

we have that §§ = {z € X : Fx(xz) > ¢} is closed (see [33, Lemma 2.1]).
Therefore, [33, Theorem 4.2] ensures the existence of a critical point ug of Fy
such that ¢ = §x(u3). We claim that T (u3z) < ro/2X. Arguing by contradiction,
we assume that T(us) > r2/2X. So, one has §»(us) =¢ < ro/2, that is

<I>(U3) — )\Tr2/2)\(U3) < 7“2/2, ‘I)(Ug,) — 7‘2/2 < ’1“2/27 <I>(u3) < To.

Therefore, since A € A and, in particular,

7‘2/2
sup T(u)’
u€d~1(]—o0,r2[)

A<
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we conclude that Y(us) < r2/2A. But this is a contradiction, so our claim is
proved. It follows that wug is also a critical point of J). ]

In the following, we consider an equivalent norm on the space W1P(Q) given
by

1/p
(2.9) el = ( /Q <|Vu<x>p+q<z>|u<x>|p>d:c) ,

(see for instance [38, Section 1.1.15]).

3. The casep > N

In this section we prove the existence of multiple solutions to problem (1.1)
if p > N. We recall that if p > N, the space W1P(Q) is compactly embedded in

C(2), that is, there exists a positive constant ¢ such that

lullo@) < cllullwree)-

First, we suppose there exist two constants a;,as > 0 such that
max (—F(t
|t\§a1( ( )) 1 (7F(a2))

<
ay gl (@) aj

(3.1)

and take A € A, where A is given by

(3.2) A lallz: (o) ab 1 al
pllallpi@) (—F(az))’ peP ol (o) ﬁllflgfl(—F(t))

Thanks to (3.1) we observe that the interval A is non-empty.

Put

a — peP M|l (o) ‘£I|1<ax (—F(t))

0 := min = ,
{ P Bl ey max (—G(t)
pAlll| L) (=F(a2)) — afllallzr o)
(3.3) plIBl ) min{0, —G(a2)} 7
- 1
°= @)
o 0, el oy 131110 o Tmasup 0
elstoo €]

3 := min{é,0}.

Since A € A, a simple computation shows that § > 0.

If limsup 588D < 0 and max (—G(t)) = 0 as well as G(az) > 0 we read
lelotoo 1O t<a

§ = 4o0.
Our main result in this section is the following.
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THEOREM 3.1. Let a € LY(Q), B € LY(T') be two non-negative and non-
Z€T0 functions Let f:R — R be a locally essentially bounded function and put
fo t)dt for every £ € R. Assume that

max (—F'(t
\t|ga1( ®) 1 (—F(a2)) .
(H1) p < TR
ay & ||Q||L1(Q) Qs

. (—
(H2) limsup ~———= ,
€| stoo &P

with positive constants a1, as satisfying a1 < as and ag € K. Then, for each
A € A, where A is defined in (3.2), and for each locally essentially bounded
function g:R — R, whose potential G(§ fo t) dt for every £ € R satisfies

(H3) limsup w

< +00,
S 131

there exists & > 0 given by (3.3) such that, for each u € [0,3], problem (1.1) has
at least three distinct solutions.

PRrROOF. Our aim is to apply Theorem 2.1. Let A, g and p be fixed satisfy-
ing the assumptions and let X be the space WP(Q) equipped with the norm
I llwir(e)-

We set, for any u € X,

L o _ 0 ifueK,
(I)(U) . ISHUHWLP(Q)’ j(u) . +oo0  otherwise,
T@»=Aa<n Flu())] dz + & /ﬁ (2)) do,
W(u) =T (u) - j(u), JIx(u) = AU(u).

Then
Ia(u) = 1IIUI\’V’Vl,p(Q) - A/QOé(%)[—F(U(JG))] dx

—u/ﬁ (2)] dor + Aj(u).

Let r = 1(%)P then ®(ay) > r, that means r € }inf@,sup@{ = }0,sup<l>[.
L X X X

Let v € ®71(]—o0,r[). Then due to ||vHW1p (@) < 7 combined with lvlle@)
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< cllvllwre(q), we have |v(x)| < ay for every x € 2. We obtain

() < llwl|? <pr

o ([ a@i-rua} [ so-cou)ld - jw)

(1o oy o (= F(0) + 5110y (-G )

[t|<r

<
T
max (—F' (¢ max (—G(t
=pcllalli M + P18 o M
( ) a{ )\ ( ) (Iﬁ_)

On the other side we have

U(az) S pllallLiq) [—F(a2)]  1Bllo@ywmp min{O,—G(@)}.

®(az2) — llgllzre ay Algllzr (o) abh

As p < 0 (see (3.3)), it follows

a11) — pcp)\HOzHLl(Q) ‘£I|1<ax (—F(t))
ay
< =
cP 1y max (—G(t
" Pl o (~G)
pAllallzr ) (—F(a2)) — abllgll L1 o)

pllBll L1y min{0, —G(az)}

and

From (3.4) we obtain

pllallzo) max (=F(t))  peP||Blloir) max (—G(t))

It] Iz [t|<ay 1
al * A al < A
respectively,
pllallzi@) [-F(a1)] | 18]z @)sp min{0, —G(az)} S 1
lallzr (o ah Allgllzr aj A
Hence
1 \If(ag)
3.5 < -< .
( ) ¥1 (T) 2 (I)(CLQ)
In particular, we obtain from the calculations above that
sup U(x) sup U(x)
d(z)<r < P(z)<r \I’(ag)
< )
r - r D(as)
where 0 < r < ®(agz). This leads to
Y(az)
W(az) — sup ¥(x)  W(ay) —r 2
(36) )= A T 100
- b(ag) — r - ®ag)—r ®(aq)
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Combining (3.5) and (3.6) guarantees

e1(r) < % < pa(r).

Let us now prove that Jy is coercive. Since p < & and due to (H3), there exists
a constant k > 0 such that

max(—G(t))

[tI<n

1
limsup ——— <k and pk< .
In]—-+oo Ul max{||el| L1 (), (B8]l L2 r) bpe?

Thus, we get an estimate of the form
(3.7) —G(s) <ks?+0b; forall s eR,

with a non-negative constant b;. Putting 7 fixed such that

> =

1
0<71< < — uk)
max{||c|| L1 (), |81 L1 0y }pcP
yields, with the aid of hypothesis (H2),

(3.8) —F(s) <7sP+by, forallseR,

with by being non-negative. From (3.7) and (3.8) applied on the functional .Jy it
follows, for u € D(j) (otherwise we are done),

Ix(u) =D (u) — AU (u)
> |2 xre max{al oy, 13lscey} — ke max{ o s N3l2cry )
X N[l ) — Ab2llellLi@) — wbillBllLy(r),
where
= e max{ ]2 oy 18] 3}~ ke maax{ oy 18113} > 0.

This proves the coercivity of Jy. In order to prove the Palais—Smale condition for
Jy, we have to apply [35, Proposition 2.3]. Now we are able to apply Theorem 2.1
obtaining the existence of three distinct critical points of Jy denoted by w1, us
and ug. Let u := uy be the first critical point of Jy, then one has

(3.9) (@ — A1)°(u;v —u) + Aj(v) — Aj(u) >0 forallv e X.

Clearly, from (3.9) we see at once that v € K (otherwise (3.9) fails). Hence it
follows

(3.10) (®—AY)°(u;v—u) >0 foralwvekK.
The left-hand side of (3.10) can be estimated using (2.1)

& (u;v —u) + A(=1)°(u;v —u) >0 forallve K,
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which means
(3.11) / \Vu(2)|PVu(z) - V(v(z) — u(z)) de
Q
" / q(x)u(x) [P~ ?u(z) (v(2) — u(e)) dz + A(=71)°(u,v = u) >0,
Q

for all v € K. Applying again (2.1) combined with the formula (2) in [18, p. 77]
leads to

(3.12)  A=T1)°(w;v—u) <A /Q a(z)F° (u(z);v(x) — u(x)) de

o / B(@)G° (yu(x); yo(z) — yu(x)) do

Finally, from (3.11) and (3.12) we have
/Q|Vu(:z:)|p72Vu(9:) -V(v(z) — u(z)) dx
o) |u(z) P 2u(z) (v(z) — u(z)) de
+/QQ()|()| (@) (v(z) — u(z))d
+ )\/Q a(z)F°(u(z);v(x) — u(x)) dx
+p - B(x)G° (yu(x);yv(x) —yu(x))do >0 for all v € K.

This proves that u = w; is a solution of our problem (1.1). The same calculations
can be done for usg, respectively ug, which completes the proof of the theorem.[]

Let us give a simple example to Theorem 3.1.

EXAMPLE 3.2. Let N < p <11, let K be a closed convex subset of W1P(Q)
with 2 € K and let ¢(z) = #Q‘ for all z € Q. We define the function f:R — R
by

P 2e ¢ ift < —1andt>2,
t =
2 HTQ—2) =1 if —1<t<2.

Putting a; = 1 and as = 2 we conclude

max [—F(¢)] g2

a 218 42 -F
[fl<es 5 = max[eftQtlg +tl=et+1< ¢ te_ [ S,QQ)}.
a; <1 2p as

Hence, condition (H1) of Theorem 3.1 is satisfied and (H2) is obviously true. Let
g:R — R be defined by
—t1 if¢ <0,
9(t) =

=2t7  ift>0

with ¢ < p — 1. Then, assumption (H3) is also fulfilled. The application of
Theorem 3.1 yields the existence of three nontrivial solutions to (1.1).
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Let us now show a special version of Theorem 3.1 when K is a ball. First, we
show that every solution of (1.1) is non-negative provided the functions f and
g are non-positive along with the assumption that the closed convex set K has
partially lattice structure.

PROPOSITION 3.3. Let p > N and assume that f(t) < 0 and g(t) < 0 for
almost allt € R. Letu € K be a solution of (1.1) such that u* = max{u,0} € K.
Then, u(x) > 0 for all z € Q.

PROOF. Let u € K C W1P(Q) be a solution of (1.1). Since f and g are non-
positive, it is clear that F' and G are non-increasing. Hence, we have F°(&;n —
§) <0and G°(&n— &) <0 for all £,n € R satisfying n — & > 0. Therefore, for
all v € K such that v(z) — u(x) > 0 for all x € Q, it follows

/Q)\a(;v)FO(u(x); v(x) —u(z))de <0,

/ﬁuﬁcwcf«vucw;vv@»-—wu@@)da <o,

Applying this to (1.1) yields
/Q V(@) P-2Vu(z) - V(o(z) — ulx)) do

+Aﬂ@wuw4mmwwww@»mza

for all v € K such that v(z) — u(z) > 0 for all z € Q.
Now, let A := {z € Q : u(x) < 0}. Since u*(z) > u(z) for all z € Q and
thanks to ut € K, we may choose v = u' € K as test function to derive

- [ )P iz - [ g@upds o,
A A
meaning ||ul/y1.»4) < 0. This proves the non-negativity of w. O

REMARK 3.4. Note that if K is the ball B(0, M) with center 0 and radius
M > 0 it clearly holds ut € K which can be easily seen from the estimate
|ut(2)| < |u(z)| for all z € Q.

Next, suppose the existence of three positive constants a1, as, and a3 such
that

[—F(a1)] 2 [—F(a2)] [—F(a3)] 1 [—F'(az)]
P < P ? P < P
ay 3ct|lqllLi)  ah as 3ctlqllLi)  ah
Taking
3 P
(3.13) Az] ol a3
2pllall 1) [—F(a2)]

: { 1 al 1 ah } [
min ,
pe?|lallLie) [=F(a1)]” pe?llall Ly o) 2[—F(as)]

230



MULTIPLICITY RESULTS TO VARIATIONAL-HEMIVARIATIONAL INEQUALITIES 507

we see that A is non-empty. Let A € A and put the number
= ApcPllal| oy [=F(a1)] af — A2pc? ol r1(q)[—F(as)] }
pe||Blliy[=Glar)] 7 2per||Bllrr)[—Glas)]

which is obviously positive. If K is the ball B(0, M), we have the following
result.

p
(3.14) § = min { -

THEOREM 3.5. Let K = B(0, M) and let « € L'(Q2), 8 € LY(T) be two non-
negative and non-zero functions. Let f:R — R be a locally essentially bounded
function such that f(t) <0 for almost allt € R. Put F( fo t) dt for every
£ € R and suppose that

[—F(a1)] 2 [—F(a2)]
(FLL) ay 3cP|lglliy  ab

[—F(a3)] 1 [—F(a2)]
(H2) afy = 3cP|lglliy  ab

with positive constants a1, as and az satisfying

(3.15) 2/Pay < c||q||L1(Q ap < 21/p
with az € K and a3 < ch|| Q)M Then, for each A € A, where A is defined

n (3.13), and for each locally essentially bounded functwn g:R — R such that
g(t) < 0 for almost all x € R and with G(§ fo t) dt for every £ € R, there
exists § > 0 given by (3.14) such that for each IS [0,6[, problem (1.1) has at
least three distinct solutions w; (i = 1,2,3) satisfying 0 < w;(x) < az for all
r €Q and alli € {1,2,3}.

PROOF. The ideas of the proof are mainly based on the proof of Theorem 3.1
with the difference that we want to apply Theorem 2.2 instead of Theorem 2.1.
Let @, j, T, ¥ and Jy as in the proof of Theorem 3.1 and let r; = (“1 )P. Then
we conclude

sup T (u)

ue® 1 (]—00,m1[)

—Fl(a —G(a
N < pallzrcor g e K g1y N
1

On the other side, for ry = %(%)p we obtain

sup T (u)
u€P~1(J—oo,r2)

) Glos)]

< pe ol 3y e e gy

T2

By assumption we have p < § which results in

af — ApcP|la| oy [—F(a1)] ond p < al — A2pcPal| L1 ) [—F(as3)]
pef || Bll oy [~ G(a1)] 2pc? || Bl L1 (ry[— G (as)]
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Combining these estimates above yields

sup T (u) ) sup T (u)
u€P~1(]—oo,r1]) u€P~1(]—o0,r2()
3.16 d
( ) " < N an T2/2 <

> =

We observe that
Y (az) S pllallzi) [—F(a2)]
®(az) ~ lgllzry b

Furthermore, since A € A, we have

3llqllzr o) ab

< A\
2pllallzi o) [~ F(az2)]

Hence, it follows

g T(ag) >

(3.17) o] %

Now, we see that from (3.16) and (3.17) the estimates in (2.7) and (2.8), respec-
tively, are satisfied. Taking into account (3.15) a simple calculation leads to

2r1 < CI)(CLQ) < %

Let u € OK, then, due to a3z < c||qH1L/IZZQ)M7 we have

1 1/ as\”
P(u :*Mpq 1(Q 2() =T2.
() = Mgl = (5

Now we may apply Theorem 2.2 obtaining the existence of three distinct critical
points u; € K (i = 1,2, 3) of Jy satisfying ®(u;) < ro forallz € Q and i = 1,2, 3.
Similar to the proof of Theorem 3.1 it can be easily shown that these critical
points are solutions of our original problem (1.1). Thanks to Proposition 3.3 and
Remark 3.4 we conclude that these solutions are non-negative and owing to the
embedding W1P(Q) — C(Q), we see that u;(x) < as is satisfied for all z € Q
and for ¢ = 1,2, 3. This completes the proof of the theorem. |

We close this section with an application of Theorem 3.5.

EXAMPLE 3.6. Let p > N with p > 2 and denote by K = B(0, M) the ball
with center zero and radius M > 4 while g(x) = % for all x € Q. Further,
let g:R — R be a non-positive, locally essentially bounded function and let
f:R — R be defined through

—h(t) ift <0andt>4,
foy=q¢ -1 if0<t<land2<t<4,
—3-2%P¢2 if1<t <2,
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with a non-negative, locally essentially bounded function h: R — R. Put a; =1,
as = 2, ag = 4, then we have

az < c||q||}:/fzmM and ag € K.

1
2l/rg, < c||q||}:/fzma2 < mag,

A simple calculation shows

[~F(a)] _ - v

=a =1
ag azly ai )
al a2 9 9
1dt + 3-2°Pt= dt
—-F / / 142%P(23 -1
[ (p‘l?)]: 0 U _ 12 ):7-2p+2*”7
as as 2p
/(ll az 9 9 as
ldtJr/ 3-2°P¢ dt+/ 1dt
[_F(a3)} _ 0 ay as
ag ag
142%P(23 -1 4—-2
4P
Hence, due to p > 2, it results in
[—F(a1)] 14 2, p_ 2[-F(ay)]
=1l 2P 4 2T = 2
al 57 13 3 adb 7
—F 1 1[-F
EFOs) g T gy Lyow - LIFla)]
ax 3 3 3 ay

Now we may apply Theorem 3.5 to obtain the existence of three distinct solu-
tions u; (i = 1,2,3) to problem (1.1) which are bounded through 0 < w;(x) < 4
fori=1,2,3.

4. The case p < N

In this section we study the case p < N. From now on it is supposed that
a € L>*(Q), € L*(T') and there exist constants by, ba > 0 such that

(4.1) |£(t)] < by + boft[*~?

for all t € R while s € |1, Np/(N —p)[if p < N as well as s € ]1,+oo[ if p= N.
Thanks to the Sobolev embedding and the trace embedding there are positive
constants ¢s and C satisfying

(42) lullze@ < callullwiny,  Nullzoy < Cllulwrz

for all w € W1P(Q). Applying the constants by, by from (4.1) along with the
constants ¢; and ¢, in (4.2) we put

s/p
p
(43) K1 = ||Oé||Loo(Q)b101p1/p, K2 = ||CY||L00(Q)b2C§T.
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1/p
llall .1
Ll as
p

Now we assume there are two constants aj, as >0 fulfilling a; < (
with ao € K such that

1 _ o _F
(4.4) Klﬁ + Kzai P p” HLI(Q) [ g)ag)].
ay lallz: () as

Due to (4.4) we see at once that

T lallz () ab 1

pllallLi@) [=F(a2)]” Ky + Kaaj P
1

is non-empty. Furthermore, let g: R — R be a locally essentially bounded func-
tion and set G(§) = fog g(t) dt for £ € R. We suppose that

[-G(&)] < bsl¢l”

for all £ € R with b3 being a non-negative constant. Similar to the case p > N
we put

1 J—
1- A(Klp_l 4 wa_p) 1— )\<p||04|L1(Q) [ Fg)a2)}>
a9 gl (@) U

18| o< (r)b3CPp " pllBllzr ) min{0, —G(a2)}
(4.5) llallzr o) ab
5= 1
max{ ||l (@), [|B]| Lo () }pcpbs’
6 := min{4, 5~},

6 := min

with A € A.

Now we can formulate the main result in this section.

THEOREM 4.1. Let o € L>(Q), f € L (T") be two non-negative, non-zero
functions and let f:R — R be a locally essentially bounded function satisfying
the subcritical growth in (4.1). Put F(§) = fog f()dt for all £ € R and suppose
that

1 _ « -F
(H1) K1 —= +Kaa] " < pllofzio | E}az)] with positive constants aq, as
al lallzi)y — ab

satisfying a1 < (||q||1()/pP)"/Pas and as € K;

R
(H2) i sup =gy < 0.

Then, for each \ € X and for each locally essentially bounded function g:R — R
whose potential G(&) = fog g(t)dt, £ € R, fulfills

(H3) [—G(&)] < bs|&|? for all & € R with by being non-negative,
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there exists & stated in (4.5) such that, for each u € [0,8[, problem (1.1) possesses
at least three distinct solutions.

PROOF. Similar to the proof of Theorem 3.1 we are going to apply Theo-
rem 2.1 getting the assertion. Let A, i and g be fixed satisfying the assumptions
and as before, let X := W1?(Q2) be endowed with the norm | - [ly1.0(q) given
n (2.9). Now, we set again, for any u € X,

() = L ul? wed 0 e
u) = —\||u » y u) =
p! W) J +o00 otherwise,

T(u)::/ﬂa( ) F(u(z))] dz + “ //3 ()] do,
W(u) = T() — ju),  Ja(u) AU ()

leading to

Ty(w) = S el / o) [~ F(u())] do
—u/ﬁ (2)] dor + Aj(u).

First, we observe that ¢i(r) < (1/r) sup Y(u). With the aid of assumption
D(u)<r
(H3) along with the subcritical growth on f and the embeddings in (4.2), we

may estimate T through

Y0 = [ a@-Pu@)lde+ % [ s@-Gou@)]do

<llallpe@brllullLr @) + ||a||L°°(Q) =l L@t Y H5||L°<>(r)b3||7u||p(r)
b
<llallL=@ybrerllullwrr @) + ||0<HL<>C(Q) cllullivre )

*IIﬁIILw(r)bscf"IIUIIWlp(g

K Ky
< 2mllﬂ\lwwm) + 2mllltH%/l,pm ||/5’||Loo )b3CP |ullfy 0 q
Since ®(u) < r is equivalent to ||lullyir@) < (pr)/P, we obtain, by setting
— P
r=al,

( ) _ Klrl/erKQTs/er %Hﬂ”[,oo(p)bgcprp
e1(r) =

T
1
=Ki—— + Kzai " + *||»3||L°°(r)b30p
af
On the other hand, we have
W(az) _ pllellere) [=F(az)] | PlBllLir) pmin{0, —G(az)}

®(az2) ~ gl ab lallz) A ab
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Then, since p < 6, there holds

1 p—
1o A(Ka o+ Ko ) (ol [P
< % and p < q Ll-(Q) ah .
||B||L°°(F)b3cpp p||ﬂ||L1(F) rnln{()7 _G(a2)}
lallz1 (o) ab

This yields
Ky + Kpal? 4 & bsCPp <
1F+ 20 +X”BHL°°(F) 3CPp <

1 A
and
pledze) [=F(ag)] | plBllcyr) pminf0, ~Glag)} 1
lallre)  ab i) A aj A

Finally, from the estimates above, we conclude

As already mentioned in the proof of Theorem 3.1, it holds, in particular,

sup ¥(x) sup ¥(z)
d(z)<r < P(z)<r \I’(CLQ)

[} .
. < " B(ay)’ 0<r<®(az)

Thus, we derive

W(ay) — sup ¥(z a _T\IJ(QQ)
( ) ‘I’(I)I;T ( ) \I/( 2) <I>(a2) \I’(CLQ)

pa(r) = d(as) —r 2 O(az) —r  ®(az)’

Combining these estimates yields

ar) < 5 < ealr).

Finally, we note that the functional Jy is coercive and satisfies the Palais—Smale
condition (cf. the proof of Theorem 3.1). Hence, the assumptions of Theorem 2.1
are satisfied which ensures the existence of three distinct critical points of J).
That these critical points are solutions of (1.1) can be shown using the same
arguments as in the end of the proof of Theorem 3.1. That finishes the proof of
the theorem. O

We conclude with an application of Theorem 4.1.

EXAMPLE 4.2. Let m be a positive constant specified later and let s €
JL,Np/(N —p)[ if p < N as well as s € |1,4o00[ if p = N. We define the
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functions f:R — R and g: R — R through

—-C if t <0,
=4 -1- [t|s—1 if0<t<m,
1+m2)(1+ms 1) |
(4.6) —( 1)Er 2 ) if t > m,

=20t~ ift > 1,

—¢p=t ife <1,
g(t) =

with C being a positive constant. Hence, for every constant m > 0, the mapping
f fulfills the subcritical growth in (4.1) with by = max{1,C} and by = 1. With
the aid of these constants we define the numbers K; and K as in (4.3). Now,
fix m such that

1/p 1/(s=p)
(4.7) m>max{<p> 7 (sKl + K> ||Q||L1(Q)> }

HQHLl(Q) p ||a||L1(Q)

Thanks to condition (4.7) it is clear that inequality

L 1/p
1< <|Q||L (Q)) -
p

holds true. Moreover, we have

—F(m) m*? n 1 - Ki+ K gl
mp s mp~1 p o allpie

Setting a; = 1 and as = m we see at once that condition (H1) in Theorem 4.1
is satisfied. Additionally, for & > m and & < 0, we point out that

[I;(ﬁ)l)] —(1+m?) (1 +m81)m|tgnfl) =0 as& — 400,
[§2(ﬁ)2)] C~«||€i2|L 50 as &, — —o0

ensuring that (H2) is fulfilled as well. Since assumption (H3) holds for b5 = 2/p,
Theorem 4.1 can be applied to problem (1.1) with the special data in (4.6) which
yields the existence of three distinct solutions of (1.1).
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ABSTRACT. The paper focuses on the existence of multiple solutions of variational- hemivaria-
tional inequalities depending on parameters and involving the p-Laplacian operator on a bounded
domain Q C RY. The parameters relevant for the solvability are precisely estimated. In the previous
works such results have been obtained by assuming that N < p. Here we treat the case N > p,
which is the main novelty of our work. The paper contains results regarding positive solutions as

well.

AMS Subject Classification. 35J87, 49J40, 49J52, 49J53

1. INTRODUCTION

The theory of hemivariational and variational-hemivariational inequalities deals
with various problems in the form of inequalities containing nonlinear discontinuities
and constraints. A multitude of techniques have been developed to study this type
of problems, among which we mention variational methods connected to nonsmooth
critical point theory (see, e.g., [12], [13]). In this respect, nonsmooth versions of the
variational principle of Ricceri [15] have been utilized to show the existence of multiple
solutions for hemivariational and variational-hemivariational inequalities formulated
as boundary value problems and depending on parameters. These results enable us
to find estimates for the range of parameters where the corresponding problems have
multiple solutions. We refer to [1], [2], [3], [7], [8], [11], [14] for recent results in this
direction. All these results establish the existence of multiple solutions of variational-

hemivariational inequalities depending on parameters and involving the p-Laplacian
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operator on a bounded domain Q C RY under the key assumption N < p. The goal

of the present paper is to obtain such a result when N > p.

We describe the problem that we study here. Let Q C RY be a bounded domain
with N > 2 and a C'-boundary 99 and let 1 < p < N. We denote by W,7”(Q) the
usual Sobolev space consisting of the elements of W'F(Q) with zero traces on 9.
Given a closed, convex set K C W, ”(Q), consider the following inequality problem
with constraints in K and depending on a real parameter A > 0: Find v € K such
that

/ |Vu(2)|P*Vu(x) - (Vo(x) — Vu(z))ds
(1.1) “
+ )\/ a(x)F°(u(z);v(z) — u(x))dz >0 for all v € K.

Problems like (1.1) are called variational-hemivariational inequalities. In (1.1) it is
supposed that a € L'(f2) satisfies ess inf,cqa(x) > 0 and F° stands for Clarke’s
generalized directional derivative of a locally Lipschitz function F': R — R for which

we assume the subcritical growth condition
(1.2) €] < by +bolt|*™t forallt € R, € € OF(t),

with constants 1,0 > 0 and 1 < s < p* := NN—_’;. The notation OF in (1.2) means

the generalized gradient of F. We note that under assumption (1.2), the integrals in
(1.1) are well defined.

Our main result, which is stated as Theorem 3.1, provides a precise interval for
the parameter A such that the corresponding problem (1.1) for such a A admits at
least three distinct weak solutions. The main novelty of this result is the fact that it
holds in the case N > p. We point out that a natural choice for the set of constraints

K in (1.1) is the cone of nonnegative elements of W, ”(Q), that is
(1.3) K={ueW,”(Q):u>0foraa zecQ}

With the same data a and F' as above, we also consider the (unconstrained)

problem depending on a real parameter A > 0: Find v € W, () such that

/ |Vu(2)|P2Vu(x) - Vo(z)dr

(1.4) “

+ /\/ a(z)Fo(u(x);v(x))de >0 for all v € Wy (Q).
Q

Problems as the one stated in (1.4) are called hemivariational inequalities. There
is a fundamental difference between the problems (1.1) and (1.4), which consists
in the fact that (1.1) is verified through the set of constraints K whose elements
act as test functions, whereas in (1.4) we act with any element of W,”(Q). We
want to explore the connection between the two problems related to the nonnegative

solutions. Namely, take in (1.1) as set of constraints K the set introduced in (1.3), so
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a solution of (1.1) is a nonnegative function. The question that we address is under
what conditions this nonnegative function is also a (nonnegative) solution of (1.4).
The converse assertion is clearly true, but generally not the raised one because the
test functions in (1.4) are in the whole space W, 7(Q). Our results on this topic are
given in Theorems 4.1 and 4.2, where we show that, under a verifiable condition on
the generalized gradient OF, the question above has a positive answer meaning that
the nonnegative solutions of (1.1) (with K in (1.3)) become solutions of (1.4).

The rest of the paper is organized as follows. Section 2 introduces the necessary
mathematical background to be used later in the paper. Section 3 presents our main
result on the multiple solutions of problem (1.1). Section 4 examines the connection

between the nonnegative solutions of problems (1.1) and (1.4).

2. PRELIMINARIES

Let us start by recalling some basic notions in non-smooth analysis that are
required in the sequel. For a real Banach space (X, | - ||), we denote by X* its dual
space and by (-,-) the duality pairing between X and X*. A function f: X — R is
said to be locally Lipschitz if for every x € X there exist a neighborhood U, of x and
a constant L, > 0 such that

1f(y) = f(2)] < Loy — 2| for all y, z € U,.

For a locally Lipschitz function f : X — R on a Banach space X, the generalized
directional derivative of f at the point x € X along the direction y € X is defined by

fo(x;y) == zliglts_l}(a flz+ tyt) — f(2)

(see [6, Chapter 2]). If fi, fo : X — R are locally Lipschitz functions, then we have

(2.1) (fi+ f2)°(2,y) < fi(z,y) + f3(2,y) forallz,y e X.

The generalized gradient of a locally Lipschitz function f: X — R at x € X is the

set
Of(z) ={a" € X" : (z",y) < f°(x;y) foralye X}.
An element z € X is said to be a critical point of a locally Lipschitz function f :
X — R if there holds
fo(z;y) >0 forallye X
or, equivalently, 0 € df(x) (see [5]). More generally, for a function I : X —]—o00, +00]
expressed as I = f + j with f : X — R locally Lipschitz and j : X —] — 0o, +o0]
convex, lower semicontinuous function, # 400, an element u € X is called a critical
point of I if
folusv—u) +j5(w) —j(u) >0 forallve X
is satisfied (see [12, Chapter 3] and [13]).
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Our approach in studying problem (1.1) relies on an abstract three critical points
theorem that we now describe. On a reflexive Banach space X, there are given
a sequentially weakly lower semicontinuous and coercive function ® : X — R, a
sequentially weakly upper semicontinuous function T : X — R and a convex, lower
semicontinuous function j : X —] — 0o, +00] whose effective domain D(j) = {z €
X :j(x) < +oo} fulfills

D(HN® (] —oo,r]) #0  for allr>i%f<1>.

Set
U:="T—3j

and, for a real parameter A > 0,
Iy =P =AU = (O —\T) + \j,

(Supzeqi'_l(]—oo,r[) \I’(l')) - \I’(y)

o1(r) = inf for all r > i&ffb,

ye®—1(]—o0,r]) r— ®(y)
U — (su ooy V(T
@a(r) = sup W - ( (I;I@ i(] @) for all < sup ®.
yed~1(r+ool) (y) —r X

The following result was recently proved in [3, Theorem 2.1].

Theorem 2.1. Assume that there is r €]infx ®,supy @[ such that pi(r) < @a(r)
and the functional Jy is bounded from below and satisfies the (PS)-condition for each

AeAN = ]WL(T), @%(T) [ Then, for each A € A, J\ has at least three distinct critical

POINtS.

Such results originate in Ricceri’s work (see [15] and the references therein).

Nonsmooth versions can be found in [1] and [11].

3. MAIN RESULT

The Sobolev embedding theorem ensures the existence of a constant ¢y« > 0 such
that

(3.1) lull ) < eprllullypingy  for all u € WP (€).

The expression of the best such constant is known

2|

Cp*

_LL<E>1_’1’ I'(1+%)D(N)
VAN AN -p P(M)r(1+n-2)

(see Talenti [16]). As s < p* in (1.2), we have that

(3.2) ||

L) < cs||u||W01,p(Q) for all u € W, *(),
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with a positive constant ¢, which can be evaluated through Hoélder’s inequality and
(3.1) as follows

2=

P

11 <p—1>1‘
VT N5 \N —p p(

cs < Q2

L(1+3)T(W)

p)r(lﬂv—%)

Denote

(3.3) D := supdist(x, 0Q),

zeN

so it is clear that there is xy € Q such that the open ball B(z, D) is contained in €.
Using the positive constants by, by in (1.2), ¢, ¢, in (3.2) and D in (3.3), we set

1
||| oo @ybreipr P (p™ — (p — 1))

Kl =
— 1)NDp ’
(3.4) (pi )
Ko [l e @ bacsprp?~ (P = (p = DY)
B s(p — )N Dp ’
) »
Dp# ra+4%
(3.5) K= pN (L+3) N
prz \ pN _ (M)
p

In view of the above remarks, the numbers K, Ky, k in (3.4), (3.5) can be effectively

estimated.

Now we state our main result.

Theorem 3.1. Assume that o € L*(Q) fulfills ess infcqa(x) >0, F: R —>Risa
locally Lipschitz function, with F(0) = 0, satisfying the subcritical growth condition
(1.2) and K is a nonempty, closed, convex subset of Wol’p(Q), In addition, we suppose:
[—F(a2)]
7 a
kay (see (3.5)), and K;,i = 1,2, given in (3.4);

(H2) limsup i(‘é) <0;
lelotoo  1€IP
(H3) —F(t) >0 for all t € [0, as];

(H4) u,, € K, where

1 _ ) » .
(H1) K1— + Kaa] ' < esse%znfoz(x) for positive constants ay,as with ag >
a x

p—1

0 if v € Q\ B(zo, D),
tay(w) = { B2(D — |z = wo]) if = € Blzo, D)\ B (o, ©22) |
as ifreB (wo, w>
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for all x € Q). Then, for every A € A with

A [P0 = (= 1)Y) 1 a
' (p—1)NDr ess infeq a(x) [—F(az)]’
30 PN = (p = 1Y) 1

= DVD7 Kyt a7 |
problem (1.1) possesses at least three distinct weak solutions.

Proof. Fix A € A. We are going to apply Theorem 2.1 on the space X = Wol’p(Q).
To this end, for any u € W, (Q) we define

R P _
P) =l i) =

1 . 0, ifuekK,
400, otherwise,

Y0) = [ ale)(~F(ua)
As in Section 1 we set
W) = T() - j(w),  Ja(w) = B(u) — \U(u),

which results in

I0) = gy =N [ alo)l=Flute)lds,

Recall the function ¢; in Section 2. Since F'(0) = 0, it follows that

SUPg () <r T (U)
T

(3.7) o1(r) < for all » > 0.

From (1.2), (3.2) and (3.4), we derive the estimate

by s
T(w) < flallz=@pbiluller@) + llollz=@ 1z

ba sit s
< llafl=@bicillullypeq) + lalle@—cllulin g,
(3.8) ~ (p=D"DrK,
=1
prprt(pN — (p — V)
(p - 1)NDPK2 s
s ||u||W1vp(Q)
prprt(pN — (p — V) 0

||U||W01»P(Q)

for all u € W, ?(Q).

Then (3.7) and (3.8) yield

(3.9) pr(ar) <
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By the definition of the function u,, we obtain
1

p
q)(uaz) = _/ Mda}
P JB(eo.0)\B(a0,2=02) - D?

_1(pay) w2 x_ ((p=1)D\"
T r(1+g)><D ( y ))

From hypothesis (H1) we know that as > kay, so (3.5) implies

(3.10)

(3.11) D (ug,) > af.
On the other hand, thanks to (H3) and (H4) we may write

> (p—1)ND¥
reey e

(3.12) U(ug,) > —F(az) eswseglfa(:ﬁ)

Combining (3.10) and (3.12) leads to

V(ug,) . D*  (p—DY . [—F(as)]
19 Buws) = PN — (p— DY Sl g
Now, on the basis of (H1), we obtain from (3.9) and (3.13) that
—1\Npr —
(3.14) o1 (af) < (p=1"D ess infoz(a;)[ Flay)] < ¥ (ua,)

(Y = (p = 1Y) wew ay T Oug,)
Using (3.8), hypothesis (H1) and (3.13) ensures that

SWaaap P - (p—1)ND" (K
Dy A\

1 .
p—1 ‘I‘ K2a1 p)

al Pt (pN — (p— ’
(p—1NDP : [—F(ay)]
3.15 ess inf (z)—=
. ST o e Ty
q/(uaz)
= ey

Let us recall the function s introduced in Section 2. Then (3.11) and (3.15) enable

us to get

p ¥ (uay)
(B16)  pa(ar) > ter) ~SWPoa P) ltes) = ) _ W)
N CI)(uaz) - aﬁ) CI)(uaz) - aﬁ) (I)(uaz)

It turns out from (3.14), (3.16) and (3.11) that

pi(ar) < @2(af) and af €]0, (ua, ).

Hence the assumption of Theorem 2.1 holds true for r = af.

Let us prove the coercivity of Jy for every A € A with A given in (3.6). Fix A € A
and a constant 7 > 0 satisfying

1
< N
Ayl el Lo o)

247



392 G. BONANNO, D. MOTREANU, AND P. WINKERT
By (1.2) and (H2), we have the estimate
(3.17) —F(t) <7lt|P+¢ forallteR

with a constant ¢ > 0. Then (3.17) and (3.2) with s = p imply
1 ~
) = B(u) = AV(w) 2 |+ = Mreallmo)| [l — Ao

for all u € W,?(Q). This shows that .Jy is coercive, so the Palais-Smale condition for
Jy follows (see [11, Proposition 2.3]). Therefore all the assumptions of Theorem 2.1

are fulfilled, so Theorem 2.1 with r = a} applies.

Gathering some estimates obtained in (3.16), (3.15) and (3.9) we infer that

L _Ou,) _p 0V~ (p—1)") ah
pa(al) " W(ug,) = (p—DNDP  (ess infreq o(x))[—F(az)]
PN - - 1)Y) 1 o1

(p=D¥DP Ky o+ Kaal " T galah)

It follows that the interval A obtained in Theorem 2.1 with r = a} contains the
interval A in (3.6). We have thus shown that for any A\ belonging to the interval A in
(3.6) there exist at least three distinct critical points of J,.

Let u be a critical point of J,, which reads as
(® — A1) (w; v —u) + Nj(v) — Aj(u) >0 for all v € Wy P(Q).
This amounts to saying that v € K and
(3.18) (@ - AT)°(w;v—u) >0 forallve K.
Thanks to (2.1), it is seen from (3.18) that

(3.19)
/Q |Vu(z) P2 Vu(z) - (Vu(z) — Vu(z))de + \(=1)°(w;v —u) >0 forallv € K.

We note that assumption (1.2) guarantees the applicability of formula (2) in [6, p. 77]
to infer that

(3.20) (=)0 —u) < /Q o(z) F° (u(z); v(z) — u(x))d.
Then (3.19) and (3.20) lead to
/ﬂ Vu(z)]P2Vu(z) - (Vo(z) — Vu(z))de
+ )\/Qa(:c)Fo(u(a:);v(:z:) — u(z))dz >0 forall v € K.

This means exactly that u is a solution of problem (1.1). The proof is thus complete.
O
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It is interesting that the interval A determined in Theorem 3.1 does not depend on
the set of constrains K provided assumptions (H1)-(H4) are fulfilled. A meaningful
case of Theorem 3.1 is when the closed convex set K is the cone of nonnegative

functions.

Corollary 3.2. Let the functions o and F' be as in Theorem 3.1 and satisfy hypotheses
(H1)-(H3). If X € A for A in (3.6), then problem (1.1) with K in (1.3) possesses at

least three distinct nonnegative weak solutions.

Proof. Note that condition (H4) holds true for the set K in (1.3). Since the assump-
tions of Theorem 3.1 are satisfied, we may apply Theorem 3.1 which yields the stated
result. O]

4. NONNEGATIVE SOLUTIONS

In the setting of Corollary 3.2 we can compare the obtained solutions with the
nonnegative solutions of the hemivariational inequality (1.4). Obviously, every non-
negative solution of (1.4) is a solution of (1.1) with K in (1.3). The next theorem

addresses the converse assertion which occurs by strengthening hypothesis (H3).

Theorem 4.1. Assume that o € L>(QY) satisfies ess infyeqa(r) >0 and F: R —
R is a locally Lipschitz function, with F(0) = 0, for which the subcritical growth

condition (1.2) holds true and in addition
(H3’) there is a constant ay > 0 such that

(4.1) £<0 forall{ € OF(t) with t € [0, ay).

Then every solution v > 0 of problem (1.1), with K in (1.3) and any X > 0, that is
/Q ]Vu(x)\p*QVu(x) -V(v(z) —u(x))de

(4.2)
+ )\/Qoz(x)Fo(u(x);v(w) —u(z))dx >0

for all v € WyP(Q), v > 0, and which satisfies u(z) € [0,as] for all z € Q, is a

(nonnegative) solution of problem (1.4).

Proof. Let u be a solution of problem (1.1) with K in (1.3) satisfying u(z) € [0, as] for
all x € Q. We have to show that u is a solution of (1.4) if assumption (H3’) is satisfied.
To this end we follow an idea in the proof of Ma [10, Theorem 1.7]. Let ¢ > 0 and
w € WyP(Q). Setting w. = — min{0, u+ew}, we have that v = u+ew +w, € K (see
(1.3)). Then (4.2) and (4.1), in conjunction with the subadditivity of F°(u;-) and a
basic property of the generalized gradient OF (see [6, p. 10]), yield
/ |Vu(x)|P*Vu(r) - Vw(z)dr + /\/ a(x)F°(u(z);w(x))dx
Q

Q
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> ¢! /Q V(@) Vu(z) - Vwe(z)de — ' / (@) F° (u(@); we(z))dz

B Q
> / |Vu(z)[P~*Vu(x) - Vw(x)dz
{utew<0}

1y, /{ oy O i TE(—u(e) = cule)] de

= / |Vu(z) P2 Vu(z) - Vw(z)ds
{u+ew<0}
+ 51)\/ a(x) (max OF (u(x)) (u(x) + ew(z))dx
{u+ew<0}

> / |Vu(2)|P2Vu(x) - Vw(z)dr.
{u+ew<0}

Since Vu = 0 on {u = 0} (see, e.g., [9, Lemma 7.7]), letting € — 0 in the inequality

above leads to the conclusion that u solves problem (1.4). O

Next we set forth a further connection between the problems (1.1) and (4.2) which

is related to a priori estimates of the solutions.

Theorem 4.2. Assume that o € L>() satisfies ess infyeqa(x) >0, F: R — R is
a locally Lipschitz function, with F(0) = 0, for which the subcritical growth condition
(1.2) holds true, and in addition

(H5) there is a constant as > 0 such that
max 0F(t) >0 for allt > as.

Then for every solution w > 0 of problem (1.1) with K in (1.3), the following alter-

native hold: either inf u < ag or u solves problem (1.4).

Proof. Let u be a solution of problem (1.1) with K in (1.3) and some A > 0 (equiv-
alently, u solves problem (4.2)) such that u > as. For any ¢ > 0 and w € W, ?(Q),
taking the same test function v = u + ew + w,. as in the proof of Theorem 4.2, the

calculation therein gives
/Q |Vu(2)|P*Vu(r) - Vw(z)dr + /\/Qoz(:c)F"(u(a:); w(z))dx
> Vu(z)|P*Vu(z) - Vw(z)de
> [ I YU Ve
+ 61)\/ a(x) (max OF (u(x)) (u(z) + ew(x))dx
{u+ew<0}

> / |Vu(z)[P~2Vu(r) - Vw(r)dz
{ut+ew<0}

+ A /{u+€w<0} a(z) (max OF (u(z))) w(x)dz.
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The last inequality is valid due to hypothesis (H5) because u > a3 > 0. Letting
¢ — 0 in the inequalities above we derive that u is a solution of problem (1.4), which

completes the proof. O

Remark 4.3. It is shown in [4] that, if the growth condition (1.2) holds with s = p,
then (1.4) is equivalent to a differential inclusion problem involving the generalized
gradient OF.

Remark 4.4. Hypothesis (H3’) is a condition stronger than (H3) provided F'(0) < 0.
Indeed, by Lebourg’s mean value theorem (see [6, Theorem 2.3.7]), for every ¢ € (0, as]
there is ¢ € (0,t) such that F(t) = F(0) + ¢t < (t. Thus (H3’) implies (H3).

We provide an example for which all our hypotheses are satisfied, so all our results
apply.

Example 4.5. Using the notation in Theorem 3.1 let us fix constants a; > 0, ay >

kai, 1 <1 <re < p*and

-1
1
¢ > max {ag_l (es:?eignfoz(a:)) (K1 — + Kgai_p>

P
ay

(4.3)

+ maX{agl_l, aZ}‘l}, max{rla?_l, rgaSQ_l} }

Define the function F': R — R by

Pe) 0 if£<0
| —c€ + max{¢m, €2} if € > 0.

Then F' is locally Lipschitz with the generalized gradient

0 if ¢ <0
[—¢, 0] if&E=0
OF () =< —c+r&nt ifo<é<1
[—c+r,—c+r) =1
[ —c 41! if € > 1.

The fact that (H1) is satisfied follows directly from (4.3) and the expression of F.

Furthermore, we derive that

. —F&) _ . ¢ p grae
lim sup = limsup | — —max{{" 7, £*P}| <0,
§—+oo &p §—+o0 gp—l { }

so (H2) holds true. Hypothesis (H3’) is a straightforward consequence of the expres-
sion of OF and (4.3). In view of Remark 4.4, we infer that (H3) is valid. We have

251



396 G. BONANNO, D. MOTREANU, AND P. WINKERT

already noted that (H4) is true for K in (1.3). In order to check (H5), it is sufficient to

take any as with 79a%> ' > ¢, which in particular ensures through (4.3) that as > as.
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